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"CTUSBDU
ćF TDPQF PG UIJT UIFTJT JT UP HBJO JOTJHIU CZ NFBOT PG BC JOJUJPDBMDVMBUJPOT JOUP UIF QIZTJDT
PG NPNFOUVN BOE TQJO SFMBYBUJPO QIFOPNFOB JOEVDFE CZ FMFDUSPO TDBUUFSJOH BU JNQVSJUJFT
BOE EFGFDUT JO UIF OPCMF NFUBMT DPQQFS TJMWFS BOE HPME
ćF NBJO SFTVMUT BSF TVCEJWJEFE JO UISFF QBSUT *O UIF ĕSTU QBSU NPNFOUVN BOE TQJO
SFMBYBUJPO UJNFT EVF UP TDBUUFSJOH BU 3d 4sp 4d 5sp  5d BOE 6sp JNQVSJUJFT JO DPQQFS BOE
HPME GDD CVML BSF JOWFTUJHBUFE ćF JOWFSTJPO TZNNFUSZ PG UIF DSZTUBMT MFBET UP B UXPGPME
EFHFOFSBDZ PG BMM TUBUFT PO UIF 'FSNJ TVSGBDF BOE UIFSFGPSF TQJO SFMBYBUJPO JT EPNJOBUFE
CZ UIF &MMJPUU:BGFU NFDIBOJTN BT XFMM BT UIF TQJOPSCJU DPVQMJOH PG UIF JNQVSJUZ 'PS JN
QVSJUJFT JO HPME XF DBMDVMBUF NVDI TIPSUFS TQJOSFMBYBUJPO UJNFT UIBO JO DPQQFS CFDBVTF
PG UIF TUSPOHFS TQJOPSCJU DPVQMJOH PG UIF HPME IPTU 'VSUIFSNPSF XF IBWF GPVOE JNQPS
UBOU RVBMJUBUJWF EJČFSFODFT CFUXFFO UIF SFMBYBUJPO UJNFT PCUBJOFE GPS UIF d BOE UIF sp
JNQVSJUJFT "T TDBUUFSJOH BU dJNQVSJUJFT JT SFTPOBOU UIF FMFDUSPOT TQFOE NVDI NPSF UJNF
BU UIF JNQVSJUZ TJUFT UIBO JO UIF DBTF PG UIF spJNQVSJUJFT UIFSFGPSF UIFZ BSF NVDI MPOHFS
FYIJCJUFE UP UIF TQJOPSCJU DPVQMJOH PG UIF JNQVSJUZ ćJT SFTVMUT JO DPOTJEFSBCMZ TIPSUFS
TQJOSFMBYBUJPO UJNFT FWFO JG UIF NPNFOUVN TDBUUFSJOH SBUFT BSF JO UIF TBNF PSEFS PG NBH
OJUVEF 'JOBMMZ UIF JOWFTUJHBUJPO PG JOUFSGFSFODF PG TDBUUFSJOH QSPDFTTFT BU JNQVSJUZ EJNFST
SFWFBMT UIBU SFMFWBOU EJČFSFODFT UP UIF JOEFQFOEFOUJNQVSJUZ BQQSPYJNBUJPO BQQFBS POMZ
GPS TUSPOH dTDBUUFSFS QMBDFE BU OFBSFTU OFJHICPSJOH TJUFT
*O UIF TFDPOE QBSU XF JOWFTUJHBUF UIF SFEVDUJPO PG TQJODPOTFSWJOH TVSGBDFTUBUF MJGFUJNFT JO
EVDFE CZ BEBUPN BOE JNQVSJUZTDBUUFSJOH PO UIF 	
 TVSGBDFT PG DPQQFS TJMWFS BOE HPME
ĕMNT XJUI EJČFSFOU UIJDLOFTTFT 8F IBWF GPVOE TUSPOH RVBMJUBUJWF EJČFSFODFT JO UIF MJGF
UJNFT XIFO DPNQBSJOH UIF SFTVMUT GPS BEBUPNT UP UIPTF PG JNQVSJUJFT JO UIF ĕSTU BOE TFDPOE
MBZFS ćF USFOET GPS UIF MBUUFS POFT BSF TJNJMBS UP UIPTF DBMDVMBUFE JO CVML JO UIF ĕSTU QBSU
PG UIF UIFTJT
*O UIF UIJSE QBSU XF JOWFTUJHBUF TQJOPSCJU JOEVDFE FČFDUT PO UIJO 	
 BOE 	
 DPQQFS
BOE HPME ĕMNT XJUI GPDVT PO TQJOSFMBYBUJPO NFDIBOJTNT 8F DPOTJEFS CPUI TZNNFUSJD
BOE BTZNNFUSJD TZTUFNT XIFSF UIF BTZNNFUSZ PG UIF MBUUFS POFT JT DSFBUFE CZ DPWFSJOH POF
TJEF PG UIF ĕMN XJUI POF MBZFS PG ;O 'PS UIF TZNNFUSJD ĕMNT TQJONJYJOH QBSBNFUFST
BOE NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT EVF UP TDBUUFSJOH BU TFMGBEBUPNT BSF DBMDVMBUFE
8IFSFBT UIF MBSHFTU TQJONJYJOH JO 	
 ĕMNT IBT CFFO PCUBJOFE GPS UIF TVSGBDF TUBUFT PO
UIF 'FSNJ TVSGBDFT PG UIF 	
 ĕMNT TQJO IPU TQPUT PDDVS XIJDI BSF DBVTFE CZ BOUJDSPTTJOHT
PG CBOET BOE MFBE UP MPDBMMZ WFSZ IJHI TQJO NJYJOH
J
JJ *OUSPEVDUJPO
*O UIF BTZNNFUSJD ĕMNT UIF TJUVBUJPO JT RVBMJUBUJWFMZ EJČFSFOU BT UIF TQJOPSCJU DPVQMJOH
SFTVMUT JO B TQMJUUJOH PG BMM CBOET BOE UIF GPSNBUJPO PG MPDBM FČFDUJWF NBHOFUJD ĕFMET UIF
TPDBMMFE TQJOPSCJU ĕFMET ćF QSFDFTTJPO PG UIF FMFDUSPO TQJO BSPVOE UIFTF BYFT UPHFUIFS
XJUI NPNFOUVN TDBUUFSJOH SFTVMUJOH JO B DIBOHF PG UIF QSFDFTTJPO BYJT BęFS FBDI TDBUUFS
JOH FWFOU JT LOPXO UP MFBE UP TQJO EFQIBTJOH 4QJOPSCJU ĕFMET GPS 	
 BOE 	
 DPQQFS
BOE HPME ĕMNT BSF QSFTFOUFE -BSHF ĕFMET IBWF CFFO PCUBJOFE GPS CPUI TVSGBDF PSJFOUBUJPOT
FTQFDJBMMZ GPS CVMLMJLF TUBUFT BU UIF PVUFS CPVOEBSJFT PG UIF #SJMMPVJO [POF 'VSUIFSNPSF
GPS UIF 	
 TVSGBDF TUBUFT XF ĕOE B 3BTICBTQMJUUJOH XIJDI BHSFFT XJUI FYQFSJNFOU BOE
QSFWJPVT DBMDVMBUJPOT
;VTBNNFOGBTTVOH
*O EFS WPSMJFHFOEFO "SCFJU XFSEFO TQJOFSIBMUFOEF VOE TQJOVNLFISFOEF 3FMBYBUJPOT[FJUFO
JO EFO ESFJ &EFMNFUBMMFO ,VQGFS 4JMCFS VOE (PME CFSFDIOFU EJF EVSDI 4USFVVOH BO 'SFNE
BUPNFO VOE 'FIMTUFMMFO SFEV[JFSU XFSEFO %BCFJ XFSEFO TQJOVNLFISFOEF 4USFVQSP[FTTF
EVSDI &JOCF[JFIVOH EFS 4QJO#BIO,PQQMVOH CFSV¨DLTJDIUJHU
%JF &SHFCOJTTF EFS "SCFJU TJOE JO ESFJ 5FJMF HFHMJFEFSU *N FSTUFO 5FJM XFSEFO TQJOFSIBM
UFOEF VOE TQJOVNLFISFOEF 3FMBYBUJPOT[FJUFO JO VOFOEMJDI BVTHFEFIOUFO LVCJTDI ĘB¨DIFO
[FOUSJFSUFO ,VQGFS VOE (PMELSJTUBMMFO VOUFSTVDIU EJF EVSDI EJF 4USFVVOH BO 3d 4sp 4d
5sp 5d VOE 6sp 'SFNEBUPNFO WFSSJOHFSU XFSEFO %JF *OWFSTJPOTTZNNFUSJF EFS JEFBMFO
,SJTUBMMF GV¨ISU [V FJOFS [XFJGBDIFO&OUBSUVOH BMMFS ;VTUB¨OEF TP EBTT TQJOVNLFISFOEF 4USFV
QSP[FTTF JN XFTFOUMJDIFO EVSDI EFO &MMJPUU:BGFU .FDIBOJTNVT VOE EVSDI EJF 4QJO#BIO
,PQQMVOHEFS 'SFNEBUPNF JOEV[JFSUXFSEFO "VGHSVOEEFS TUB¨SLFSFO 4QJO#BIO,PQQMVOH
WPO (PME TJOE EJF CFSFDIOFUFO 4QJOSFMBYBUJPOT[FJUFO JO (PME XFTFOUMJDI LV¨S[FS BMT EJF
XFMDIF GV¨S EFO ,VQGFSLSJTUBMM CFSFDIOFU XVSEFO %FTXFJUFSFO FSHFCFO TJDI XJDIUJHF 6O
UFSTDIJFEF [XJTDIFO EFS 4USFVVOH BO d VOE sp'SFNEBUPNFO %B EJF 4USFVVOH BO d
'SFNEBUPNFO SFTPOBOU JTU WFSXFJMFO EJF &MFLUSPOFO XFTFOUMJDI MB¨OHFS BVG EFO 'SFNE
BUPNFO BMT CFJ EFO sp4USFVFSO TP EBTT TJF GV¨S FJOF MB¨OHFSF ;FJU EFS 4QJO#BIO,PQQMVOH
EFT 'SFNEBUPNT BVTHFTFU[U TJOE %JFT GV¨ISU [V EFVUMJDI LV¨S[FSFO 4QJOSFMBYBUJPOT[FJUFO GV¨S
EJF d4USFVFS 4DIMJFßMJDI XFSEFO EJF "VTXJSLVOHFO WPO 7JFMGBDITUSFVFČFLUFO BO %JNFSO
WPO 'SFNEBUPNFO EJTLVUJFSU &JO XFTFOUMJDIFS 6OUFSTDIJFE XVSEF OVS GV¨S TUBSLF d4USFVFS
EJF BVG CFOBDICBSUFO (JUUFSQMB¨U[FO TJU[FO HFGVOEFO
*N [XFJUFO 5FJM EFS "SCFJU XFSEFO -FCFOTEBVFSO WPO 0CFSĘB¨DIFO[VTUB¨OEFO BVG EFO 	

0CFSĘB¨DIFO WPO,VQGFS 4JMCFS VOE(PME TUVEJFSU %BCFJ XFSEFO 4DIJDIUTZTUFNFNJU VOUFS
TDIJFEMJDIFS -BHFOBO[BIM TPXJF EJF "VTXJSLVOHFO WPO 3d VOE 4sp"EBUPNFO VOE 'SFNE
BUPNFO JO EFS FSTUFO VOE [XFJUFO 0CFSĘB¨DIFOMBHF EJTLVUJFSU &T [FJHU TJDI EBTT TJDI EJF
0CFSĘB¨DIFOMFCFOTEBVFSO CFJ 4USFVVOH BO "EBUPNFO EFVUMJDI WPO EFOFO BO 'SFNEBUPNFO
JO EFS FSTUFO VOE [XFJUFO 0CFSĘB¨DIFOMBHF VOUFSTDIFJEFO -FU[UFSF B¨IOFMO TFIS TUBSL EFO
,VSWFOWFSMB¨VGFO EJF JN FSTUFO 5FJM GV¨S EJF VOFOEMJDI BVTHFEFIOUFO ,SJTUBMMF CFSFDIOFU
XVSEFO
*N MFU[UFO 5FJM EFS "SCFJU XFSEFO EJF CFJEFO "TQFLUF EFT FSTUFO VOE EFT [XFJUFO 5FJMT WFS
FJOU VOE 4QJO#BIOJOEV[JFSUF &ČFLUF BVG 	
 VOE 	
 0CFSĘB¨DIFO EV¨OOFS ,VQGFS
VOE(PMETDIJDIUFOVOUFSTVDIU %BCFJXFSEFO TPXPIM TZNNFUSJTDIF BMT BVDI BTZNNFUSJTDIF
4ZTUFNF TUVEJFSU XPCFJ EJF "TZNNFUSJF EVSDI EJF &STFU[VOH FJOFS ,VQGFS C[X (PMEMBHF
JJJ
JW
EVSDI FJOF -BHF ;JOL FS[FVHU XJSE
'V¨S EJF TZNNFUSJTDIFO EV¨OOFO 4DIJDIUFO XVSEFO EJF 4QJONJYJOH1BSBNFUFS BVG EFS 'FS
NJĘB¨DIF CFSFDIOFU 8B¨ISFOE CFJ EFO 	
 0CFSĘB¨DIFO EBT HSP¨ßUF 4QJONJYJOH GV¨S EJF
0CFSĘB¨DIFO[VTUB¨OEF HFGVOEFO XVSEF XFSEFO EJF 	
 0CFSĘB¨DIFO EVSDI TPHFOBOOFUF
4QJOIPUTQPUT BO EFO 3B¨OEFSO EFS #SJMMPVJO[POF EPNJOJFSU EJF EVSDI #BOEBOUJLSFV[VO
HFO FOUTUFIFO %JF #FSFDIOVOH EFS TQJOFSIBMUFOEFO VOE TQJOVNLFISFOEFO 3FMBYBUJPOT
[FJUFO BO 4FMCTUBEBUPNFO [FJHU EFVUMJDIF 6OUFSTDIJFEF [XJTDIFO (PME VOE ,VQGFS BMT BVDI
EFO WFSTDIJFEFOFO 0CFSĘB¨DIFOPSJFOUJFSVOHFO BVG
*O BTZNNFUSJTDIFO EV¨OOFO 4DIJDIUFO GV¨ISU EJF 4QJO#BIO,PQQMVOH [V FJOFS "VGTQBM
UVOH BMMFS ;VTUB¨OEF VOE EFS "VTCJMEVOH WPO MPLBMFO FČFLUJWFO .BHOFUGFMEFSO EFO TPHF
OBOOUFO h4QJO#BIO'FMEFSOh VN EJF EFS &MFLUSPOFOTQJO QSB¨[FEJFSU %JF 4USFVVOH [V BO
EFSFO ;VTUB¨OEFONJU BOEFSFO.BHOFUGFMEBDITFO GV¨ISU [V FJOFN7FSMVTU EFS VSTQSV¨OHMJDIFO
4QJORVBOUJTJFSVOHTBDITF %JFT XJSE BMT %|ZBLPOPW1FSFM|.FDIBOJTNVT CF[FJDIOFU *O
EFS "SCFJU XFSEFO EJF 4QJO#BIO'FMEFS WPO EV¨OOFO 	
 VOE 	
 ,VQGFS VOE (PME
TDIJDIUFO CFSFDIOFU %JF 0CFSĘB¨DIFO[VTUB¨OEF EFS 	
 0CFSĘB¨DIFO [FJHFO FJOF 3BTICB
BVGTQBMUVOH EJF HVU NJU FYQFSJNFOUFMMFO VOE GSV¨IFS CFSFDIOFUFO8FSUFO V¨CFSFJOTUJNNNU
(SPßF 4QJO#BIO'FMEFS XVSEFO BVßFSEFN GV¨S CVMLBSUJHF ;VTUB¨OEF BO EFO B¨VßFSFO 3B¨O




 %FOTJUZ GVODUJPOBM UIFPSZ 
 )PIFOCFSH,PIO UIFPSFNT                                
 ,PIO4IBN FRVBUJPOT                                   
 ćF MPDBM TQJOEFOTJUZ BQQSPYJNBUJPO                          
 4VNNBSZ                                           
 ćF ,,3 (SFFO GVODUJPO NFUIPE 
 ćF (SFFO GVODUJPO BQQSPBDI                               
 0CUBJOJOH QIZTJDBM RVBOUJUJFT GSPN (SFFO GVODUJPOT              
 3FMBUJPO CFUXFFO UIF (SFFO GVODUJPO PG QFSUVSCFE BOE VOQFSUVSCFE TZTUFN 
 4JOHMFTJUF TDBUUFSJOH                                    
 ,,3 BT B (SFFO GVODUJPO NFUIPE                             
 'VMMQPUFOUJBM USFBUNFOU XJUIJO UIF ,,3 NFUIPE                   
 4DSFFOFE ,,3                                        
 4FMGDPOTJTUFODZ $ZDMF JO UIF ,,3 NFUIPE                       
 4VNNBSZ                                           
 .VMUJQMF 4DBUUFSJOHćFPSZ 
 ,,3 XBWFGVODUJPOT BOE CBOE TUSVDUVSF DBMDVMBUJPOT                  
 ćF ,,3 XBWFGVODUJPOT ψk(r)                          
 /PSNBMJ[BUJPO PG UIF XBWFGVODUJPOT                       
 ćF ,,3 TFDVMBS FRVBUJPO JO UFSNT PG UIF SFGFSFODF TZTUFN          
 ćF 'FSNJ TVSGBDF                                  
 *NQVSJUZ TDBUUFSJOH                                     
W
WJ 5BCMF PG $POUFOUT
 *NQVSJUZ TDBUUFSJOH JO UIF BUPNJD TQIFSF BQQSPYJNBUJPO            
 *NQVSJUZ TDBUUFSJOH JO UIF DBTF PG B GVMM QPUFOUJBM                
 ćF TDBUUFSJOH NBUSJY Tkk′                                 
 4QIFSJDBM QPUFOUJBM                                  
 'VMM QPUFOUJBM                                     
 8JHOFS EFMBZ UJNF                                      
 ćF MJGFUJNF τk                                        
 3FTJEVBM SFTJTUJWJUZ                                      
 4VNNBSZ                                           
 4QJOPSCJU DPVQMJOH 
 ćFPSZ PG TQJOPSCJU DPVQMJOH                               
 &WBMVBUJPO PG UIF TQJOPSCJU )BNJMUPOJBO                        
 ćF TQJOPSCJU DPVQMJOH QBSBNFUFS ξ(r)                     
 &WBMVBUJPO PG L ⋅ S JO UFSNT PG SFBM TQIFSJDBM IBSNPOJDT            
 4QJOPSCJU DPVQMJOH JO ,,3 GPSNBMJTN                          
 ćF TQJOEFQFOEFOU -JQQNBOO4DIXJOHFS FRVBUJPO              
 ćF TQJOPS XBWFGVODUJPOT JODMVEJOH TQJOPSCJU DPVQMJOH            
 ćF DPFďDJFOUT cn,↑kL BOE c
n,↓
kL                                
 &YQFDUBUJPO WBMVFT PG UIF TQJO PQFSBUPST                         
 ćF DPFďDJFOUT ck GPS UIF DBTF PG ,SBNFST EFHFOFSBDZ                
 ćF TQJOFYQFDUBUJPO WBMVF Stot PG DPQQFS BOE HPME              
 *OFRVJWBMFODF PG Sz =max. BOE Sx = Sy = 0 JO B TJNQMF NPEFM       
 *NQVSJUZ TDBUUFSJOH XJUIJO UIF QSFTFODF PG TQJOPSCJU DPVQMJOH            
 ćF TQJOEFQFOEFOU TDBUUFSJOH NBUSJY T σσ′kk′                       
 .PNFOUVNSFMBYBUJPO UJNF τ BOE TQJOSFMBYBUJPO UJNF T1              
4VNNBSZ                                           
 *NQMFNFOUBUJPO BOE UFTUJOH PG UIF TQJOPSCJU DPVQMJOH 
 $PNQVUBUJPOBM EFUBJMT                                   
 5FTU PG UIF BUPNJD TDBUUFSJOH NBUSJY                            
 $PODMVTJPO                                          
 4QJO SFMBYBUJPO JO OPCMF NFUBMT 
 %PNJOBOU NFDIBOJTNT PG TQJO SFMBYBUJPO JO OPCMF NFUBMT              
 &MMJPUU:BGFU NFDIBOJTN                               
 4QJOĘJQ TDBUUFSJOH EVF UP JNQVSJUZ TQJOPSCJU DPVQMJOH            
5BCMF PG $POUFOUT WJJ
 6OFYQFDUFE EFWJBUJPOT                                   
 $PNQBSJTPO UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB                
 3FMBUJPO PG T1 UP 8JHOFS EFMBZ UJNFT tD                         
 .PNFOUVN BOE TQJOSFMBYBUJPO UJNFT GPS JNQVSJUJFT JO $V BOE "V CVML     
 4DBUUFSJOH BU TJOHMF JNQVSJUJFT                           
 $PSSFMBUJPO CFUXFFO QSPYJNJUZ PG JNQVSJUJFT BOE TDBUUFSJOH          
 $PODMVTJPO                                          
 -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH 
 $PNQVUBUJPOBM BOE OVNFSJDBM BTQFDUT PG UIF DBMDVMBUJPOT               
 'FSNJ TVSGBDFT PG DPQQFS TJMWFS BOE HPME 	
 ĕMNT              
 ćF PQUJDBM UIFPSFN                                 
 $PNQBSJTPO PG "4" BOE '1 DBMDVMBUJPOT                     
 $POWFSHFODF XJUI DMVTUFS TJ[F                           
 "OBMZTJT PG TVSGBDFTUBUF MJGFUJNFT GPS BEBUPNT                     
 4DBUUFSJOH UP CVML BOE TVSGBDF TUBUFT                        
 4VSGBDFTUBUF MJGFUJNFT GPS $V "H BOE "V ĕMNT                     
 4DBUUFSJOH BU NBHOFUJD JNQVSJUJFT                             
 3FTJEVBM SFTJTUJWJUZ                                      
 3FTJEVBM SFTJTUJWJUZ JO DPQQFS CVML                         
 4VSGBDF SFTJTUJWJUZ                                   
 $PODMVTJPO                                          
 &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT 
 4QJOPSCJU DPVQMJOH FČFDUT JO TZTUFNT XJUIPVU TUSVDUVSBM JOWFSTJPO TZNNFUSZ   
 ćF 3BTICB FČFDU                                   
 ćF %hZBLPOPW1FSFMh NFDIBOJTN                         
 4ZNNFUSJD ĕMNT                                       
 &MMJPUU:BGFU TQJONJYJOH QBSBNFUFS ∣b∣2                     
 4QJOĘJQ BOE TQJODPOTFSWJOH MJGFUJNFT                      
 "TZNNFUSJD ĕMNT                                      
 4QJOPSCJU ĕFMET PG VMUSBUIJO $V BOE "V 	
 BOE 	
 ĕMNT        
 &TUJNBUF PG %hZBLPOPW1FSFM TQJOEFQIBTJOH UJNFT               
 $PODMVTJPO                                          
 $PODMVTJPO 
" 4PNF EFUBJMT PO UIF ,,3GPSNBMJTN 
WJJJ 5BCMF PG $POUFOUT
" %FSJWBUJPO PG UIF %ZTPO FRVBUJPO GPS BO BSCJUSBSZ SFGFSFODF TZTUFN         
" 1SBDUJDBM DBMDVMBUJPO PG UIF CBOE TUSVDUVSF                        
" ćF 'FSNJ TVSGBDF                                  
" ćF SBEJBM -JQQNBOO4DIXJOHFS FRVBUJPO GPS OPOTQIFSJDBM QPUFOUJBM       
" ćFΔtnl .BUSJY                                       
" *NQVSJUZ TDBUUFSJOH                                     
" "UPNJD TQIFSF BQQSPYJNBUJPO                           
" 'VMM QPUFOUJBM                                     
" $BMDVMBUJPO PG UIF (SFFO GVODUJPOGimp,nn
′
LL′ BU EF                    
# &WBMVBUJPO PG L ⋅ S JO UFSNT PG SFBM TQIFSJDBM IBSNPOJDT 
$ 5JHIUCJOEJOH GPSNBMJTN GPS TQJOĘJQ TDBUUFSJOH 
$ #BTJD JEFBT                                          
$ ćF TQJOPSCJU )BNJMUPOJBO JO UIF UJHIUCJOEJOH GPSNBMJTN          
$ *NQVSJUZ TDBUUFSJOH                                 
$ 5FTU SFTVMUT                                          





ćF DPOUSPM BOE NBOJQVMBUJPO PG FMFDUSPO TQJO DVSSFOUT JO NFUBMT JT POF PG UIF HSBOE DIBM
MFOHFT JO UIF ĕFME PG TQJOUSPOJDT #FJOH B USVMZ NVMUJEJTDJQMJOBSZ ĕFME JU DPNCJOFT LFZ JO
TJHIUT GSPN NBHOFUJTN SFTFBSDI TFNJDPOEVDUPS BOE NFTPTDPQJD QIZTJDT BOE PQUJDT XJUI
UFDIOPMPHJDBM BEWBODFT TVDI BT UIF TUSVDUVSF NJOJBUVSJ[BUJPO PG OBOPEFWJDFT &WFO UIPVHI
JU JT B SFMBUJWFMZ SFDFOU ĕFME JU SFMJFT DMPTFMZ PO B MPOH USBEJUJPO PG JOWFTUJHBUJPOT 0OF PG UIF
QJPOFFSJOH XPSLT XBT QSPWJEFE CZ .PUU BMSFBEZ JO  < > XIP FYQMBJOFE UIF VOVTVBM
CFIBWJPS PG UIF SFTJTUBODF JO GFSSPNBHOFUJD NFUBMT XJUI UIF DPODFQU PG TQJOQPMBSJ[FE DVS
SFOUT 'VSUIFSNPSF UIF EJTDPWFSZ PG UIF HJBOU NBHOFUPSFTJTUBODF FČFDU 	(.3
 CZ "MCFSU
'FSU <> BOE 1FUFS (SV¨OCFSH <> JO  NBSL B CSFBLUISPVHI JO TQJOUSPOJDT XIJDI XBT SF
XBSEFE XJUI UIF /PCFM QSJDF JO  BOE MFE UP B WFSZ TVDDFTTGVM BQQMJDBUJPO BMSFBEZ FJHIU
ZFBST BęFS JUT EJTDPWFSZ UIF FČFDU XBT FYQMPJUFE JO IBSE EJTL ESJWFT DPNNPO UP NPTU 1$T
JUT TQFDUBDVMBS JOOPWBUJPO XBT UIF USBOTGPSNBUJPO PG TQJO JOGPSNBUJPO JOUP DIBSHF DVSSFOU
" GFX ZFBST FBSMJFS +PIOTPO BOE 4JMTCFF < > GPS UIF ĕSTU UJNF TVDDFFEFE UP FMFDUSJDBMMZ
JOKFDU BOE NFBTVSF B OPOFRVJMJCSJVN TQJO BDDVNVMBUJPO JO NFUBMT FTUBCMJTIJOH B OFX
NFUIPE UP EFUFDU TQJO SFMBYBUJPO
"MM UIFTF ĕOEJOHT SFMZ PO UISFF GVOEBNFOUBM DIBSBDUFSJTUJDT PG FMFDUSPOTNBLJOH UIFNIJHIMZ
BUUSBDUJWF GPS UIF USBOTGFS PG JOGPSNBUJPO <> 'JSTU UIFZ DBO CF QPMBSJ[FE BOE TUPSF JOGPS
NBUJPO JO UIFJS TQJO TUBUF 	VQ PS EPXO
 4FDPOEMZ UIFJS NPCJMJUZ BMMPXT UP USBOTGFS UIF
JOGPSNBUJPO UP BOPUIFS QMBDF XIFSF UIJSE UIF JOGPSNBUJPO DBO CF SFBE PVU 0G DPVSTF
UIJT XPSLT POMZ JG UIF JOGPSNBUJPO JT OPU MPTU JF UIF TQJO TUBUF IBT OPU DIBOHFE EVSJOH UIF
USBOTQPSU QSPDFTT
ćF EFDBZ PG B OPOFRVJMJCSJVN TQJO TUBUF UPXBSET BO FRVJMJCSJVN JT HFOFSBMMZ DBMMFE TQJO SF
MBYBUJPO ćF TUSFOHUI PG TQJO SFMBYBUJPO JT RVBOUJUBUJWFMZ TQFDJĕFE CZ B TQJOSFMBYBUJPO UJNF
T1 BęFS XIJDI UIF TZTUFN IBT DPNF DMPTF UP FRVJMJCSJVN PS UIF SFMBUFE TQJOSFMBYBUJPO
MFOHUI λ DIBSBDUFSJ[JOH UIF MFOHUI BęFS XIJDI UIF TQJO DVSSFOU IBT EFDBZFE *O PSEFS UP

  *OUSPEVDUJPO
FOTVSF UIF TVDDFTTGVM USBOTGFS PG JOGPSNBUJPO MPOH TQJO SFMBYBUJPO UJNFT BSF EFTJSFE 'VS
UIFSNPSF UIF BDUJWF NBOJQVMBUJPO PG UIF TQJO TUBUFT NVTU CF BCMF UP CFOFĕU GVMMZ GSPN UIFTF
QSPQFSUJFT PUIFSXJTF UIF TIFFS FYJTUFODF PG UXP TQJO TUBUFT JT PG MJNJUFE VTF ćFTF UXP
DMPTFMZ SFMBUFE JTTVFT BSF UIF NBKPS TVCKFDU PG NPTU PG UIFPSFUJDBM BOE FYQFSJNFOUBM JOWFTUJ
HBUJPOT JO UIF ĕFME PG TQJOUSPOJDT
4QJO SFMBYBUJPO JT B WFSZ DPNQMFY QIFOPNFOPO *U TUSPOHMZ EFQFOET PO UIF JOWFTUJHBUFENB
UFSJBM BOE DBO CFNPEVMBUFE CZ B HSFBU WBSJFUZ PG QBSBNFUFST $IBOHJOH UIF EJNFOTJPOBMJUZ
EPQJOH PS BMMPZJOH DBO SFEVDF PS FOIBODF UIF TQJO SFMBYBUJPO CZ TFWFSBM PSEFST PG NBHOJ
UVEF <> ćFSF BSF TFWFSBM NFDIBOJTNT PG TQJO SFMBYBUJPO CVU NPTU PG UIFN BSF JOEVDFE
CZ TQJOPSCJU DPVQMJOH QSPWJEJOH B TQJOEFQFOEFOU QPUFOUJBM XIJDI UPHFUIFS XJUINPNFO
UVN TDBUUFSJOH QSPDFTTFT DBO CF DPOTJEFSFE BT B SBOEPNJ[JOH GPSDF ćF UXPNPTU JNQPSUBOU
NFDIBOJTNT PG TQJO SFMBYBUJPO BSF UIF &MMJPUU:BGFUNFDIBOJTN <> BOE UIF%hZBLPOPW1FSFMh
NFDIBOJTN <> 8IFSFBT UIF ĕSTU POF MFBET UP B EFDSFBTF PG TQJOSFMBYBUJPO UJNFT GPS MBSHF
NPNFOUVN TDBUUFSJOH SBUFT UIF MBUUFS NFDIBOJTN ZJFMET UIF JOWFSTF CFIBWJPS MBSHF NP
NFOUVN TDBUUFSJOH SBUFT FOUBJM MPOH TQJOSFMBYBUJPO UJNFT
ćF &MMJPUU:BGFU NFDIBOJTN JT EPNJOBUJOH JO JOWFSTJPOTZNNFUSJD NFUBMT JO TNBMMHBQ
TFNJDPOEVDUPST BT XFMM BT JO UIPTF XJUI B MBSHF TQJOPSCJU DPVQMJOH *O DPOUSBTU UIF %hZB
LPOPW1FSFMh NFDIBOJTN JT VOJRVFMZ QSFTFOU JO TZTUFNT XJUIPVU JOWFSTJPO TZNNFUSZ BOE
CBTFE PO UIF TQMJUUJOH PG UIF FOFSHZ MFWFMT DBVTFE CZ UIF JOUFSQMBZ PG BTZNNFUSZ BOE TQJO
PSCJUDPVQMJOH UPHFUIFS XJUI NPNFOUVN TDBUUFSJOH
"MUIPVHI TQJO SFMBYBUJPO JO TFNJDPOEVDUPST IBT CFFO TUVEJFE JOUFOTJWFMZ UIFSF BSF OPU TP
NBOZ TUVEJFT PO UIJT TVCKFDU JO NFUBMT ćFPSFUJDBM JOWFTUJHBUJPOT PG TQJO SFMBYBUJPO EVF
UP FMFDUSPOFMFDUSPO TDBUUFSJOH XFSF SFDFOUMZ QVCMJTIFE <> XIJMF ĕSTU SFTVMUT GPS BC JOJ
UJP TQJOSFMBYBUJPO UJNFT JO NFUBMT DBVTFE CZ JNQVSJUZTDBUUFSJOH IBWF CFFO QVCMJTIFE JO
< > 'VSUIFSNPSF BO JOWFTUJHBUJPO PG DPOEVDUJPO FMFDUSPOT JO QPMZWBMFOU NFUBMT 	"M

XBT QSPWJEFE JO <>
&YQFSJNFOUBMMZ TQJO SFMBYBUJPO JO NFUBMT IBT CFFO ĕSTU TUVEJFE JO /B #F BOE -J XJUI UIF
DPOEVDUJPOFMFDUSPO TQJO SFTPOBODF UFDIOJRVF 	$&43
 <> BMMPXJOH GPS BO JOEJSFDU NFB
TVSFNFOU PG TQJOSFMBYBUJPO UJNFT "MSFBEZ UIFTF FBSMZ JOWFTUJHBUJPOT IBWF TIPXO UIBU TQJO
SFMBYBUJPO UJNFT TUSPOHMZ EFQFOE PO UIF JNQVSJUZ DPODFOUSBUJPO 'VSUIFSNPSF B MJOFBS
TDBMJOH XJUI UFNQFSBUVSF IBT CFFO PCTFSWFE < > 8JUI UIF EFWFMPQNFOU PG UIF TQJO
JOKFDUJPO UFDIOJRVF JO <> UIF EFUFDUJPO PG TQJOSFMBYBUJPO UJNFT CFDBNF FYQFSJNFOUBMMZ
GFBTJCMF $PNQBSFE UP UIF TQJO SFTPOBODF UFDIOJRVF JU IBT UIF BEWBOUBHF PG OPU SFRVJSJOH
NBHOFUJD ĕFMET BOE FOBCMJOH UIF NFBTVSFNFOU PG TQJOSFMBYBUJPO UJNFT JO ĕMNT < > TV
QFSDPOEVDUPST <> TQJOHMBTTFT BOE ,POEP TZTUFNT +VTU SFDFOUMZ UIF NFBTVSFNFOU PG
TQJOSFMBYBUJPO UJNFT WJB UIF JOWFSTF TQJO )BMM FČFDU XBT SFBMJ[FE JO UXP EJČFSFOU TFUVQT
< > BOE TQJO SFMBYBUJPO JO FH 1U 1E "V BOE .P IBT CFFO TUVEJFE
"T BMSFBEZ NFOUJPOFE UIF FYQFSJNFOUBM JOWFTUJHBUJPOT PG TQJOSFMBYBUJPO UJNFT JO NFUBMT
IBWF SFWFBMFE UIBU TQJOSFMBYBUJPO QSPDFTTFT BSF EPNJOBUFE CZ TDBUUFSJOH BU JNQVSJUJFT BOE
QIPOPOT 8IFSFBT QIPOPOT DBO CF GSP[FO PVU JO QSFQBSJOH TBNQMFT B TNBMM DPODFOUSBUJPO
PG JNQVSJUJFT BOE EFGFDUT DBOOPU CF BWPJEFE " ĕSTU HPBM PG UIJT UIFTJT JT UP DPOUSJCVUF UP UIJT
ĕFME PG FYDJUJOH QIZTJDT QSPWJEJOH B TZTUFNBUJD BC JOJUJP TUVEZ PG JNQVSJUZ TDBUUFSJOH JO UIF
"O FYDFQUJPO BSF EFWJDFT GPS XIJDI TIPSU TXJUDIJOH UJNFT BSF SFRVJSFE
CVML PG OPCMF NFUBMT ćF DBMDVMBUJPOT PG TQJOSFMBYBUJPO UJNFT UPHFUIFS XJUI NPNFOUVN
SFMBYBUJPO BMMPX UP ESBX DPODMVTJPOT BCPVU UIF EPNJOBUJOH TQJOSFMBYBUJPO NFDIBOJTNT
$PNJOH CBDL UP UIF BTQFDU PG EPXOTDBMJOH PG OBOPFMFDUSPOJD EFWJDFT OPU POMZ UIF DIBSBD
UFSJTUJD PGNBUFSJBMT PO BO BUPNJD TDBMFT HBJOT JNQPSUBODF CVU BMTP UXPEJNFOTJPOBM TZTUFNT
HFU JOUP UIF GPDVT PG SFTFBSDI 0ęFO BU TVSGBDFT PS UIJO ĕMNT QIZTJDT DPNQMFUFMZ DIBOHF
*O TPNF NBUFSJBMT TVDI BT BU UIF 	
 TVSGBDFT PG UIF OPCMF NFUBMT DPQQFS TJMWFS BOE HPME
TVSGBDF TUBUFT GPSN BOE EPNJOBUF UIF FMFDUSPO EZOBNJDT 5P VOEFSTUBOE UIFTF FMFDUSPOJD
FYDJUBUJPOT BU TVSGBDFT FWFO XJUIPVU TQJOPSCJU DPVQMJOH JT PG HSFBU JOUFSFTU CFDBVTF UIFJS
UFNQPSBM FWPMVUJPO EFUFSNJOFT UIF FČFDUJWFOFTT PG NBOZ JNQPSUBOU BQQMJDBUJPOT <> *O
UIJT FYUFOTJWF ĕFME PG SFTFBSDI JO UIF MBTU ZFBST B MPU PG UIFPSFUJDBM BOE FYQFSJNFOUBM SF
TFBSDI XBT EPOF XIJDI JT OPU POMZ EVF UP UIF XJEFTQSFBE PG UIF TVCKFDU BQBSU GSPN UIF
HSFBU WBSJFUZ PG TZTUFNT XIJDI DPVME CF JOWFTUJHBUFE TFWFSBM WFSZ QPXFSGVM NFUIPET GPS JUT
JOWFTUJHBUJPO IBWF CFFO EFWFMPQFE <> 8IJMF JO 	BOHMFSFTPMWFE
 QIPUPFNJTTJPO FYQFSJ
NFOUT BO JOEJSFDU NFBTVSFNFOU PG TVSGBDFTUBUF MJGFUJNFT WJB UIF MJOFXJEUI JT QPTTJCMF <>
UXP QIPUPO QIPUPFNJTTJPO < > FOBCMFT B EJSFDU NFBTVSFNFOU PG MJGFUJNFT *O BEEJUJPO
MJGFUJNF NFBTVSFNFOUT VTJOH TDBOOJOH UVOOFMJOH NJDSPTDPQZ BOE TQFDUSPTDPQZ <> BMMPX
GPS B MPDBM JOWFTUJHBUJPO PG TVSGBDFT FOBCMJOH UIF FYDMVTJPO PG EFGFDUT BOE HSBJO CPVOEBSJFT
4JNJMBS BT JO QIPUPFNJTTJPO TQFDUSPTDPQZ TVSGBDFTUBUF MJGFUJNFT DBO UIFO CF FYUSBDUFE GSPN
UIF TQFDUSBM MJOFXJEUI +VTU BT TQJOSFMBYBUJPO UJNFT TVSGBDFTUBUF MJGFUJNFT BSF SFEVDFE CZ
EJČFSFOU TDBUUFSJOH NFDIBOJTNT <> OBNFMZ TDBUUFSJOH BU DSZTUBM EFGFDUT QIPOPOT BOE CZ
FMFDUSPOFMFDUSPO TDBUUFSJOH <> ćFSFGPSF B TFDPOE HPBM PG UIJT UIFTJT JT UP GPDVT PO UIF
MJGFUJNF SFEVDUJPO PG UIF 	
 TVSGBDF TUBUFT PG DPQQFS TJMWFS BOE HPME DBVTFE CZ TDBUUFS
JOH BU JNQVSJUJFT BOE EFGFDUT UIFTF BSF EPNJOBOU BU MPX UFNQFSBUVSFT BOE JO DPOUSBTU UP
FMFDUSPOFMFDUSPO TDBUUFSJOH <> BOE TDBUUFSJOH BU QIPOPOT UIFZ BSF OPU XFMM TUVEJFE TP GBS
ćF UIJSE HPBM PG UIJT UIFTJT JT UP DPNCJOF UIF ĕSTU UXP BTQFDUT JF UP HBJO JOTJEF JOUP TQJO
SFMBYBUJPO NFDIBOJTNT BU TVSGBDFT BOE JO VMUSBUIJO ĕMNT "T XF ĕOE UIF SFEVDUJPO PG EJ
NFOTJPOBMJUZ BČFDUT UIF TQJO SFMBYBUJPO JO OPOUSJWJBM XBZT EVF UP FČFDUT PG RVBOUVN DPO
ĕOFNFOU PS CZ UIF POTFU PG TUSVDUVSBM BTZNNFUSZ JO EFQPTJUFE ĕMNT
ćF UIFTJT JT TUSVDUVSFE BT GPMMPXT ćFĕSTU UXP DIBQUFST HJWF B TIPSU JOUSPEVDUJPO UP UIF UIF
PSJFT QSPWJEJOH UIF CBTJT PG PVS DBMDVMBUJPOT OBNFMZ EFOTJUZ GVODUJPOBM UIFPSZ 	%'5
 <
> JO DIBQUFS  BOE UIF ,PSSJOHB,PIO3PTUPLFS NFUIPE 	,,3
 < > GPS FMFDUSPOJD
TUSVDUVSF DBMDVMBUJPOT JO DIBQUFS  ćF MBUUFS JT CBTFE PO (SFFO GVODUJPOT BOE GPMMPXT B
NVMUJQMF TDBUUFSJOH BOTBU[ ćFSFGPSF JU JT WFSZ XFMM TVJUFE GPS UIF OVNFSJDBM USFBUNFOU PG
TDBUUFSJOH QSPDFTTFT UIF TDBUUFSJOH BOTBU[ JT FYQMPJUFE JO DIBQUFS  XIFSF B TDIFNF UP DBM
DVMBUF UIF CBOE TUSVDUVSF UIF 'FSNJ TVSGBDF BOE UIF NPNFOUVNEFQFOEFOU XBWFGVODUJPO
PO UIF 'FSNJ TVSGBDF JT EFSJWFE 'VSUIFSNPSF UIF GPSNBMJTN VTFE UP EFTDSJCF JNQVSJUZ
TDBUUFSJOH JT JOUSPEVDFE ćF SFTVMUJOH TDBUUFSJOH NBUSJY ZJFMET UIF TDBUUFSJOH SBUF GSPN POF
NPNFOUVN TUBUF UP B TFDPOE POF EVF UP TDBUUFSJOH BU JNQVSJUJFT JO NPNFOUVN TQBDF *U JT B
DFOUSBM RVBOUJUZ GSPN XIJDI B OVNCFS PG QIZTJDBM RVBOUJUJFT DBO CF PCUBJOFE *O UIJT XPSL
XF VTF JU GPS UIF DBMDVMBUJPO PG NPNFOUVNSFMBYBUJPO UJNFT BOE SFTJEVBM SFTJTUJWJUJFT
*O DIBQUFS  TQJOPSCJU DPVQMJOH JT EJTDVTTFE XIJDI JT PG DFOUSBM JNQPSUBODF UP UIJT XPSL
"ęFS HJWJOH B TIPSU JOUSPEVDUJPO JOUP UIF VOEFSMZJOH UIFPSZ XF XJMM PVUMJOF IPX JU JT JO
DMVEFE JO UIF NVMUJQMF TDBUUFSJOH GPSNBMJTN PG UIF ,,3 NFUIPE ćF EFSJWBUJPO PG UIJT
  *OUSPEVDUJPO
TDIFNF BOE JUT JNQMFNFOUBUJPO XJUIJO UIF ,,3 DPEF XBT BO JNQPSUBOU QBSU PG UIJT UIFTJT
*U BMMPXT GPS UIF DBMDVMBUJPO PG UIF 	NPNFOUVNEFQFOEFOU
 TQJO FYQFDUBUJPO WBMVFT BOE UIF
&MMJPUU:BGFU TQJOĘJQ QBSBNFUFST 8F EFNPOTUSBUF UIBU UIF EFHFOFSBDZ PG XBWFGVODUJPOT
GPS JOWFSTJPOTZNNFUSJD TZTUFNT EVF UP TQJOPSCJU DPVQMJOH MFBET UP VOFYQFDUFE QIFOPN
FOB DPODFSOJOH UIF TQJO FYQFDUBUJPO WBMVFT 6TJOH B TJNQMF BOBMZUJD NPEFM XF TIPX UIBU
UIFTF BSF OPU EVF UP B OVNFSJDBM NJTUBLF CVU PG GVOEBNFOUBM OBUVSF
'VSUIFSNPSF UIF -JQQNBOO4DIXJOHFS FRVBUJPO BQQMJFE UP JNQVSJUZ TDBUUFSJOH JT FYUFOEFE
UP TQJOĘJQ TDBUUFSJOH QSPDFTTFT " HFOFSBM FYQSFTTJPO JODMVEJOH UIF TQJO EFHSFFT PG GSFFEPN
GPS UIF TDBUUFSJOHNBUSJY JT HJWFO 'JOBMMZ XF EFNPOTUSBUF IPX TQJODPOTFSWJOHNPNFOUVN
SFMBYBUJPO UJNFT BT XFMM BT TQJOĘJQ SFMBYBUJPO UJNFT BSF PCUBJOFE GSPN UIF TDBUUFSJOHNBUSJY
$IBQUFS  QSPWJEFT TPNF OVNFSJDBM UFTUT PG UIF JNQMFNFOUBUJPO PG TQJOPSCJU DPVQMJOH JO
UIF DPEF BOE EJTDVTTFT TPMVUJPOT UP TPNF PG UIF QSPCMFNT XF IBWF FODPVOUFSFE
*O UIF SFNBJOJOH UISFF DIBQUFST  UP  XF ĕOBMMZ QSFTFOU PVS DBMDVMBUFE SFTVMUT ćF NBJO
UPQJD PG DIBQUFS  BSF TQJODPOTFSWJOH BOE TQJOSFMBYBUJPO QSPDFTTFT EVF UP JNQVSJUZ TDBU
UFSJOH JO UIF GDD CVML NFUBMT DPQQFS BOE HPME *O UIFTF TZTUFNT UIF &MMJPUU:BGFU NFDIBOJTN
GPS TQJOĘJQ TDBUUFSJOH QSFWBJMT ćFSFGPSF UIJT DIBQUFS TUBSUT XJUI B UIFPSFUJDBM PVUMJOF PG
UIJT NFDIBOJTN "ęFSXBSET XF EJTDVTT VOFYQFDUFE SFTVMUT GSPN UFTU DBMDVMBUJPOT PG TQJO
DPOTFSWJOH BOE TQJOĘJQ TDBUUFSJOH SBUFT ćFTF SFTVMUT BSF TVCTUBOUJBUFE CZ TJNJMBS ĕOEJOHT
PCUBJOFE GPS B TJNQMF UJHIUCJOEJOH QSPHSBN EPDVNFOUFE JO "QQFOEJY $ 'VSUIFSNPSF XF
DPNQBSF UIF DBMDVMBUFE NPNFOUVNSFMBYBUJPO BOE TQJOSFMBYBUJPO UJNFT UP OVNFSJDBM BOE
FYQFSJNFOUBM EBUB
" TZTUFNBUJD TUVEZ PG NPNFOUVNSFMBYBUJPO BOE TQJOSFMBYBUJPO UJNFT GPS 3d 4sp 4d 5sp
5d BOE 6sp JNQVSJUJFT JO HPME BOE DPQQFS IPTUT JT QSFTFOUFE ćF SPMF PG UIF TQJOPSCJU
DPVQMJOH JO UIF IPTU JT JOWFTUJHBUFE BOE UIF USFOET GPS TQJODPOTFSWJOH BOE TQJOĘJQ TDBUUFS
JOH SBUFT BSF DPNQBSFE *O PSEFS UP VOEFSTUBOE UIF EJČFSFODFT CFUXFFO UIFTF UXP USFOET
8JHOFS EFMBZ UJNFT BT XFMM BT SFTJEVBM SFTJTUJWJUJFT BSF DBMDVMBUFE "U UIF FOE PG UIJT DIBQUFS
XF JOWFTUJHBUF NVMUJQMF TDBUUFSJOH BU OFJHICPSJOH JNQVSJUJFT XIJDI IBT OPU CFFO JOWFTUJ
HBUFE TP GBS
$IBQUFS  GPDVTFT PO TQJODPOTFSWJOH TDBUUFSJOH QSPDFTTFT PDDVSSJOH BU UIF 	
 TVSGBDFT
PG DPQQFS TJMWFS BOE HPME 4VSGBDFTUBUF MJGFUJNFT EVF UP JNQVSJUZ TDBUUFSJOH BSF DBMDVMBUFE
GPS JNQVSJUJFT JO UIF TVSGBDF POF MBZFS CFMPX UIF TVSGBDF BT XFMM BT GPS BEBUPNT 4JHOJĕDBOU
RVBMJUBUJWF EJČFSFODFT JO UIF USFOET BSF PCUBJOFE "U UIF FOE PG UIJT DIBQUFS XF QSFTFOU
TVSGBDFTUBUF MJGFUJNFT BT XFMM BT SFTJEVBM SFTJTUJWJUJFT JO UIJO ĕMNT PG WBSZJOH UIJDLOFTT
'PS NBOZ BQQMJDBUJPOT TVDI BT UIF TQJO )BMM FČFDU <> BT XFMM BT GPS TQJO SFMBYBUJPO TQJO
PSCJU JOEVDFE FČFDUT PDDVSSJOH PO TVSGBDFT BOE UIJO ĕMNT BSF PG DSVDJBM JNQPSUBODF ćFSF
GPSF JO DIBQUFS  XF DPOTJEFS RVBTJ UXPEJNFOTJPOBM DPQQFS BOE HPME TZTUFNT BT JO UIF
DIBQUFS CFGPSF CVU VOEFS UIF JOĘVFODF PG TQJOPSCJU DPVQMJOH 'VSUIFSNPSF UIJO ĕMNT XJUI
CSPLFO TZNNFUSZ BSF JOWFTUJHBUFE XIFSF UIF TQJOUSBOTQPSU QSPDFTTFT BSF GVOEBNFOUBMMZ
EJČFSFOU DPNQBSFE UP TZNNFUSJD TZTUFNT EVF UP UIF BQQFBSBODF PG TQJOPSCJU ĕFMET MFBE
JOH UP UIF %hZBLPOPW1FSFMh NFDIBOJTN *O UIF QSFTFOUFE SFTVMUT XF TIPX UIBU RVBOUVN
DPOĕOFNFOU MFBET UP IPU TQPUT GPS TQJOĘJQ TDBUUFSJOH UIBU BSF BCTFOU JO UIF CVML BOE XF
JOWFTUJHBUF UIF TIBQF BOE TUSFOHUI PG TQJOPSCJU ĕFMET 8F SPVHIMZ FTUJNBUF TQJOEFQIBTJOH
UJNFT VTJOH UIF UIFPSZ EFWFMPQFE CZ %hZBLPOPW BOE 1FSFMh
ćF SFTVMUT PG UIJT UIFTJT BSF TVNNBSJ[FE JO DIBQUFS 
$)"15&3 
%FOTJUZ GVODUJPOBM UIFPSZ
*O PSEFS UP EFTDSJCF UIF DIFNJDBM BOE QIZTJDBM QSPQFSUJFT PG NBUFSJBMT DPSSFDUMZ B RVBOUVN
NFDIBOJDBM USFBUNFOU PG UIF NBOZQBSUJDMF TZTUFN PG FMFDUSPOT BOE OVDMFJ XJUI UIFJS CBTJD
FMFDUSPTUBUJD $PVMPNC JOUFSBDUJPOT JT JOEJTQFOTBCMF 4VDI TZTUFNT BSF DIBSBDUFSJ[FE CZ UIF
NBOZCPEZ )BNJMUPOJBO










XIFSF Vext EFOPUFT BO FYUFSOBM QPUFOUJBM BOE ri BSF UIF QPTJUJPOT PG UIF QBSUJDMFT *O UIF
BCPWF GPSNVMB BUPNJD VOJUT h̵ = 1 me = 1/2 BOE e = √2 IBWF CFFO VTFE ćF TPMVUJPO PG
UIF DPSSFTQPOEJOH 4DISP¨EJOHFS FRVBUJPO
HˆΨ = EΨ 	

UIF NBOZCPEZ XBWFGVODUJPO Ψ(r1,⋯, rN) JT B WFSZ DPNQMJDBUFE PCKFDU TJODF JU JT B GVOD
UJPO PG 3N TQBUJBM WBSJBCMFT BOE N TQJO WBSJBCMFT *U JT PCWJPVT UIBU JU DBOOPU CF PCUBJOFE
XJUIPVU BO BQQSPYJNBUJPO BOE FWFO JG UIJT XBT UIF DBTF JU XPVME IBWF CFFO B UPP DPNQMJ
DBUFE PCKFDU UP VOEFSTUBOE BOE QSFEJDU QSPQFSUJFT PG SFBM NBUFSJBMT
ćF ĕSTU JEFB IPX UP EFBM XJUI UIJT QSPCMFN DBNF CZćPNBT <> BOE 'FSNJ <> JO 
XIP PCUBJOFE B IFVSJTUJD EFTDSJQUJPO PG UIF NBOZFMFDUSPO TZTUFN UPUBMMZ JO UFSNT PG UIF
FMFDUSPOJD EFOTJUZ 8JUI UIJT BOTBU[ UIFZ QSPWJEFE UIF DPODFQUVBM SPPU PG NPEFSO EFO
TJUZ GVODUJPOBM UIFPSZ 	%'5
 XIJDI GPSNBMMZ SFEVDFT UIF NBOZCPEZ QSPCMFN UP B TJOHMF
FMFDUSPO QSPCMFN ćF CBTJD TUBUFNFOU PG %'5 JT UIBU BMM HSPVOE TUBUF QSPQFSUJFT PG UIF
TZTUFN BSF VOJRVFMZ EFUFSNJOFE CZ UIF HSPVOE TUBUF FMFDUSPO EFOTJUZ n0(r) *U HPFT CBDL UP
UIF PSJHJOBM XPSLT PG )PIFOCFSH BOE ,PIO JO  <> *O UIJT QVCMJDBUJPO )PIFOCFSH
BOE ,PIO TIPXFE UIBU BOZ QSPQFSUZ PG B TZTUFN PG JOUFSBDUJOH FMFDUSPOT DBO CF WJFXFE BT

  %FOTJUZ GVODUJPOBM UIFPSZ
B GVODUJPOBM PG UIF HSPVOE TUBUF EFOTJUZ n0(r) )PXFWFS TJODF UIF FYBDU GVODUJPOBM JT OPU
LOPXO UIF TUBUFNFOU JT SBUIFS BCTUSBDU BOE KVTU CZ JUTFMG PG OP QSBDUJDBM VTF ćF LFZ UP JUT
BQQMJDBUJPO XBT QSPWJEFE POMZ TIPSUMZ BęFS UIBU JO  CZ ,PIO BOE 4IBN <> CZ JOUSP
EVDJOH B ĕDUJUJPVT BVYJMJBSZ FMFDUSPO TZTUFN PG OPOJOUFSBDUJOH QBSUJDMFT XJUI BO FČFDUJWF
QPUFOUJBM Veff(r) DPOTUSVDUFE TVDI UIBU UIF EFOTJUZ PG UIF BVYJMJBSZ OPOJOUFSBDUJOH FMFDUSPO
TZTUFN FRVBMT UIF EFOTJUZ PG UIF PSJHJOBM TZTUFN
8JUI UIJT GPSNVMBUJPO ,PIO BOE 4IBN QBWFE UIF XBZ UP NPEFSO EFOTJUZ GVODUJPOBM UIFPSZ
XIJDI TJODF UIFO IBT IBE NBOZ BQQMJDBUJPOT *U JT OPXBEBZT UIF CBTJT PG NPTU QSFTFOUEBZ
NFUIPET GPS USFBUJOH FMFDUSPOT JO BUPNT NPMFDVMFT BOE TPMJET
 )PIFOCFSH,PIO UIFPSFNT
*O UIFJS QVCMJDBUJPO PG  <> )PIFOCFSH BOE ,PIO GPSNVMBUFE EFOTJUZGVODUJPOBM UIF
PSZ BT BO FYBDU UIFPSZ PG NBOZCPEZ TZTUFNT ćJT GVOEBNFOUBM XPSL DPOTJTUT PG UXP CBTJD
UIFPSFNT
h?2Q`2K A 'PS BOZ TZTUFN PG JOUFSBDUJOH GFSNJPOT JO BO FYUFSOBM QPUFOUJBM Vext(r) UIF
QPUFOUJBM Vext(r) JT EFUFSNJOFE VOJRVFMZ VQ UP B DPOTUBOU CZ UIF HSPVOE TUBUF QBSUJDMF EFO
TJUZ n0(r)
*Q`QHH`v A 4JODF CPUI UIF LJOFUJD FOFSHZ BOE UIF $PVMPNC JOUFSBDUJPO BSF LOPXO BD
DPSEJOH UP UIF ĕSTU UIFPSFN UIF )BNJMUPOJBO JT GVMMZ EFUFSNJOFE FYDFQU GPS B DPOTUBOU TIJę
JO UIF FOFSHZ ćFSFGPSF UIF NBOZCPEZ XBWFGVODUJPOT GPS BMM TUBUFT JODMVEJOH UIF HSPVOE
TUBUF BOE BMM FYDJUFE TUBUFT BSF GVMMZ EFUFSNJOFE UPP $POTFRVFOUMZ JU GPMMPXT UIBU BMM QSPQ
FSUJFT PG UIF TZTUFN BSF DPNQMFUFMZ EFUFSNJOFE CZ UIF HSPVOE TUBUF EFOTJUZ POMZ
"DDPSEJOH UP -FWZ <> UIF VOJRVF FOFSHZ GVODUJPOBME[n] DBO CF EFĕOFE BT UIF NJOJNVN
PWFS BMM XBWFGVODUJPOT XIJDI ZJFME UIF EFOTJUZ n(r)
E[n] = min
Ψ→n
⟨Ψ∣Tˆ + Uˆ + Vˆext∣Ψ⟩ 	

= F [n] + ∫ d3r n(r)Vext(r) 
*O UIF MBUUFS FRVBUJPO UIF VOJWFSTBM GVODUJPOBM F [n] XJUI
F [n] = ⟨Ψ∣Tˆ + Uˆ ∣Ψ⟩ 	

XBT JOUSPEVDFE CFJOH VOJWFSTBM JO UIF TFOTF UIBU JU EPFT OPU EFQFOE PO UIF FYUFSOBM QPUFOUJBM
Vext(r)
h?2Q`2K AA 'PS BOZ QBSUJDVMBS Vext(r) UIF FOFSHZ PCUBJOT JUT NJOJNVN GPS UIF HSPVOE
TUBUF EFOTJUZ n0 BOE ZJFMET UIF HSPVOE TUBUF FOFSHZ E0 = E[n0]
 ,PIO4IBN FRVBUJPOT 
*Q`QHH`v AA ćF GVODUJPOBM E[n] BMPOF JT TVďDJFOU UP EFUFSNJOF UIF FYBDU HSPVOE TUBUF
FOFSHZ E0 BOE HSPVOE TUBUF EFOTJUZ n0(r) *O HFOFSBM FYDJUFE TUBUFT PG UIF FMFDUSPOT NVTU
CF EFUFSNJOFE CZ PUIFS NFBOT /FWFSUIFMFTT UIF XPSL PG .FSNJO <> TIPXT UIBU UIFS
NBM FRVJMJCSJVN QSPQFSUJFT TVDI BT TQFDJĕD IFBU BSF EFUFSNJOFE EJSFDUMZ CZ UIF GSFFFOFSHZ
GVODUJPOBM PG UIF EFOTJUZ
ćF QSPPG PG UIF )PIFOCFSH,PIO UIFPSFN JT TJNQMF BOE CBTFE PO UIF 3BZMFJHI3JU[ QSJO
DJQMF GPS UIF HSPVOE TUBUF FOFSHZ HJWFO CZ E0 = ⟨Ψ0 ∣Hˆ ∣Ψ0⟩ *U FOBCMFT UIF HSPVOE TUBUF
FMFDUSPO EFOTJUZ UP CF DBMDVMBUFE WBSJBUJPOBM 'PS GVSUIFS JOGPSNBUJPO TFF <>
0SJHJOBMMZ )PIFOCFSH BOE ,PIO GPSNVMBUFE UIF UXP UIFPSFNT GPS OPOEFHFOFSBUF HSPVOE
TUBUFT )PXFWFS BU MBUFS UJNFT UIF UIFPSFNT XFSF FYUFOEFE UP UIF DBTF PG EFHFOFSBUF TZT
UFNT
 ,PIO4IBN FRVBUJPOT
)PIFOCFSH BOE ,PIO IBWF USBOTGPSNFE UIF GPSNJEBCMF QSPCMFN PG ĕOEJOH UIF NJOJNVN
PG ⟨Ψ∣Hˆ ∣Ψ⟩ XJUI SFTQFDU UP UIF 3NEJNFOTJPOBM USJBM XBWF GVODUJPO Ψ JOUP UIF QSPCMFN PG
ĕOEJOH UIFNJOJNVN PGE[n] )PXFWFS TJODF UIF FYQMJDJU GPSN PG UIF GVODUJPOBME[n] 	TFF
FR 	

 JT OPU LOPXO UIF UIFPSFNT UIFNTFMWFT BSF PG OP QSBDUJDBM VTF ćF LFZ GPS UIFJS
BQQMJDBUJPO XBT HJWFO CZ ,PIO BOE 4IBN <> XIP VTFE UIF WBSJBUJPOBM QSJODJQMF JNQMJFE CZ
UIFNJOJNBM QSPQFSUJFT PG UIF FOFSHZ GVODUJPOBM UP EFSJWF TJOHMFFMFDUSPO 4DISP¨EJOHFS FRVB
UJPOT ćFJS CBTJD JEFB XBT UP UP JOUSPEVDF B ĕDUJUJPVT BVYJMJBSZ TZTUFN PG OPOJOUFSBDUJOH
QBSUJDMFT XJUI BO FČFDUJWF FYUFSOBM QPUFOUJBM Veff(r) DPOTUSVDUFE TVDI UIBU UIF EFOTJUZ PG UIF
BVYJMJBSZ OPOJOUFSBDUJOH TZTUFN FRVBMT UIF EFOTJUZ PG UIF JOUFSBDUJOH TZTUFNPG JOUFSFTU ćF
POFUPPOF DPSSFTQPOEFODF CFUXFFO UIF EFOTJUJFT BOE UIF FČFDUJWF QPUFOUJBMT JT HVBSBOUFFE
CZ UIF )PIFOCFSH,PIOUIFPSFNT BQQMJFE GPS U = 0 *O UIJT DBTF UIF VOJWFSTBM GVODUJPOBM
F [n] SFEVDFT UP UIF TJOHMFQBSUJDMF LJOFUJD FOFSHZ GVODUJPOBM Ts[n] BOE UIF UPUBMFOFSHZ
GVODUJPOBM SFTVMUT JO
Es[n] = Ts[n] + ∫ d3r Veff(r)n(r)  	

"QQMJDBUJPO PG UIF )PIFOCFSH,PIO WBSJBUJPOBM QSJODJQMF BT GPSNVMBUFE JO ćFPSFN ** JO
TFDUJPO  UIFO MFBET UP
δ
δn(r) [Es[n] + μ [N − ∫ d3r n(r)]] = δTs[n]δn(r) + Veff(r) − μ = 0 	

XIFSFXFIBWF JOUSPEVDFE UIF -BHSBOHF QBSBNFUFSμ TP UIBU DPOTFSWBUJPO PG QBSUJDMFT ∫ n(r) =
N JT HVBSBOUFFE
6TJOH TJOHMFQBSUJDMF XBWFGVODUJPOT Φi(r) BMMPXT UP DPOTUSVDU UIF EFOTJUZ n(r) BT XFMM BT









∫ d3r ∇Φ⋆i (r)∇Φi(r) 	

SFTQFDUJWFMZ ćF JOEFY i EFOPUFT CPUI UIF TQBUJBM BT XFMM BT UIF TQJO RVBOUVN OVNCFST
BOE N JT UIF IJHIFTU PDDVQJFE TUBUF 7BSJBUJPO PG E[n] XJUI SFTQFDU UP UIF TJOHMFQBSUJDMF
XBWFGVODUJPOT ψi(r) UIFO ZJFMET UIFN FRVBUJPOT
[−∇2 + Veff(r) − μ]Φi(r) = iΦi(r)  	

XIJDI BSF UIF TPDBMMFE ,PIO4IBN FRVBUJPOT ćF QBSBNFUFS i XBT JOUSPEVDFE UP HVBS
BOUFF GPS UIF OPSNBMJ[BUJPO PG UIF PSCJUBMT Φi(r) UIVT ⟨Φi∣Φi⟩ = 1 
'PS TPMWJOH UIF ,PIO4IBN FRVBUJPOT JU JT OFDFTTBSZ UP ĕOE B VTFGVM FYQSFTTJPO GPS UIF FG
GFDUJWF QPUFOUJBM Veff(r) XIJDI JT TUJMM VOLOPXO ćFSFGPSF ,PIO BOE 4IBN TVHHFTUFE UIF
GPMMPXJOH TQMJUUJOH PG UIF GVODUJPOBM E[n] 	TFF FR 	


E[n] = Ts[n] + ∫ d3r Vext(r)n(r) + 12∬ d3r d3r′ n(r)n(r′)∣r − r′∣ +Exc[n] 	

XIFSF UIF UIJSE UFSN SFQSFTFOUT UIF XFMMFTUBCMJTIFE )BSUSFFGVODUJPOBM UIF GPVSUI UFSN JT
UIF TPDBMMFE FYDIBOHFDPSSFMBUJPO FOFSHZ GVODUJPOBM EFĕOFE BT
Exc[n] = F [n] − Ts[n] − 1
2∬ d3r d3r′ n(r)n(r′)∣r − r′∣  	

"QQMJDBUJPO PG UIF )PIFOCFSH,PIO WBSJBUJPOBM QSJODJQMF 	
 UP FR 	
 SFTVMUT JO
δTs[n]
δn(r) + Vext(r) + ∫ d3r′ n(r′)∣r − r′∣ + δExc[n]δn(r) − μ = 0 	

$PNQBSJTPO PG UIF MBUUFS FRVBUJPO XJUI FR 	
 BMMPXT UP ĕOE BO FYQSFTTJPO PG UIF FČFDUJWF
QPUFOUJBM Veff(r)
Veff(r) = Vext(r) + ∫ d3r′ n(r′)∣r − r′∣ + Vxc(r) 	





ćF ,PIO4IBN FRVBUJPOT 	
 UPHFUIFS XJUI 	
 BOE 	
 BSF QSPCBCMZ UIF NPTU JN
QPSUBOU FRVBUJPOT JO %FOTJUZ'VODUJPOBMćFPSZ "MUIPVHI UIFZ BSF QSJODJQBMMZ FYBDU UIFJS
QSBDUJDBM TPMVUJPO SFRVJSFT BQQSPYJNBUJPOT TJODF UIF FYDIBOHFDPSSFMBUJPO QPUFOUJBM JT OPU
LOPXO FYQMJDJUMZ ćF XIPMF QSPCMFN DPOTUJUVUFT B TFMGDPOTJTUFOU ĕFME QSPCMFN TJODF UIF
FČFDUJWF QPUFOUJBM EFQFOET PO UIF EFOTJUZ XIJDI PCWJPVTMZ JT EJSFDUMZ DPOOFDUFE UP UIF
XBWF GVODUJPOT 	TFF FR 	


ćF ,PIO4IBN FRVBUJPOT DBO CF TPMWFE JUFSBUJWFMZ TUBSUJOH GSPN B USJBM EFOTJUZ XIJDI JT
JOTFSUFE JOUP FR 	
 UP PCUBJO B ĕSTU FČFDUJWF QPUFOUJBM ćJT JT VTFE UP DBMDVMBUF UIF XBWF
 ćF MPDBM TQJOEFOTJUZ BQQSPYJNBUJPO 
GVODUJPOT WJB FR 	
 BOE ĕOBMMZ VTJOH FR 	
 B OFX EFOTJUZ ćF QSPDFEVSF JT SFQFBUFE
VOUJM UIF EJČFSFODF CFUXFFO UIF TUBSUJOH EFOTJUZ BOE UIF SFTVMUJOH POF CFDPNFT TVďDJFOUMZ
TNBMM " QSPPG UIBU UIF JUFSBUJPO QSPDFTT DBO BMXBZT CF NBEF DPOWFSHFOU UP B TUBCMF TPMVUJPO
DBO CF GPVOE JO <>
"ęFS IBWJOH TPMWFE UIF ,PIO4IBN FRVBUJPOT UIF HSPVOE TUBUF EFOTJUZ DBO CF VTFE UP DBM
DVMBUF UIF FOFSHZ PG UIF HSPVOE TUBUF $POTJEFSJOH UIBU
Ts[n] = N∑
i=1
i − ∫ d3r Veff(r)n(r)  	






i − ∫ d3r Veff(r)n(r) + 12∬ d3r d3r′ n(r)n(r′)∣r − r′∣
+ ∫ d3r Vext(r)n(r) +Exc[n]  	

ćF UPUBM FOFSHZ UIVT FRVBMT UIF TVN PWFS UIF FJHFOWBMVFT i NJOVT UIF TPDBMMFE EPVCMF
DPVOUJOH UFSNT &YQSFTTJPO 	
 HJWFT UIF HSPVOE TUBUF FOFSHZ GPS UIF FYBDU FYDIBOHF
DPSSFMBUJPO GVODUJPOBM QSPWJEFE UIBU UIF JOTFSUFE WBMVFT GPS UIF EFOTJUZ BOE UIF FČFDUJWF
QPUFOUJBM BSF UIF SFTVMUT PG UIF TFMGDPOTJTUFOU TPMVUJPO
/PUF UIBU UIF FJHFOWBMVFT i EP OPU FRVBM UIF USVF TJOHMFQBSUJDMF FYDJUBUJPO FOFSHJFT TJODF
UIFZ BSF JOUSPEVDFE BT -BHSBOHF QBSBNFUFST XJUIPVU IBWJOH B QIZTJDBM NFBOJOH )PXFWFS
JO SFBMJUZ UIFZ BSF PęFO BOE RVJUF TVDDFTTGVMMZ UBLFO FWFO BT FYDJUBUJPO FOFSHJFT
 ćF MPDBM TQJOEFOTJUZ BQQSPYJNBUJPO
"MUIPVHI EFOTJUZGVODUJPOBM UIFPSZ BT QSFTFOUFE JO UIF MBTU TFDUJPOT JF UIF )PIFOCFSH
,PIO UIFPSFNT BT XFMM BT UIF ,PIO4IBN FRVBUJPOT JT GPSNBMMZ FYBDU JUT QSBDUJDBM BQ
QMJDBUJPO SFRVJSFT UP BQQSPYJNBUF UIF FYDIBOHFDPSSFMBUJPO QPUFOUJBM Vxc(r) XIJDI JT OPU
LOPXO FYQMJDJUMZ ćF NPTU TJNQMF BQQSPYJNBUJPO JT UP BTTVNF UIF FČFDUT PG FYDIBOHF BOE
DPSSFMBUJPO UP CF MPDBM JO DIBSBDUFS 'PS UIF OPCMF NFUBMT DPOTJEFSFE JO UIJT UIFTJT UIJT BQ
QSPYJNBUJPO MFBET UP TVďDJFOUMZ HPPE SFTVMUT XIJMF JU GBJMT GPS PUIFS NBUFSJBMT XJUI NPSF
DPNQMJDBUFE CBOE TUSVDUVSFT 'PMMPXJOH UIF BCPWF BTTVNQUJPO MFBET UP UIF TPDBMMFE MP
DBM EFOTJUZ BQQSPYJNBUJPO PS NPSF HFOFSBM UIF MPDBM TQJOEFOTJUZ BQQSPYJNBUJPO 	-4%"

XIJDI XBT BMSFBEZ QSPQPTFE CZ ,PIO BOE 4IBN *U SFQMBDFT UIF FYBDU GVODUJPOBM Exc[n]
JF Exc[n↑, n↓] CZ
ELSDAxc [n↑, n↓] = ∫ d3r n(r)LSDAxc (n↑(r), n↓(r))  	

XIFSF n↑ = n↑(r) BOE n↓ = n↓(r) BSF UIF 	TQJOEFQFOEFOU
EFOTJUJFT PG FMFDUSPOT BOE n(r) =
n↓(r) + n↑(r) 'VSUIFSNPSF LSDAxc (n(r)) JT OPU B GVODUJPOBM CVU B GVODUJPO FWBMVBUFE BU
FBDI QPJOU r XJUI UIF WBMVFT PG UIF VQ BOE EPXO EFOTJUJFT n↑(r) BOE n↓(r)
  %FOTJUZ GVODUJPOBM UIFPSZ
ćFO UIF FYDIBOHFDPSSFMBUJPO QPUFOUJBM Vxc(r) BQQFBSJOH JO UIF ,PIO4IBN FRVBUJPOT
FR 	
 JT FBTJMZ DBMDVMBUFE CFDBVTF JU JT KVTU UIF GVODUJPOBM EFSJWBUJWF PG UIF FYDIBOHF





∫ d3r [homxc + nδhomxcδns ]r,s δn(r, s) 	

XIFSF UIF TQJO JOEFY s XBT JOUSPEVDFE
ćVT UIF FYDIBOHF DPSSFMBUJPO QPUFOUJBM CFDPNFT
V sxc(n) = [homxc + nδhomxcδns ]r,s  	

*U JT DPOWFOJFOU UP TQMJU UIF DPSSFMBUJPO QBSU GSPN UIF FYDIBOHF QBSU LSDAxc (n) = LSDAc (n) +
LSDAx (n) TJODF UIF MBUUFS POF DBO CF PCUBJOFE CZ UIF )BSUSFF'PDL NFUIPE OFHMFDUJOH DPS
SFMBUJPO CVU UBLJOH FYDIBOHF FČFDUT JOUP BDDPVOU *U JT HJWFO CZ















ćF DPSSFMBUJPO QBSU LSDAc (n) JT NPSF EJďDVMU UP DBMDVMBUF CVU DBO CF BDDVSBUFMZ EFUFS
NJOFE CZ B RVBOUVN .POUF $BSMP NFUIPE <> *OUFSQPMBUJPO PG UIF SFTVMUT BMMPXT UP FY
USBDU B QBSBNFUSJ[BUJPO GPS LSDAc (n) 	TFF <> BOE <>

'PS TPNF TZTUFNT XJUI NPSF JOIPNPHFOFPVT EFOTJUJFT IPXFWFS UIF MPDBM EFOTJUZ BQQSPYJ
NBUJPO GBJMT BOE B NPSF BDDVSBUF EFTDSJQUJPO JT OFDFTTBSZ "O JNQSPWFNFOU DBO CF SFBDIFE
CZ UBLJOH OPU POMZ UIF MPDBM EFOTJUZ JOUP BDDPVOU CVU BMTP UIF HSBEJFOU PG UIF EFOTJUZ
EGGAxc [n] = ∫ d3r f(n(r),∇n(r))  	

)PXFWFS UIF GVODUJPO f(n(r),∇n(r)) JT OPU VOJRVF BOE NBOZ EJČFSFOU GPSNT IBWF CFFO
TVHHFTUFE ćFNPTU DPNNPOPOF JT UIF HFOFSBMJ[FE HSBEJFOU BQQSPYJNBUJPO 	(("
 <><>
XIJDI JT WFSZ XFMM UFTUFE BOE MFBET UP HPPE OVNFSJDBM SFTVMUT 'PS JOTUBODF BO JNQSPWF
NFOU GPS UIF DPIFTJWF FOFSHJFT BOE MBUUJDF DPOTUBOUT GPS UIF 3d USBOTJUJPO NFUBMT JT BDIJFWFE
/FWFSUIFMFTT JO UIF QSFTFOU XPSL BMM SFTVMUT BSF PCUBJOFE XJUIJO UIF MPDBM TQJO EFOTJUZ BQ
QSPYJNBUJPO XIJDI MFBET UP HPPE SFTVMUT GPS UIF BQQMJFE NBUFSJBMT
 4VNNBSZ
*O UIJT DIBQUFS * QSFTFOUFE UIF CBTJDT PG EFOTJUZ GVODUJPOBM UIFPSZ XIJDI JT BO BEFRVBUF
NFUIPE GPS FMFDUSPOJD TUSVDUVSF DBMDVMBUJPOT "DDPSEJOH UP UIF )PIFOCFSH,PIO UIFPSFNT
 4VNNBSZ 
BMM HSPVOE TUBUFT QSPQFSUJFT PG B TZTUFN PG JOUFSBDUJOH FMFDUSPOT BSF VOJRVFMZ EFUFSNJOFE CZ
JUT HSPVOE TUBUF EFOTJUZ UIJT JT UIF EFOTJUZ GPS XIJDI UIF FOFSHZ CFDPNFTNJOJNBM *O QSBD
UJDF JU JT DBMDVMBUFE WJB B TPMVUJPO PG UIF ,PIO4IBN FRVBUJPOT ćFTF BSF TJOHMFFMFDUSPO
4DISÚEJOHFS FRVBUJPOT XJUI BO FČFDUJWF FYUFSOBM QPUFOUJBM DPOTUSVDUFE TVDI UIBU UIF EFOTJUZ
PG UIF BVYJMJBSZ OPOJOUFSBDUJOH FMFDUSPO TZTUFN FRVBMT UIF EFOTJUZ PG UIF JOUFSBDUJOH TZTUFN
PG JOUFSFTU *O UIF MBTU TFDUJPO * IBWF QSFTFOUFE UIF MPDBM TQJOEFOTJUZ BQQSPYJNBUJPO GPS UIF




ćF ,,3 (SFFO GVODUJPO NFUIPE
ćFNVMUJQMFTDBUUFSJOHNFUIPE GPS FMFDUSPOJD TUSVDUVSF DBMDVMBUJPOTXBT JOUSPEVDFE JO 
CZ ,PSSJOHB <> BOE JO  CZ ,PIO BOE 3PTUPLFS <> 	,,3
 "U JUT IFBSU JT UIFNVMUJQMF
TDBUUFSJOH BOTBU[ XIJDI QSPWFE UP CF BO FTQFDJBMMZ QPXFSGVM UPPM GPS UIF TPMVUJPO PG UIF
4DISP¨EJOHFS FRVBUJPO FMFDUSPOJD TUSVDUVSF BOE CBOE TUSVDUVSF DBMDVMBUJPOT ćF ĕSTU TUFQ
JO ,,3 JT UP EFUFSNJOF UIF TDBUUFSJOH QSPQFSUJFT PG FBDI TDBUUFSJOH TJUF SFTVMUJOH JO B TJOHMF
TJUF TDBUUFSJOHNBUSJY ćFO JO B TFDPOE TUFQ NVMUJQMF TDBUUFSJOH CZ BMM BUPNT JO UIF MBUUJDF JT
UBLFO JOUP BDDPVOU CZ EFNBOEJOH UIBU UIF JODPNJOH XBWF BU POF MBUUJDF TJUF FRVBMT UIF TVN
PWFS UIF PVUHPJOH XBWFT GSPN BMM PUIFS TDBUUFSJOH DFOUFST *O UIJT XBZ HFPNFUSJD QSPQFS
UJFT BSF TFQBSBUFE GSPN UIF QPUFOUJBM QSPQFSUJFT PG FBDI BUPNJD TJUF XIJDI BMMPXT BO FďDJFOU
DBMDVMBUJPO TDIFNF
'VSUIFS JNQSPWFNFOU PG UIF NFUIPE XBT PCUBJOFE XIFO JU XBT SFGPSNVMBUFE BT B (SFFO
GVODUJPO NFUIPE <  > 8IJMF UIF TFQBSBUJPO CFUXFFO UIF TJOHMFTJUF TDBUUFSJOH BOE
UIF NVMUJQMF TDBUUFSJOH FČFDUT XBT SFUBJOFE UIF %ZTPO FRVBUJPO QSPWJEFE BO FďDJFOU XBZ
UP DBMDVMBUF UIF (SFFO GVODUJPO PG UIF DPOTJEFSFE TZTUFN GSPN UIF (SFFO GVODUJPO PG GSFF
TQBDF 'VSUIFSNPSF JNQVSJUZ TDBUUFSJOH DPVME CF FBTJMZ UBLFO JOUP BDDPVOU CZ DPOTJEFSJOH
UIF (SFFO GVODUJPO PG UIF DSZTUBM BT B SFGFSFODF BOE SFMBUJOH JU UP UIF (SFFO GVODUJPO PG UIF
DSZTUBM JODMVEJOH UIF JNQVSJUZ WJB UIF %ZTPO FRVBUJPO <> ćF FďDJFODZ PG UIJT QSPDFEVSF
MJFT PO UIF GBDU UIBU OP MBSHF TVQFSDFMMT IBWF UP CF DPOTUSVDUFE XIJDI XPVME IBWF CFFO UIF
DBTF JO B XBWFGVODUJPO NFUIPE
" GVSUIFS TJHOJĕDBOU TUFQ JOUP UIF EFWFMPQNFOU PG UIF ,,3 TDIFNF XBT UIF JOUSPEVDUJPO PG
UIF TDSFFOFE PS UJHIUCJOEJOHNFUIPE < > 7JB B USBOTGPSNBUJPO PG UIF SFGFSFODF TZTUFN
B EFDPVQMJOH PG SFNPUF MBUUJDF TJUFT XBT BDIJFWFE BOE UIF OVNFSJDBM FďDJFODZ PG UIFNFUIPE
XBT FOIBODFE FOPSNPVTMZ ćF QSJODJQBM MBZFS UFDIOJRVF FOBCMFT UIF DPNQVUBUJPO UJNF
UP TDBMF MJOFBSMZ XJUI UIF OVNCFS PG BUPNT JO TZTUFNT XJUI UXPEJNFOTJPOBM USBOTMBUJPOBM
TZNNFUSZ ćJT JT FTQFDJBMMZ FďDJFOU GPS MBZFSFE TZTUFNT TVDI BT TVSGBDFT JOUFSGBDFT BOE
NVMUJMBZFST BOE DMFBSFE UIF XBZ GPS UIF TUVEZ PG FH JOUFSMBZFS FYDIBOHF DPVQMJOH PS CBMMJT

  ćF ,,3 (SFFO GVODUJPO NFUIPE
UJD USBOTQPSU UISPVHI KVODUJPOT 4VDDFTTGVM BQQMJDBUJPOT PG UIF ,,3NFUIPE GPS DBMDVMBUJPOT
PG UIF FMFDUSPOJD TUSVDUVSF PG TPMJET XJUIJO UIF GSBNF PG EFOTJUZ GVODUJPOBM UIFPSZ JODMVEF
CVML NBUFSJBMT <> TVSGBDFT <> JOUFSGBDFT BOE UVOOFM KVODUJPOT <> BOE JNQVSJUJFT JO
CVML BOE PO TVSGBDFT <> 4QFDUSPTDPQJD QSPQFSUJFT BOE USBOTQPSU QSPQFSUJFT <  >
IBWF BMTP CFFO TUVEJFE VTJOH UIJT NFUIPE
'VSUIFSNPSF UIF ,,3 TDIFNF DBO JODPSQPSBUF UIF %JSBD FRVBUJPO FOBCMJOH GVMMZ SFMBUJWJT
UJD DBMDVMBUJPOT <>
ćF DVSSFOU DIBQUFS QSPWJEFT B CSJFG JOUSPEVDUJPO UP UIF ,,3 NFUIPE BOE GPMMPXT UIF JO
USPEVDUJPO HJWFO JO <> *U TUBSUT CZ HJWJOH BO PWFSWJFX BCPVU UIF CBTJD BTQFDUT PG (SFFO
GVODUJPOT OFFEFE GPS VOEFSTUBOEJOH UIF GPMMPXJOH TFDUJPOT #FGPSF JMMVNJOBUJOH UIF (SFFO
GVODUJPO BQQSPBDI PG UIF NFUIPE UIF TJOHMFTJUF TDBUUFSJOH QSPCMFN JT USFBUFE ćFO UIF
GVMMQPUFOUJBM USFBUNFOU JT FYQMBJOFE BOE B TLFUDI PG UIF TDSFFOFE ,,3NFUIPE JT HJWFO 8F
DMPTF UIF DIBQUFS XJUI UIF QSFTFOUBUJPO PG UIF TFMGDPOTJTUFODZ DZDMF PG UIF ,,3 NFUIPE
 ćF (SFFO GVODUJPO BQQSPBDI
 0CUBJOJOH QIZTJDBM RVBOUJUJFT GSPN (SFFO GVODUJPOT
ćF DFOUSBM QSPCMFN PG EFOTJUZ GVODUJPOBM DBMDVMBUJPOT BT QSFTFOUFE JO UIF ĕSTU DIBQUFS TFD
UJPO  JT UIF TPMVUJPO PG UIF ,PIO4IBNFRVBUJPOT JO PSEFS UP PCUBJO UIF TJOHMFQBSUJDMF
XBWFGVODUJPOT Φi BOE UIF DPSSFTQPOEJOH FJHFOWBMVFT i )PXFWFS BMM JOGPSNBUJPO BCPVU
UIF HSPVOE TUBUF JT BMTP DPOUBJOFE JO UIF TJOHMFQBSUJDMF (SFFO GVODUJPOG(r, r′;E) *O QBS
UJDVMBS UIF MPDBM EFOTJUZ PG TUBUFT BOE UIF DIBSHF EFOTJUZ DBO CF EJSFDUMZ DBMDVMBUFE GSPN UIF
TJOHMFQBSUJDMF (SFFO GVODUJPO G(r, r′;E) ćFSFGPSF JU JT OPU NBOEBUPSZ UP DBMDVMBUF UIF
,PIO4IBN PSCJUBMT Φi BOE UIF DPSSFTQPOEJOH FJHFOWBMVFT i JG UIF TJOHMFQBSUJDMF (SFFO
GVODUJPO JT LOPXO
ćF(SFFO GVODUJPO TPMWFT UIF 4DISP¨EJOHFS FRVBUJPO BU BO FOFSHZE XJUI B TPVSDF BU QPTJUJPO
r′ [−∇2r + V (r) −E]G(r, r′;E) = −δ(r − r′)  	

*O UFSNT PG B DPNQMFUF TFU PG FJHFOGVODUJPOT ϕi(r) BOE FJHFOFOFSHJFT Ei PG UIF )BNJMUPO
PQFSBUPSH = −∇2r + V (r) UIF (SFFO GVODUJPO DBO CF XSJUUFO JO JUT TQFDUSBM SFQSFTFOUBUJPO
G(r, r′;E + iε) = ∑
i
ϕi(r)ϕ⋆i (r′)
E + iε −Ei  	

6TJOH UIF %JSBD JEFOUJUZ JU DBO CF TIPXO UIBU UIF JNBHJOBSZ QBSU PG G(r, r′;E) JT EJSFDUMZ
SFMBUFE UP UIF TQFDUSBM BOE TQBDFSFTPMWFE MPDBM EFOTJUZ PG TUBUFT n(r,E)




 ćF (SFFO GVODUJPO BQQSPBDI 
*OUFHSBUJPO PWFS UIF FOFSHZ ZJFMET UIF FYQSFTTJPO GPS UIF DIBSHF EFOTJUZ ρ(r)
ρ(r) = 2 ∑
i,Ei<EF
∣ϕi(r)∣2 = − 2




Im∫ EF−∞ dE Tr [rˆG(E)]
XIFSF rˆ = ∣r⟩ δ(r − r′) ⟨r′∣ JT UIF QPTJUJPO PQFSBUPS BOE UIF GBDUPS UXP BDDPVOUT GPS UIF UXP
TQJO EJSFDUJPOT
ćVT BT DMBJNFE BU UIF CFHJOOJOH PG UIJT TFDUJPO UIF DIBSHF EFOTJUZ DBO CF EJSFDUMZ DBMDV
MBUFE GSPN UIF JNBHJOBSZ QBSU PG UIF EJBHPOBM FMFNFOUT PG UIF (SFFO GVODUJPO *U DBO CF
JOUFSQSFUFE BT UIF MPDBM EFOTJUZ PG TUBUFT n(r;E) BU UIF QPTJUJPO r
0O UIF PUIFS IBOE UIF MPDBM EFOTJUZ PG TUBUFT PG B QBSUJDVMBS BUPN JO B EFĕOFE WPMVNF V
DBO CF EFUFSNJOFE CZ JOUFHSBUJPO PWFS UIF BUPNJD WPMVNF
nV (E) = − 2
π ∫V d3r ImG(r, r;E) 	

*O HFOFSBM GSPN UIF TQFDUSBM SFQSFTFOUBUJPO GPMMPXT UIBU UIF FYQFDUBUJPO WBMVF PG BOZ TJOHMF
QBSUJDMF QIZTJDBM RVBOUJUZ SFQSFTFOUFE CZ BO PQFSBUPS Aˆ DBO CF PCUBJOFE WJB UIF SFMBUJPO
⟨A⟩ = − 1
π
Im∫ EF−∞ dE Tr [AˆG(E)] 	

)FODF UIFSF JT OP OFFE UP FWBMVBUF UIF XBWFGVODUJPOT ϕi(r)
*O FR 	
 B TNBMM JNBHJOBSZ QBSU iε XBT BEEFE UP UIF FOFSHZ JO PSEFS UP HVBSBOUFF UIF
DPOWFSHFODF PG UIF JOUFHSBMT BOE BęFS QFSGPSNJOH UIF JOUFHSBUJPO UIF MJNJU ε → 0+ JT
UBLFO ćF SFBTPO GPS UIBU QSPDFEVSF DBO CF GPVOE JO UIF BOBMZUJDBM QSPQFSUJFT PG UIF (SFFO
GVODUJPO G(r, r′;E) JT TJOHVMBS GPS SFBM FOFSHJFT 	IBT QPMFT JO UIF EJTDSFFU TQFDUSVN BOE B
CSBODI DVU JO UIF DPOUJOVPVT TQFDUSVN
 CVU JT BOBMZUJD GPS ImE > 0 ćFSFGPSF JU JT BMMPXFE
BOE DPOWFOJFOU GPS JUT DPNQVUBUJPO UP USBOTGPSN UIF FOFSHZ JOUFHSBMT UP DPOUPVS JOUFHSBMT
DMPTFE JO UIF VQQFS DPNQMFY FOFSHZ QMBOF




dz G(r, r; z) 	

XJUI z = E + iε CVU UIF JNBHJOBSZ QBSU ε JT OPU TNBMM BOZNPSF ćF DPOUPVS TUBSUT BUEB  BO
FOFSHZ CFMPX UIF CPUUPN PG UIF WBMFODF CBOET CVU IJHIFS UIBO UIF DPSF TUBUFT HPFT JOUP UIF
DPNQMFY FOFSHZ QMBOF BOE DPNFT CBDL UP UIF SFBM GSFRVFODZ BYJT DMPTF UP UIF 'FSNJ FOFSHZ
ćF DPSF TUBUFT BSF USFBUFE EJČFSFOUMZ UIFJS XBWFGVODUJPOT BSF DBMDVMBUFE WJB BO JOUFHSBUJPO
PG UIF 4DISP¨EJHOFS FRVBUJPO ćFO UIFJS DPOUSJCVUJPO UP UIF EFOTJUZ ρ(r) JT TJNQMZ PCUBJOFE
CZ DBMDVMBUJOH UIFJS OPSN 'PS DPNQMFY FOFSHJFT XJUI BO JNBHJOBSZ QBSU ε UIF TUSVDUVSF PG
UIF (SFFO GVODUJPO JT CSPBEFOFE BOE UIVT UZQJDBMMZ POMZ 20 UP 30 FOFSHZ QPJOUT BSF SFRVJSFE
GPS B TVďDJFOUMZ BDDVSBUF OVNFSJDBM FWBMVBUJPO PG UIF JOUFHSBM )PXFWFS TQFDJBM DBSF JT OFD
FTTBSZ GPS UIF QPJOUT DMPTF UP UIF 'FSNJ MFWFM TJODF IFSF UIF GVMM TUSVDUVSF PGG(E) SFBQQFBST
BT UIF SFBM BYJT JT BQQSPBDIFE
  ćF ,,3 (SFFO GVODUJPO NFUIPE
8IFSFBT UIF PSEFS PG BQQSPYJNBUFMZ 103 JOUFHSBUJPO QPJOUT BSF VTVBMMZ OFFEFE PO UIF SFBM
BYJT BCPVU 20 UP 40 QPJOUT TVďDF XIFO UIF DPOUPVS EFTDSJCFE BCPWF JT DIPTFO 0CWJPVTMZ
JO UIJT XBZ B MBSHF BNPVOU PG DPNQVUBUJPO UJNF DBO CF TBWFE
"EEJUJPOBMMZ GPS TZTUFNT XJUI UXP PS UISFFEJNFOTJPOBM USBOTMBUJPOBM TZNNFUSZ DPNQV
UBUJPO UJNF DBO CF GVSUIFS SFEVDFE TJODF UIF TNPPUI CFIBWJPS PG UIF (SFFO GVODUJPO BU MBSHF
ImE BMMPXT GPS B DPBSTF kNFTI JO UIF #SJMMPVJO [POF JOUFHSBUJPO
 3FMBUJPOCFUXFFO UIF(SFFO GVODUJPOPGQFSUVSCFE BOEVOQFSUVSCFE
TZTUFN
8F GPDVT OPX PO BOPUIFS JNQPSUBOU JTTVF DPODFSOJOH (SFFO GVODUJPOT BOE TIPX IPX UP
PCUBJO UIFN CZ SFMBUJOH (SFFO GVODUJPOT PG EJČFSFOU TZTUFNT XJUI FBDI PUIFS
ćF GPSNBM TPMVUJPO PG UIF 4DISP¨EJOHFS FRVBUJPO 	
 BU B HJWFO FOFSHZ DIBSBDUFSJ[FE CZ
UIF )BNJMUPOJBOH =H0+V  XJUIH0 V CFJOH UIF )BNJMUPOJBO PG UIF PSJHJOBM TZTUFN BOE
UIF QFSUVSCJOH QPUFOUJBM SFTQFDUJWFMZ SFBET
G(E) = 1
E + iε −H = 1E + iε −H0 − V  	

ćF TBNF IPMET GPS UIF (SFFO GVODUJPOG0 TPMWJOH UIF 4DISP¨EJOHFS FRVBUJPO DPSSFTQPOEJOH
UPH0 ćVT XF DBO XSJUF
G(E)−1 = G0(E)−1 − V 	

CFJOH FRVJWBMFOU UP
G(E) = G0(E) +G0(E)V G(E) = G0(E) 1
1 − V G0(E)  	

ćF MBUUFS FRVBUJPO LOPXO BT %ZTPO FRVBUJPO DBO CF FYQBOEFE BT
G(E) = G0(E) +G0(E)V G0(E) +G0(E)V G0(E)V G0(E) + . . . 	

BOE IFODF BMMPXT BO JOUFSQSFUBUJPO JO UFSNT PG TDBUUFSJOH FWFOUT SFQSFTFOUJOH BO BOBMPHVF
PG B #PSO TFSJFT GPS (SFFO GVODUJPOT
*O BOBMPHZ UP (SFFO GVODUJPOT UIF 4DISP¨EJOHFS FRVBUJPO GPS XBWFGVODUJPOT PG B QFSUVSCFE
TZTUFN DBO CF XSJUUFO BT (E −H0) ∣ψ⟩ = V ∣ψ⟩  	

'VSUIFSNPSF UIF TPMVUJPO ∣ψ⟩ DBO CF FYQSFTTFE JO UFSNT PG UIF VOQFSUVSCFE FJHFOTUBUFT ∣ψ0⟩
UIF QFSUVSCJOH QPUFOUJBM V (r) BOE UIF (SFFO GVODUJPO PG UIF VOQFSUVSCFE TZTUFNG0
∣ψ⟩ = ∣ψ0⟩ +G0(E)V ∣ψ⟩  	

 ćF (SFFO GVODUJPO BQQSPBDI 
ćF BCPWF FRVBUJPO JT UIF GBNPVT -JQQNBOO4DIXJOHFS FRVBUJPO 4VCTUJUVUJPO PG UIF TP
MVUJPO ∣ψ⟩ PO UIF SJHIU IBOE TJEF PG FR 	
 MFBET UP UIF #PSO TFSJFT
∣ψ⟩ = ∣ψ0⟩ +G0(E)V ∣ψ0⟩ +G0(E)V G0(E)V ∣ψ0⟩ . . .  	

*G E EPFT OPU CFMPOH UP UIF TQFDUSVN PG UIF VOQFSUVSCFE )BNJMUPOJBO H0 ∣ψ0⟩ WBOJTIFT
BOE UIF -JQQNBOO4DIXJOHFS FRVBUJPO SFEVDFT UP UIF IPNPHFOFPVT FRVBUJPO
∣ψ⟩ = G0(E)V ∣ψ⟩ 	

GSPN XIJDI UIF CPVOE TUBUFT GPMMPX
/PX XF JOUSPEVDF UIF USBOTJUJPO NBUSJY T  EFĕOFE CZ
V ∣ψ⟩ = T (E) ∣ψ0⟩  	

SFMBUJOH UIF XBWFGVODUJPO ∣ψ⟩ PG UIF QFSUVSCFE TZTUFN UP UIF XBWFGVODUJPO ∣ψ0⟩ PG UIF VO
QFSUVSCFE TZTUFN
6TJOH UIJT EFĕOJUJPO CPUI UIF -JQQNBOO4DIXJOHFS FRVBUJPO BOE UIF %ZTPO FRVBUJPO DBO
CF GPSNVMBUFE JO UFSNT PG UIF T .BUSJY JOTUFBE PG UIF QPUFOUJBM V  IFODF
∣ψ⟩ = ∣ψ0⟩ +G0(E)T (E) ∣ψ0⟩ BOE 	

G(E) = G0(E) +G0(E)T (E)G0(E) 	

'VSUIFSNPSF JO TPNF DBTFT JU JT WFSZ QSBDUJDBM UP EFBM XJUI UIF TDBUUFSJOH NBUSJY EFOPUFE
BT S XIJDI USBOTGPSNT BO JODPNJOH JOUP BO PVUHPJOH XBWF #FDBVTF PG OPSN DPOTFSWBUJPO
EVSJOH BO FMBTUJD TDBUUFSJOH QSPDFTT S NVTU CF B VOJUBSZ PQFSBUPS
S†S = 1 	

*U DBO CF TIPXO UIBU S JT SFMBUFE UP UIF USBOTJUJPO NBUSJY T CZ
S = 1 − 2i√ET  	

*OTFSUJOH UIF BCPWF FYQSFTTJPO JO FR 	
 MFBET UP UIF PQUJDBM UIFPSFN GPS UIF T NBUSJY
1
2
(T † − T ) = i√ET †T  	

%FUBJMT DPODFSOJOH UIF PQFSBUPS S DBO CF GPVOE JO <>
8F XJMM OPX DPNF CBDL UP UIF TPMVUJPO PG UIF %ZTPO FRVBUJPO 	
 *O PSEFS UP TPMWF JU JO
QSBDUJDF UIF )BNJMUPOJBO H0 JT DIPTFO TVDI UIBU G0(E) DBO CF FBTJMZ DBMDVMBUFE 'PS FY
BNQMF JO PSEFS UP PCUBJO UIF (SFFO GVODUJPOGbulk PG B CVML DSZTUBM UIF GSFF TQBDF JT UBLFO
*O TQBDF CPUI UIF %ZTPO FRVBUJPO BOE UIF -JQQNBOO4DIXJOHFS FRVBUJPO BSF JOUFHSBM FRVBUJPOT JO DIBQUFS
 XF XJMM OFFE UIF -JQQNBOO4DIXJOHFS FRVBUJPO 	
 JO EJSFDU TQBDF UIVT
ψ(r) = ψ0(r) + ∫ d3r′ G0(r, r′;E)V (r′)ψ(r′)  	

  ćF ,,3 (SFFO GVODUJPO NFUIPE
BT SFGFSFODF TZTUFN *O UIJT DBTF G0 JT LOPXO BOBMZUJDBMMZ BOE V JT KVTU UIF TVN PWFS BMM
BUPNJD QPUFOUJBMT 8IFO DBMDVMBUJOH UIF (SFFO GVODUJPO PG B TVSGBDF HFPNFUSZ Gsurface BO
BEFRVBUF DIPJDF PG UIF SFGFSFODF TZTUFN JT UIF DPSSFTQPOEJOH CVML DSZTUBM JF Gbulk ćF
QPUFOUJBM EJČFSFODF V FOUFSJOH JO UIF %ZTPO FRVBUJPO JT UIFO TJNQMZ UIF EJČFSFODF PG UIF
QPUFOUJBM BU UIF TVSGBDF BOE JO UIF CVML
(PJOH POF TUFQ GVSUIFS UIJT TDIFNF BMTP QSPWJEFT BO FBTZ XBZ GPS DBMDVMBUJOH UIF (SFFO
GVODUJPO PG BO JNQVSJUZ FNCFEEFE JO B CVML DSZTUBM PS MPDBMJ[FE BU UIF TVSGBDF *O UIF ĕSTU
DBTF G0 JT JEFOUJĕFE XJUI UIF CVML (SFFO GVODUJPO BOE V JT UIF DIBOHF DBVTFE CZ UIF JN
QVSJUZ QPUFOUJBM XJUI SFTQFDU UP UIF CVML QPUFOUJBM BU UIF JNQVSJUZ TJUF BT XFMM BT UIF DIBOHF
BU UIF OFJHICPSJOH QPUFOUJBMT *O UIF MBUUFS DBTF ĕSTU UIF (SFFO GVODUJPO PG UIF TVSGBDF JT
OFFEFE BO FTTFOUJBM DPOEJUJPO UP PCUBJO BO BDDVSBUF TPMVUJPO PG UIF %ZTPO FRVBUJPO JT UIBU
UIF QFSUVSCJOH QPUFOUJBM V IBT UP CF XFMM MPDBMJ[FE ćF MPDBMJUZ PG UIF QFSUVSCFE XBWF
GVODUJPOT JT OPU SFRVJSFE – BOE VTVBMMZ OPU SFBMJ[FE – CVU UIJT CFIBWJPS EPFT OPU BČFDU UIF
BDDVSBDZ PG UIF %ZTPO FRVBUJPO BOE GBWPST UIF VTF PG (SFFO GVODUJPOT JOTUFBE PG XBWFGVOD
UJPOT
/BUVSBMMZ UIF QSFTFOUFE (SFFO GVODUJPO NFUIPE DBO CF BMTP BQQMJFE UP TNBMM DMVTUFST PG JN
QVSJUJFT JO CVML PS BU TVSGBDFT QSPWJEFE UIBU UIF DIBOHF JO QPUFOUJBM JT SFTUSJDUFE UP B XFMM
EFĕOFE WPMVNF ćFTF GBDUT NBLF UIF *NQVSJUZ,,3 (SFFO GVODUJPO NFUIPE BQQMJDBCMF UP
B HSFBU WBSJFUZ PG JOUFSFTUJOH QSPCMFNT
 4JOHMFTJUF TDBUUFSJOH
"T BMSFBEZ NFOUJPOFE JO UIF JOUSPEVDUJPO PG UIJT DIBQUFS UIF ,,3 (SFFO GVODUJPO NFUIPE
BMMPXT B EFDPVQMJOH PG UIF QPUFOUJBM BOE UIF TUSVDUVSBM QSPQFSUJFT PG UIF TZTUFN PG TDBUUFSJOH
BUPNT ćFSFGPSF JO B ĕSTU TUFQ UIF TDBUUFSJOH PG B TJOHMF JNQVSJUZ XJUI TQIFSJDBM QPUFOUJBM
V FNCFEEFE JO GSFF TQBDF JT EFBMU XJUI *O UIJT DBTF UIF QPUFOUJBM PG UIF SFGFSFODF TZTUFN JT
[FSP BOE UIF (SFFO GVODUJPO g PG GSFF TQBDF XIJDI PCFZT UIF )BNJMUPOJBOH0 = −∇2r JT
g(r, r′;E) = − 1
4π
eik∣r−r
′∣∣r − r′∣ 	

XJUI k = √E < > ćF DPSSFTQPOEJOH FJHFOGVODUJPOT BSF QMBOF XBWFT XJUI ϕk(r) =
eik⋅r $POTJEFSJOH UIF TDBUUFSJOH CZ B DFOUSBM QPUFOUJBM JU JT VTFGVM UP XPSL JO BOHVMBS
NPNFOUVN SFQSFTFOUBUJPO JO XIJDI BO JODPNJOH XBWFGVODUJPO ϕinck (r) JT FYQBOEFE JO




)FSF UIF DPNCJOFE JOEFYL ∶= (l,m) JT VTFE jl JT UIF TQIFSJDBM #FTTFM GVODUJPO BOE YL EF
OPUFT UIF SFBM TQIFSJDBM IBSNPOJDT &YQBOEJOH UIF (SFFO GVODUJPO g JO TQIFSJDBM IBSNPOJDT
SFTVMUT JO





gl(r, r′;E) = −i√Ejl(√Er<)hl(√Er>) 	

 4JOHMFTJUF TDBUUFSJOH 
XIFSF hl = jl+inl BSF TQIFSJDBM )BOLFM GVODUJPOT nl BSF TQIFSJDBM /FVNBOO GVODUJPOT <>
XIJMF r<(r>) JT UIF TNBMMFS 	MBSHFS
 PG UIF SBEJJ r BOE r′ ćF #FTTFM GVODUJPOT jl(r) BSF ĕOJUF
JO UIF MJNJU r → 0 CFIBWJOH BTZNQUPUJDBMMZ BT rl XIFSFBT hl(r) BOE nl(r) EJWFSHF BT r → 0
CFIBWJOH BT r−l−1
*O UIF GPMMPXJOH B TQIFSJDBM TDBUUFSJOH QPUFOUJBM PG ĕOJUF SBOHF
V (r) = { V (r) GPS r ≤ rmax
0 GPS r > rmax 	

JT BTTVNFE ćFO B TFQBSBUJPO PG DPPSEJOBUFT φ(r) = ∑L YL(rˆ)Rl(r;E) JT QPTTJCMF UIF





r + l(l + 1)
r2
+ V (r) −E]Rl(r;E) = 0 	

ćF BTZNQUPUJD GPSN PG UIF XBWFGVODUJPOT Rl(r;E) GPS r → ∞ XIFSF V = 0 GPMMPXJOH
GSPN UIF BCPWF FRVBUJPO JT
Rl(r;E) → Al√
Er




XIFSF Al JT B DPOTUBOU BOE δl JT UIF QIBTF TIJę XJUI SFTQFDU UP UIF JODPNJOH XBWFGVODUJPO
0VUTJEF UIF SBOHF PG UIF QPUFOUJBM UIVT GPS r > rmax UIF SBEJBM XBWFGVODUJPO Rl(r;E) JT
KVTU B MJOFBS DPNCJOBUJPO PG UXP JOEFQFOEFOU TPMVUJPOT
Rl(r;E) = Bljl(√Er) +Clnl(√Er) 	

XJUI UIF DPOTUBOUTBl BOECl ćFZ DBO CF EFUFSNJOFEXJUI UIF IFMQ PG UIF BTZNQUPUJD GPSNT
















Rl(r;E) = Al [jl(√Er) cos δl − nl(√Er) sin δl] GPS r > rmax 	

0O UIF PUIFS IBOE VTJOH UIF -JQQNBOO4DIXJOHFS FRVBUJPO 	
 UIF FYQSFTTJPO
Rl(r;E) = jl(√Er) + ∫ rmax
0
r′2dr′ gl(r, r′;E)V (r′)Rl(r′;E) 	

DBO CF PCUBJOFE $PNCJOJOH UIF MBUUFS FRVBUJPO XJUI FR 	
 GPS r > rmax GPMMPXT
Rl(r;E) = jl(√Er) − i√Ehl(√Er)∫ rmax
0
r′2dr′ jl(√Er′)V (r′)Rl(r′;E) 	

  ćF ,,3 (SFFO GVODUJPO NFUIPE
ćF JOUFHSBM JT KVTU UIF BUPNJD TDBUUFSJOH 	t
NBUSJY JO BOHVMBSNPNFOUVN SFQSFTFOUBUJPO
tl(E) = ∫ rmax
0
r′2dr′ jl(√Er′)V (r′)Rl(r′;E) 	

8JUI UIF BCPWF EFĕOJUJPO UIF SFHVMBS SBEJBM XBWFGVODUJPO SFTVMUT JO
Rl(r;E) = jl(√Er) − i√Etl(E)hl(√Er) r > rmax 	

PS VTJOH FR 	
 JO UFSNT PG UIF QIBTF TIJę δl(E)




#FGPSF DMPTJOH UIF TFDUJPO XF HJWF UIF (SFFO GVODUJPO GPS TDBUUFSJOH BU B DFOUSBM QPUFO
UJBM XJUIPVU QSPPG *U DBO CF XSJUUFO BT UIF QSPEVDU PG UXP MJOFBSMZ JOEFQFOEFOU TPMVUJPOT
Rl 	SFHVMBS JF ĕOJUF BT r → 0
 BOE Hl 	JSSFHVMBS JF EJWFSHJOH BT r → 0
 PG UIF SBEJBM
4DISP¨EJOHFS FRVBUJPO IFODF







ćF CPVOEBSZ DPOEJUJPOT GPS UIF SFHVMBS TPMVUJPOT Rl BSF EFUFSNJOFE CZ FR 	

*O BOBMPHZ UP FR 	
 UIF -JQQNBOO4DIXJOHFS FRVBUJPO GPS UIF JSSFHVMBS XBWFGVODUJPO
Hl XSJUFT BT
Hl(r;E) = hl(√Er) + ∫ rmax
0
r′2dr′ gl(r, r′;E)V (r′)Hl(r′;E)  	

ćF CPVOEBSZ DPOEJUJPOT GPSHl DBO CF GPVOE VTJOH UIF JEFOUJUZGl = gl+gltlgl XJUI gl HJWFO
CZ FR 	

Hl(r;E) = hl(√Er) GPS r > rmax  	

*O QSBDUJDF UIF HFOFSBM QSPDFEVSF UP PCUBJO UIF XBWFGVOUJPOT JT UIF GPMMPXJOH 'JSTU UIF
SBEJBM 4DISP¨EJOHFS FRVBUJPO 	
 JT JOUFHSBUFE PVUXBSET VQ UP r = rmax UP PCUBJO Rl ćF
DPOUJOVJUZ PG UIF MPHBSJUINJD EFSJWBUJWF BU r = rmax ZJFMET UIF tNBUSJY tl ćFO JO B TFDPOE
TUFQ UIF JSSFHVMBS XBWFGVODUJPO Hl JT DBMDVMBUFE CZ BO JOUFHSBUJPO JOXBSET TUBSUJOH BU r =
rmax )FSF POMZ POF CPVOEBSZ DPOEJUJPO 	BU r = rmax
 IBT UP CF TBUJTĕFE 'JOBMMZ UIF (SFFO
GVODUJPO PG B TJOHMF TDBUUFSFS DBO CF DPOTUSVDUFE BDDPSEJOH UP 	
 KVTU CZ NVMUJQMZJOH UIF
SFHVMBS XJUI UIF JSSFHVMBS XBWFGVODUJPOT
 ,,3 BT B (SFFO GVODUJPO NFUIPE
*O UIJT TFDUJPO XF QSPDFFE UP EFSJWF UIF GVMM (SFFO GVODUJPO UBLJOH NVMUJQMF TDBUUFSJOH
FWFOUT JOUP BDDPVOU
 ,,3 BT B (SFFO GVODUJPO NFUIPE 
" QFSJPEJD DSZTUBM XJUI TQIFSJDBM QPUFOUJBMT HJWFO CZ
V (r +Rn) = V n(r) 	

JT BTTVNFE BOE UIF (SFFO GVODUJPO JT UIF TPMVUJPO PG UIF 4DISP¨EJOHFS FRVBUJPO
(−∇2r + V n(r) −E)G(r +Rn, r′ +Rn′ ;E) = −δnn′δ(r − r′) 	

)FSF DFMMDFOUFSFE DPPSEJOBUFT r +Rn, r′ +Rn′ IBWF CFFO JOUSPEVDFE XIFSF r BOE r′ BSF
SFTUSJDUFE UP UIF DFMMT n BOE n′ BOERn BOERn′ BSF UIF WFDUPST QPJOUJOH UP UIF DFOUFS PG UIF
DFMMT n BOE n′ SFTQFDUJWFMZ 'PS TJNQMJDJUZ XF TUBZ JO UIF GPSNBMJTN PG UIF BUPNJD TQIFSF
BQQSPYJNBUJPO 	"4"
 XIFSF UIF TDBUUFSJOH QPUFOUJBM JT BTTVNFE UP CF TQIFSJDBMMZ TZNNFU
SJD BSPVOE FBDI TDBUUFSJOH DFOUFS 	BUPNJD TJUF
 XJUIJO B TQIFSF PG SBEJVT rmax 	XIJDI JT BMTP
DBMMFE 8JHOFS4FJU[ SBEJVT RWS
 BOE DPOTUBOU PUIFSXJTF UIF TQIFSFT BSF PWFSMBQQJOH TVDI
UIBU UIF TVN PWFS UIF WPMVNFT PG BMM TQIFSFT FRVBMT UIF UPUBM WPMVNF PG UIF DSZTUBM
*O UIF DBTF PG n ≠ n′ UIF (SFFO GVODUJPO TBUJTĕFT UIF IPNPHFOFPVT 4DISP¨EJOHFS FRVB
UJPO BOE UIVT DBO CF FYQBOEFE JO SFHVMBS TPMVUJPOT RnL(r;E) XIJDI JO UIF BUPNJD TQIFSF
BQQSPYJNBUJPO IBWF UIF GPSN RnL(r;E) = Rnl (r;E)YL(rˆ) $MPTF UP UIF PSJHJO UIFZ BSF
QSPQPSUJPOBM UP rl BOE SFQSFTFOU UIF TPMVUJPOT GPS BO JODPNJOH TQIFSJDBM #FTTFM GVODUJPO
jl(√Er)YL(rˆ) "O rEFQFOEFOU QPUFOUJBM EFNBOET NPSF DVNCFSTPNF DBMDVMBUJPOT 	TFF
TFDUJPO 

'PS n = n′ UIF 4DISP¨EJOHFS FRVBUJPO CFDPNFT JOIPNPHFOFPVT BOE UIF TPMVUJPO JT UIF
(SFFO GVODUJPO GPS B DFOUSBM QPUFOUJBM FR 	
 CVU XJUI B CPVOEBSZ DPOEJUJPO PG CBDL
TDBUUFSJOH CZ BMM PUIFS QPUFOUJBMT JO UIF DSZTUBM *O DPOUSBTU UP UIF DBTF PG n ≠ n′ BEEJUJPOBMMZ
UP UIF SFHVMBS TPMVUJPO RnL UIF DPSSFTQPOEJOH JSSFHVMBS TPMVUJPOT HnL FOUFS CFIBWJOH BT
Hnl ∝ r−l−1 BU UIF PSJHJO BOE CFJOH JEFOUJDBM XJUI UIF TQIFSJDBM )BOLFM GVODUJPO hl(√Er)
PVUTJEF UIF SBOHF PG UIF QPUFOUJBM
'JOBMMZ UIF (SFFO GVODUJPO GPS UIF XIPMF DSZTUBM JT B TVN PG UIF HFOFSBM TPMVUJPO PG UIF
IPNPHFOFPVT FRVBUJPO QMVT B TQFDJBM TPMVUJPO PG UIF JOIPNPHFOFPVT POF






*O UIF TFDPOE TVNNBOE UIF IPNPHFOFPVT QBSU UIF TPDBMMFE TUSVDUVSBM (SFFO GVODUJPO
Gnn
′
LL′(E) FOUFST XIJDI IBT OPU CFFO EFĕOFE ZFU BOE XIJDI TIBMM CF DBMDVMBUFE JO UIF GPM
MPXJOH 8F XJMM VTF UIF %ZTPO FRVBUJPO JO UIF GPSN
G(r +Rn, r′ +Rn′ ;E) = g(r +Rn, r′ +Rn′ ;E)
+∑
n′′
∫ d3r′′ g(r +Rn, r′′ +Rn′′ ;E)V n′′(r′′)G(r′′ +Rn′′ , r′ +Rn′ ;E) 	

ćF QSPDFEVSF QSFTFOUFE JO UIF GPMMPXJOH JT BMTP WBMJE XIFO UBLJOH UIF GVMM QPUFOUJBM V (r) JOUP BDDPVOU UIF
TQFDJBM DBTF PG TQIFSJDBM TZNNFUSJD JT DIPTFO KVTU GPS SFBTPOT PG CSFWJUZ
  ćF ,,3 (SFFO GVODUJPO NFUIPE
UBLJOH GSFF TQBDF BT SFGFSFODF TZTUFN 4VCTUJUVUJPO PG FYQBOTJPO 	
 BOE UIF DPSSFTQPOE
JOH FYQSFTTJPO GPS UIF GSFF (SFFO GVODUJPO







 SFTVMUT JO UIF BMHFCSBJD %ZTPO FRVBUJPO
Gnn
′




LL′′(E)tn′′l′′ (E)Gn′′n′L′′L′(E)  	

)FSF XF IBWF JOUSPEVDFE UIF TUSVDUVSBM (SFFO GVODUJPOT GPS GSFF TQBDF gnn′LL′(E) XIJDI BSF
BMTP EFOPUFE BT GSFF TQBDF TUSVDUVSF DPOTUBOUT ćFZ BSF HJWFO BOBMZUJDBMMZ CZ
gnn
′
LL′(E) = −(1 − δnn′)4πi√E∑
L′′
il−l
′+l′′CLL′L′′hL′′(Rn −Rn′ ;E)  	

XIFSF CLL′L′′ BSF UIF (BVOU DPFďDJFOUT EFĕOFE BT
CLL′L′′ = ∫ dΩ YL(rˆ)YL′(rˆ)YL′′(rˆ)  	

8IJMF UIF QPUFOUJBM V n(r) FOUFST JO UIF VTVBM %ZTPO FRVBUJPO 	
 IFSF JU JT UIF BUPNJD t
NBUSJY tnl (E) FR 	
 UIBU FOUFST UIF BMHFCSBJD%ZTPO FRVBUJPO ćFEFSJWBUJPO PG FR 	

JT MFOHUIZ BOE DBO CF GPVOE JO <>
*O QSBDUJDF UIF TUSVDUVSBM (SFFO GVODUJPOT Gnn′LL′(E) BSF ĕSTU DBMDVMBUFE JO kTQBDF ćFSF








ćF DIPJDF PG n JT BSCJUSBSZ CFDBVTF POMZ UIF EJČFSFODF eik⋅(R
n−Rn′) FOUFST BOE UIF TVN IBT







ćFO UIF BMHFCSBJD %ZTPO FRVBUJPO  JO SFDJQSPDBM TQBDF CFDPNFT




*U JT TPMWFE CZ NBUSJY JOWFSTJPO NBLJOH B DVUPČ BU TPNF l = lmax GPS XIJDI UIF tNBUSJY
CFDPNFT OFHMJHJCMF 6TVBMMZ UIF DIPJDF PG lmax = 3 PS 4 JT TVďDJFOU ćFO UIF SFTVMUJOH
(SFFO GVODUJPOGLL′(k;E)IBT UP CF 'PVSJFS USBOTGPSNFE UP UIF SFBM TQBDFNBUSJYGnn′LL′(E)
ćF MBTU UXP TUFQT DBO CF TVCTVNFE UP UIF GPSNVMB
Gnn
′
LL′(E) = 1VBZ ∫BZ d3k eik⋅(Rn−Rn′) [(1 − g(k;E)t(E))−1g(k;E)]LL′  	

 'VMMQPUFOUJBM USFBUNFOU XJUIJO UIF ,,3 NFUIPE 
XIFSF g(k;E) BOE t(E) BSF NBUSJDFT JO L BOE L′ BOE UIF JOUFHSBM IBT UP CF UBLFO PWFS UIF
#SJMMPVJO [POF WPMVNF VBZ
0ODF UIF TUSVDUVSBM (SFFO GVODUJPO G˚nn′LL′(E) PG UIF JEFBM DSZTUBM JT LOPXO UIF (SFFO GVOD
UJPOGnn′LL′(E) PG UIF DSZTUBM XJUI JNQVSJUZ DBO CF FWBMVBUFE CZ B NPEJĕFE %ZTPO FRVBUJPO
Gnn
′






XIFSF Δtnl (E) = tnl (E) − t˚nl (E) JT UIF EJČFSFODF CFUXFFO UIF tNBUSJDFT PG UIF QFSUVSCFE
BOE UIF JEFBM MBUUJDF 4JODF UIJT EJČFSFODF DBVTFE CZ UIF QFSUVSCBUJPO PG UIF QPUFOUJBM JT
SFTUSJDUFE UP UIF WJDJOJUZ PG UIF JNQVSJUZ UIF (SFFO GVODUJPO JO UIJT TVCTQBDF DBO CF EFUFS
NJOFE JO SFBM TQBDF CZ NBUSJY JOWFSTJPO ćF SBOL PG UIF NBUSJDFT UP CF JOWFSUFE JT HJWFO
CZ N ⋅ (lmax + 1)2 JF UIF OVNCFS N PG QFSUVSCFE TJUFT UJNFT UIF OVNCFS (lmax + 1)2 PG
BOHVMBS NPNFOUB 	l BOE ml
 VTFE JO UIF FYQBOTJPO PG UIF QPUFOUJBM UIF (SFFO GVODUJPO
BOE UIF XBWFGVODUJPOT *O UIJT UIFTJT UIF NBYJNVN BOHVMBS NPNFOUVN HFOFSBMMZ JT TFU UP
lmax = 3 XIJDI MFBET UP B TBUJTGZJOH BDDVSBDZ GPS UIF USFBUFE NBUFSJBMT BOE QSPCMFNT
'PS B TJOHMF JNQVSJUZ JU JT PęFO TVďDJFOU UP DPOTJEFS POMZ UIF QFSUVSCBUJPO BU UIF JNQVSJUZ
TJUF BOE UIVT OFHMFDU UIF QFSUVSCBUJPO BU OFJHICPSJOH TJUFT 'PS B NPSF BDDVSBUF EFTDSJQUJPO
UIF QFSUVSCBUJPOT PG UIF OFJHICPSJOH BUPNT IBWF UP CF JODMVEFE ćF EJČFSFODF CFUXFFO UIF
UXP SFTVMUT EFQFOET PO TFWFSBM DSJUFSJB FH UIF TUSFOHUI PG UIF TDBUUFSFS UIF HFPNFUSZ BOE
UIF TDBUUFSJOH QSPQFSUJFT PG UIF IPTU TZTUFN UIF JNQVSJUZ JT FNCFEEFE BOE BCPWF BMM UIF
SBOHF PG EJTQMBDFE DIBSHF CZ UIF JNQVSJUZ
" EJČFSFOU QPTTJCJMJUZ UP JODSFBTF UIF BDDVSBDZ XIJDI JT NPSF HFOFSBM BOE OPU POMZ WBMJE
GPS JNQVSJUZ DBMDVMBUJPOT JT UP UBLF UIF OPOTQIFSJDBM DPOUSJCVUJPOT PG UIF QPUFOUJBM JOUP
BDDPVOU " TVNNBSZ PG UIF GVMMQPUFOUJBM USFBUNFOU XJUIJO UIF ,,3 NFUIPE JT UIF TVCKFDU
PG UIF OFYU TFDUJPO
 'VMMQPUFOUJBM USFBUNFOU XJUIJO UIF ,,3NFUIPE
ćFBUPNJD TQIFSF BQQSPYJNBUJPO XIJDI XBT QSFTFOUFE TP GBS EFTDSJCFT UIF QIZTJDT PGNBOZ
TZTUFNT RVJUF SFBTPOBCMZ BOE FďDJFOUMZ /FWFSUIFMFTT TZTUFNT XJUI MPXFS TZNNFUSZ TVDI
BT OPODVCJD DSZTUBMT TVSGBDFT PS JOUFSGBDFT SFRVJSF B NPSF BDDVSBUF USFBUNFOU CFZPOE UIF
TQIFSJDBM BQQSPYJNBUJPO *G GPSDFT BOE MBUUJDF SFMBYBUJPOT IBWF UP CF DBMDVMBUFE UIF BUPNJD
TQIFSF BQQSPYJNBUJPO FWFO GBJMT BOE UIF DPSSFDU EFTDSJQUJPO PG UIF GVMM BOJTPUSPQJD QPUFOUJBM
CFDPNFT OFDFTTBSZ
ćF NVMUJQMF TDBUUFSJOH FYQBOTJPO FR 	
 PG UIF ,,3(SFFO GVODUJPO JT TUJMM WBMJE JO
UIF DBTF PG B GVMM QPUFOUJBM USFBUNFOU TP UIBU UIF JNQPSUBOU TFQBSBUJPO CFUXFFO UIF TJOHMF
QPUFOUJBM QSPCMFN BOE UIF NVMUJQMFTDBUUFSJOH QSPCMFN SFNBJOT UIF TBNF *O UIJT TFDUJPO
XF XJMM JOUSPEVDF UIF CBTJDT PG UIF GVMM QPUFOUJBM USFBUNFOU GVSUIFS EFUBJMT DBO CF GPVOE JO
ćF EJČFSFODF Δtnl (E) = tnl (E) − t˚nl (E) DBO CF DBMDVMBUFE FRVJWBMFOUMZ VTJOH Δtnl (E) =
∫ r2drR0,nl (r;E)ΔV n(r)Rnl (r;E) ćF QSPPG 	GPS GVMM QPUFOUJBM UIVT UIF tNBUSJY ΔtLL′) JT HJWFO JO UIF
"QQFOEJY TFDUJPO "
BQBSU GSPN JODSFBTJOH UIF OVNCFS PG TJUFT JO UIF JNQVSJUZ DBMDVMBUJPO JF JO FR 	

  ćF ,,3 (SFFO GVODUJPO NFUIPE
<  > BOE <>
*O DPOUSBTU UP UIF QSFWJPVT TFDUJPOT UIF QPUFOUJBM V (r) EFQFOET OPU POMZ PO UIF OPSN PG r
CVU PO UIF GVMM WFDUPS BOE TDBUUFSJOH GSPN BO JODPNJOH XBWF XJUI BOHVMBS NPNFOUVN L UP
BOPUIFS XBWF DIBSBDUFSJ[FE CZ L′ JT OP MPOHFS GPSCJEEFO )FODF UIF -JQQNBOO4DIXJOHFS
FRVBUJPO GPS UIF SFHVMBS XBWFGVODUJPO 	TFF FR 	

 IBT UP CF XSJUUFO BT
RL(r;E) = jl(√Er)YL(rˆ) + ∫ d3r′ g(r, r′;E)V (r′)RL(r′;E)  	

BOE SFRVJSFT B UISFFEJNFOTJPOBM JOTUFBE PG B POFEJNFOTJPOBM JOUFHSBM













BMMPXT UP SFGPSNVMBUF UIF DPSSFTQPOEJOH -JQQNBOO4DIXJOHFSFRVBUJPO GPS UIF DPNQP
OFOUT RL′L(r;E) 	TFF BMTP UIF "QQFOEJY TFDUJPO "












XJUI UIF (BVOU DPFďDJFOUT CLL′L′′ EFĕOFE JO FR 	
 "MUIPVHI UIF JOUFHSBM JO UIF
-JQQNBOO4DIXJOHFSFRVBUJPO 	
 JT OPX POFEJNFOTJPOBM JUT TPMVUJPO JT OPU BT USJWJBM







r + l(l + 1)
r2
−E) δLL′′ + VLL′′(r)]RL′′L′(r;E) = 0 	

4VCTUJUVUJPO PG gl′(r, r′;E) JO UFSNT PG UIF SFHVMBS BOE JSSFHVMBS TPMVUJPOT BT FYQBOEFE JO
FR 	
 MFBET UP B TZTUFN PG DPVQMFE FRVBUJPOT
RLL′(r;E) = aLL′(r;E)jl(r;E) + bLL′(r;E)hl(r;E) 	

XJUI












*O UIF MJNJU r → 0 UIF TFDPOE UFSN PG FR 	
 BQQSPBDIFT 0 BOE UIF DIBSBDUFSJTUJDT PG
RLL′(r;E) JT EFUFSNJOFE CZ aLL′(r;E)
RLL′(r;E) ∼ aLL′(r;E)jl(r;E) GPS r → 0 	

 'VMMQPUFOUJBM USFBUNFOU XJUIJO UIF ,,3 NFUIPE 
aLL′(0;E) JT EFOPUFE BT αNBUSJY






EFTDSJCJOH UIF FOIBODFNFOU PG UIF TPMVUJPO RLL′(r;E) DPNQBSFE UP UIF GSFF TPMVUJPO
δLL′jl(√Er) ćF JOWFSTF PGαLL′(E) USBOTGPSNT UIF DPNQMFY XBWFGVODUJPOTRL(r) UP SFBM










ćJT QSPQFSUZ PG UIF αNBUSJY XJMM CF VTFE XIFO DBMDVMBUJOH UIF TDBUUFSJOH NBUSJY Tkk′ JO
TFDUJPO 
ćF BUPNJD USBOTJUJPONBUSJY 	tNBUSJY
 DBO CF PCUBJOFE TJNJMBSMZ BT JO UIF DBTF PG B TQIFSJDBM
QPUFOUJBM UIVT CZ NBUDIJOH RLL′(r;E) UP BO PVUHPJOH GSFF XBWF BU UIF CPVOEBSZ S






CFJOH FRVJWBMFOU UP JUT EFĕOJUJPO
tLL′(E) = ∫ d3r JL(r;E)V (r)RL′(r;E) 	

*O DPOUSBTU UP UIF tNBUSJY tl(E) GPS TQIFSJDBM QPUFOUJBM tLL′(E) JT OPU EJBHPOBM BOZ NPSF
XIJMF JU TUJMM IPMET
tLL′(E) = tL′L(E) 	

JG UIF QPUFOUJBM JT MPDBM UIJT DPOEJUJPO JT OPU GVMĕMMFE JG TQJOPSCJU DPVQMJOH JT JODMVEFE
)PXFWFS GPS MPDBM QPUFOUJBM UIF QSPQFSUZ 	
 GPMMPXT GSPN UIF TZNNFUSZ PG UIF (SFFO
GVODUJPOG(r, r′;E) = G(r′, r;E) B QSPPG DBO CF GPVOE JO <> 'VSUIFSNPSF UIF tNBUSJY
GVMĕMMT UIF PQUJDBM UIFPSFN 	
 XIJDI JO UIF TQFDJBM DBTF PG UIF BUPNJD TDBUUFSJOH NBUSJY
DBO CF SFGPSNVMBUFE BT
1
2




PS GPS L = L′
Im tLL = √E∑
L′′
∣tLL′′ ∣2  	

0VUTJEF UIF SBOHF PG UIF QPUFOUJBM FRVJWBMFOUMZ UP FR 	

RLL′(r;E) = δLL′jl(√Er) − i√EtLL′(E)hl(√Er) GPS r ≥ rmax 	

  ćF ,,3 (SFFO GVODUJPO NFUIPE
JT WBMJE
4JNJMBS UP UIF SFHVMBS XBWFGVODUJPORL(r;E) UIF JSSFHVMBS POFHL(r;E) XIJDI EJWFSHFT





0G DPVSTF JU XPVME CF QPTTJCMF UP TPMWF UIF GVMMQPUFOUJBM QSPCMFN TUBSUJOH GSPN TDSBUDI
CZ TPMWJOH UIF TZTUFNT PG MJOFBS FRVBUJPOT 	
 CVU BOPUIFS NVDI TJNQMFS XBZ DBO CF
DIPTFO UPP ćJT BOTBU[ JT CBTFE PO QFSUVSCBUJPO UIFPSZ FYQMPJUJOH UIF GBDU UIBU UIF OPO
TQIFSJDBM QBSU PG UIF QPUFOUJBM JT VTVBMMZ XFBL DPNQBSFE UP UIF TQIFSJDBM POF *U PDDVST UP CF
NVDI NPSF GBWPSBCMF UP ĕSTU TPMWF UIF QSPCMFN GPS UIF TQIFSJDBM QBSU PG UIF QPUFOUJBM 	UIVT
UBLJOH Vl=0	S
 JOTUFBE PG UIF GVMM POF
 BOE PCUBJO TQIFSJDBM XBWFGVODUJPOT Rsphl (r;E) BOE
Hsphl (r;E) ćF (SFFO GVODUJPO DPSSFTQPOEJOH UP UIJT QSPCMFN JT UIFO
Gsphl (r, r′;E) = −i√ERsphl (r<;E)Hsphl (r>;E)  	

"ęFSXBSET JO B TFDPOE TUFQ UIF SFTVMUT PG UIF TQIFSJDBM QSPCMFN BSF VTFE UP TPMWF UIF
-JQQNBOO4DIXJOHFS FRVBUJPO
RLL′(r;E) = Rsphl (r;E)δLL′ + ∫ rmax
0





XIFSF POMZ UIF OPOTQIFSJDBM QBSU PG UIF QPUFOUJBM FOUFST
ΔVLL′(r) = ∑
L′′≠0
CLL′L′′VL′′(r) = VLL′(r) − V00(r)  	

"EEJUJPOBMMZ TJODF UIF QPUFOUJBM JOTJEF BOE DMPTF UP UIF DPSF JT BMNPTU TQIFSJDBM UIF OPO
TQIFSJDBM DPOUSJCVUJPO DBO CF TBGFMZ OFHMFDUFE XJUIJO B SBEJVT EFOPUFE CZ rmin ćFO UIF
DPVQMFE FRVBUJPOT 	
 UP 	
 DBO CF SFXSJUUFO BT
RLL′(r;E) = ALL′(r;E)Rsphl (r;E) +BLL′(r;E)Hsphl (r;E) 	

XJUI
ALL′(r;E) = δLL′ − i√E ∫ rmaxr r′2dr′ Hsphl (r′;E)∑L′′ΔVLL′′(r′)RL′′L′(r′;E) 	

BLL′(r;E) = −i√E ∫ r0 r′2dr′ Rsphl (r′;E)∑L′′ΔVLL′′(r′)RL′′L′(r′;E)  	

'PS r < rminBLL′(r;E) JO FR 	
 WBOJTIFT 	TFF FR 	

 BOERLL′(r;E) TJNQMJĕFT UP
RLL′(r;E) = ALL′(rmin;E)Rsphl (r;E) GPS r < rmin∼ ΔαLL′Rsphl (r;E)∼ αLL′jl(r;E) GPS r → 0  	

*O UIF MBTU FRVBUJPO XF IBWF VTFE αLL′(E) = ΔαLL′(E)αsphl (E) XIFSF αsphl (E) JT UIF α
NBUSJY DPSSFTQPOEJOH UP UIF TQIFSJDBM QBSU PG UIF QPUFOUJBM V00(r)
 4DSFFOFE ,,3 
&RVJWBMFOUMZ UP UIF EJČFSFODF JO QPUFOUJBMΔVLL′(r) XF PCUBJO B EJČFSFODF JO UIF tNBUSJY
ΔtLL′ = tLL′ − tlδLL′  XIJDI DBO CF DBMDVMBUFE WJB







ΔtLL′(E) = ∫ d3r RsphL (r;E)ΔV (r)RL′(r;E) 	

ćF QSPPG PG UIF BCPWF FRVBUJPO DBO CF GPVOE JO UIF "QQFOEJY TFDUJPO "
&RVBUJPO 	
 JT TPMWFE JUFSBUJWFMZ WJB UIF TZTUFN PG UIF DPVQMFE FRVBUJPOT 	
 UP 	

XIJMF JU JT TVďDJFOU UP TUBSU UIF JOUFHSBUJPO JO FRVBUJPO 	
 BU rmin ćF TVDDFTTJWF TPMV
UJPOT PCUBJOFE GPS UIF SFHVMBS RLL′(r;E) BOE UIF OPOSFHVMBS XBWFGVODUJPOT HLL′(r;E)
SFQSFTFOU B #PSO TFSJFT 6TVBMMZ DPOWFSHFODF JT SFBDIFE XJUIJO 3 PS 4 JUFSBUJPOT
*O DPOUSBTU UP UIF BUPNJD TQIFSF BQQSPYJNBUJPO XIFSF UIF TQIFSFT BSF BMMPXFE UP PWFSMBQ
JO UIF GVMMQPUFOUJBM USFBUNFOU UIF XIPMF DSZTUBM JT EJWJEFE JOUP TQBDFĕMMJOH 8JHOFS4FJU[
QPMZIFESB 0VUTJEF UIFTF DFMMT UIF QPUFOUJBM JT DVU PČ CZ UIF JOUSPEVDUJPO PG TIBQF GVODUJPOT
Θn(r) EFĕOFE BT




ćF SBEJVT rmax XIJDI JO UIF "4" JT UIF 8JHOFS4FJU[ SBEJVT JF UIF SBEJVT PG UIF "4"
TQIFSFT JO UIF GVMMQPUFOUJBM EFTDSJQUJPO JU JT NFBOU UP CF UIF NBYJNBM SBEJVT PG UIF OPO
TQIFSJDBM 8JHOFS4FJU[ QPMZIFESB
ćFO UIF DSZTUBM QPUFOUJBM JO UIF nUI 8JHOFS4FJU[ DFMM DBO CF SFXSJUUFO BT
V n(r) = Θn(r)V (r) 	






ćF DPFďDJFOUT ΘnL(r) FOUFS UIF FYQBOTJPOT GPS UIF DIBSHF EFOTJUZ BOE UIF QPUFOUJBM JO
PSEFS UP FOTVSF UIF DPSSFDU DVUPČ BU UIF 8JHOFS4FJU[ DFMM CPVOEBSZ .PSF EFUBJMT BCPVU UIF
DBMDVMBUJPOT PG UIF TIBQF USVODBUJPO GVODUJPOT GPS 8JHOFS4FJU[ BUPNJD QPMZIFESB DBO CF
GPVOE JO < >
 4DSFFOFE ,,3
ćF EFWFMPQNFOU PG UIF TPDBMMFE TDSFFOFE PS UJHIUCJOEJOH ,,3 GPSNBMJTN < > DPO
TUJUVUFT B TVCTUBOUJBM JNQSPWFNFOU PG UIF ,,3 NFUIPE *U IFMQT UP SFEVDF UIF DBMDVMBUJPO
UJNF TJHOJĕDBOUMZ BOE JT JO QBSUJDVMBS GBWPSBCMF GPS MBSHF TZTUFNT TJODF JU BMMPXT UIF TPMV
UJPO PG UIF %ZTPO FRVBUJPO UP TDBMF 	JO UIF JEFBM DBTF
 XJUI O(N) JOTUFBE PG O(N3) IFSF
  ćF ,,3 (SFFO GVODUJPO NFUIPE
N EFOPUFT UIF OVNCFS PG EJČFSFOU BUPNT JO POF VOJU DFMM ćF PQUJNBM TDBMJOH JT SFBDIFE
GPS MBZFSFE TZTUFNT
ćJT BDIJFWFNFOU CFDBNF QPTTJCMF CZ B DMFWFS DIPJDF PG B SFGFSFODF TZTUFN *U DBO CF DIPTFO
TVDI UIBU UIF SFGFSFODF (SFFO GVODUJPO GBMMT PČ FYQPOFOUJBMMZ XJUI EJTUBODF SFTVMUJOH JO UIF
JOWFSTJPO PG TQBSTF PS FWFO USJEJBHPOBM NBUSJDFT XIJDI JT NVDI GBTUFS UIBO B GVMM NBUSJY
JOWFSTJPO JG POMZ UIF EJBHPOBM FMFNFOUT PG UIF JOWFSTF NBUSJY BSF OFFEFE 	BT JU JT UIF DBTF
JO DIBSHFEFOTJUZ DBMDVMBUJPOT
 %VF UP UIF EFDPVQMJOH CFUXFFO EJTUBOU BUPNJD TJUFT UIF
DPSSFTQPOEJOH USBOTGPSNBUJPO JT DBMMFE TDSFFOJOH USBOTGPSNBUJPO BOE UIF NFUIPE TDSFFOFE
,,3 CFDBVTF PG JUT GPSNBM SFTFNCMBODF UP UJHIUCJOEJOH UIFPSZ UIF NFUIPE JT BMTP DBMMFE
UJHIUCJOEJOH ,,3
#BTJDBMMZ UIFSF BSF UISFF SFBTPOTXIZ UIF TDSFFOFE,,3 GPSNBMJTNXPSLT TP FďDJFOUMZ 'JSTU
PG BMM JU JT CBTFE PO UIF %ZTPO FRVBUJPO XIJDI BMMPXT UIF DIPJDF PG BO BSCJUSBSZ SFGFSFODF
TZTUFN PG UIF TBNF QFSJPEJD TUSVDUVSF BOE OPU UIF GSFF TQBDF POMZ 	TFF "QQFOEJY TFDUJPO
"
 /BUVSBMMZ UBLJOH B DPOTUBOU QPUFOUJBM BT SFGFSFODF JT UIF NPTU FWJEFOU DIPJDF TJODF
UIF (SFFO GVODUJPO BOE TUSVDUVSF DPOTUBOUT BSF HJWFO CZ BOBMZUJDBM FYQSFTTJPOT )PXFWFS
GVSUIFS BOBMZTJT TIPXT UIBU JO QSBDUJDF UIJT DIPJDF JT OPU UIF CFTU "O BEFRVBUF SFGFSFODF TZT
UFN DBO CF DPOTUSVDUFE JO XIJDI UIFSF BSF OP TUBUFT JO UIF FOFSHZ SFHJPO PG JOUFSFTU 	VQ UP
 3Z IJHIFS UIBO EF 
 BOE JO XIJDI UIF TUSVDUVSBM (SFFO GVODUJPOT GBMM PČ FYQPOFOUJBMMZ
XJUI EJTUBODF 4VDI B TZTUFN JT EFĕOFE CZ B DPMMFDUJPO PG SFQVMTJWF NVďOUJO QPUFOUJBMT
	POF BSPVOE FBDI TJUF n
 BT




Rrep JT UIF SBEJVT PG UIF SFQVMTJWF QPUFOUJBM BU TJUF n BOE VC B QPTJUJWF DPOTUBOU VTVBMMZ
DIPTFO UP CF B GFX 3ZECFSHT FH VC = 4 Ry PS 8 Ry 'PS TVDI B QPUFOUJBM UIF FJHFOWBMVF
TQFDUSVN TUBSUT GSPN BO FOFSHZErefbot TPNFXIBU TNBMMFS UIBO VC CVU NVDI IJHIFS UIBOEF 
ćFO CFDBVTF PG UIF BCTFODF PG FJHFOWBMVFT GPS E < Erefbot UIF (SFFO GVODUJPO PG UIF SFGFS
FODF TZTUFN ESPQT SBQJEMZ BOE JO QSBDUJDF FYQPOFOUJBMMZ XJUI EJTUBODF UIF TBNF IPMET GPS
UIF USVF TUSVDUVSBM (SFFO GVODUJPOT
" GVSUIFS BEWBOUBHF PG UIJT DIPJDF PG SFGFSFODF TZTUFN JT UIBU POF BWPJET B DVNCFSTPNF DBM
DVMBUJPO PG UIF GSFFTQBDF TUSVDUVSF DPOTUBOUT gLL′(k;E) CZ BO &XBME TVNNBUJPO #FDBVTF
PG UIF SBQJE EFDBZ PG UIF TDSFFOFE TUSVDUVSBM (SFFO GVODUJPOTGref nn′LL′  UIF NBUSJDFT(
ref(E)
DBO CF DVU PČ JO SFBM TQBDF BU B ĕOJUF WBMVF PG ∣Rn′ −Rn∣ GPS GDD MBUUJDFT UZQJDBMMZ BęFS UXP




 4FMGDPOTJTUFODZ $ZDMF JO UIF ,,3NFUIPE
"U UIF FOE PG UIJT DIBQUFS XF TIPSUMZ QSFTFOU UIF BMHPSJUIN GPS DBMDVMBUJOH UIF QPUFOUJBM
TFMGDPOTJTUFOUMZ "T UIF ,,3 TDIFNF JT CBTFE PO EFOTJUZGVODUJPOBM UIFPSZ UIF CBTJD BOE
DFOUSBM RVBOUJUZ JT UIF FMFDUSPOJD EFOTJUZ 8F TUBSU XJUI
 BO JOJUJBM HVFTT PG JOQVU QPUFOUJBM Vin(r) XIJDI JT VTFE
 4VNNBSZ 
 UP DBMDVMBUF UIF XBWFGVODUJPOT RL(r) BOEHL(r) BOE UIF tNBUSJY tLL′(E)
 %FUFSNJOF UIF tNBUSJY PG UIF SFGFSFODF TZTUFN trefLL′(E) BOE
ΔtLL′(E) = tLL′(E) − trefLL′(E)
 ćFO UIF TUSVDUVSBM (SFFO GVODUJPO Gref,nn
′
LL′ (E) PG UIF SFGFSFODF TZTUFN DBO CF DBM
DVMBUFE
 ćF BMHFCSBJD %ZTPO FRVBUJPO JT TPMWFE UP FWBMVBUF UIF TUSVDUVSBM (SFFO GVODUJPO PG
UIF SFBM TZTUFNGnn′LL′(E)
 $BMDVMBUF UIF (SFFO GVODUJPO VTJOH UIF TUSVDUVSBM (SFFO GVODUJPO BOE RL(r) BOE
HL(r) *OUFHSBUF UIF (SFFO GVODUJPO PWFS DPNQMFY FOFSHJFT Z GSPN UIF CPUUPN PG
UIF WBMFODF CBOE Ebot VQ UP EF CZ VTJOH B DPNQMFYFOFSHZ DPOUPVS 	TFF CFMPX
 BOE
UBLF UIF JNBHJOBSZ QBSU UP ĕOE UIF WBMFODF FMFDUSPO EFOTJUZ
ρ(r) = − 1π Im ∫ EFEbot dZ G(r, r;Z)
 $BMDVMBUF UIF DPSFFMFDUSPO XBWFGVODUJPOT BOE DPSFFMFDUSPO EFOTJUZ ρc
IFSF UIFNVMUJQMFTDBUUFSJOH GPSNBMJTN JT OPU OFFEFE CFDBVTF UIF DPSFXBWFGVODUJPOT
BSF BTTVNFE UP CF IJHIMZ MPDBMJ[FE BU UIF BUPNJD TJUFT 0CUBJO UIF UPUBM EFOTJUZ ρ(r) =
ρc(r) + ρv(r)
 'JOE UIF PVUQVU QPUFOUJBM Vout(r) CZ TPMWJOH UIF 1PJTTPO FRVBUJPO BOE BEEJOH UIF
FYDIBOHFDPSSFMBUJPO QPUFOUJBM *G Vout(r) = Vin(r) UP B SFBTPOBCMF BDDVSBDZ FYJU UIF
DZDMF PUIFSXJTF
 1SPQFSMZ NJY Vout(r) XJUI Vin(r) UP PCUBJO B OFX JOQVU QPUFOUJBM BOE SFUVSO UP TUFQ

*O ĕHVSF  XF QSFTFOU B EJBHSBN TIPXJOH UIF TDIFNF VTFE GPS TFMGDPOTJTUFOU DBMDVMBUJPOT
PG UIF QPUFOUJBM ćJT NJHIU CF B CVML QPUFOUJBM 	JO UIJT DBTF UIF UFSN SFGFSFODF TZTUFN JT
NPSF TVJUBCMF UIBO hIPTUh XIJDI DBO CF GPVOE JO UIF TDIFNF
 PS BO JNQVSJUZ QPUFOUJBM ćF
FTTFOUJBM RVBOUJUZ UP LOPX JT UIF SFGFSFODF PS IPTU (SFFO GVODUJPO
 4VNNBSZ
ćJT DIBQUFS IBT QSPWJEFE B TIPSU JOUSPEVDUJPO JOUP UIF ,,3 (SFFO GVODUJPO NFUIPE GPS
FMFDUSPOJD TUSVDUVSF DBMDVMBUJPOT 8F TUBSUFE XJUI B CSJFG TVNNBSZ PG UIF NPTU JNQPSUBOU
QSPQFSUJFT PG (SFFO GVODUJPOT TVDI BT JUT SFMBUJPO UP UIF EFOTJUZ *O QBSUJDVMBS UIF %ZTPO
FRVBUJPO XIJDI SFMBUFT UIF (SFFO GVODUJPO PG B QFSUVSCFE TZTUFN UP UIBU PG BOPUIFS hVO
QFSUVSCFEh TZTUFN IBT CFFO JMMVTUSBUFE
0OF PG UIF TUSPOH QPJOUT PG UIF ,,3(SFFO GVODUJPONFUIPE JT UIF BCJMJUZ UP TFQBSBUF UIF QP
UFOUJBM QSPQFSUJFT PG FBDI TDBUUFSJOH TJUF GSPN UIF HFPNFUSJD BSSBOHFNFOU PG UIF BUPNT JO UIF
DSZTUBM ćFSFGPSF JO B ĕSTU TUFQ UIF TDBUUFSJOH BU B TJOHMF QPUFOUJBM JT USFBUFE BOE UIF BUPNJD
TDBUUFSJOH NBUSJY XIJDI JT POF PG UIF LFZ RVBOUJUJFT JO UIJT XPSL JT EFSJWFE 4FDPOEMZ UIF
(SFFO GVODUJPO PG UIF XIPMF TZTUFN JT PCUBJOFE VOEFS UIF DPOEJUJPO UIBU UIF JODPNJOH XBWF
BU POF TDBUUFSJOH TJUF JT KVTU UIF TVN PG UIF PVUHPJOH XBWFT PG BMM PUIFS TDBUUFSJOH TJUFT
'VSUIFSNPSF XF IBWF TIPXO UIBU UIF OPOTQIFSJDBM QBSUT PG UIF QPUFOUJBM DBO CF JODMVEFE
  ćF ,,3 (SFFO GVODUJPO NFUIPE
JO UIF ,,3 (SFFO GVODUJPO NFUIPE BMMPXJOH GPS BO FYBDU GVMMQPUFOUJBM USFBUNFOU PG TDBU
UFSJOH NBUSJDFT XBWFGVODUJPOT FUD 8IJMF UIJT JODSFBTFT UIF OVNFSJDBM FČPSU UIF VTBHF PG
UIF TDSFFOFE ,,3 GPSNBMJTN ESBTUJDBMMZ SFEVDFT UIF DBMDVMBUJPO UJNF FTQFDJBMMZ JO MBZFSFE
TZTUFNT
'JOBMMZ BMM TUFQT EFTDSJCFE JO EFUBJM JO UIF QSFWJPVT TFDUJPOT UP PCUBJO UIF TFMGDPOTJTUFOU
QPUFOUJBM BSF TVNNBSJ[FE JO B TDIFNBUJD WJFX PG UIF TFMGDPOTJTUFODZ DZDMF
 4VNNBSZ 
structural Dyson equation 
Poisson equation 
if  stop 



























































ćF NVMUJQMF TDBUUFSJOH BOTBU[ JT POF FTTFOUJBM DIBSBDUFSJTUJD PG UIF ,,3 NFUIPE BOE HJWFT
BDDFTT UP UIF TDBUUFSFE XBWFGVODUJPOT BU EFGFDUT ćSPVHI UIFTF NBOZ QIZTJDBM QSPQFSUJFT
DBO CF DBMDVMBUFE TVDI BTNPNFOUVNTDBUUFSJOH UJNFT SFTJEVBM SFTJTUJWJUJFT PS TVSGBDF TUBUF
MJGFUJNFT ćF DFOUSBM RVBOUJUZ SFRVJSFE GPS UIFJS DBMDVMBUJPO JT UIF TDBUUFSJOH NBUSJY Tkk′ 
EFTDSJCJOH UIF FMBTUJD TDBUUFSJOH QSPDFTT GSPN POF TUBUF DIBSBDUFSJ[FE CZ UIF SFDJQSPDBM TQBDF
WFDUPS k′ UP BOPUIFS DIBSBDUFSJ[FE CZ k *O UIJT DIBQUFS Tkk′ JT EFSJWFE GPS TDBUUFSJOH QSP
DFTTFT XIFSF UIF DPVQMJOH CFUXFFO UIF UXP TQJO DIBOOFMT JT OFHMFDUFE ćF GPSNBMJTN GPS
TDBUUFSJOH QSPDFTTFT JODMVEJOH TQJOĘJQ TDBUUFSJOH CZ TQJOPSCJU DPVQMJOH XJMM CF QSFTFOUFE
JO DIBQUFS 
8F TUBSU XJUI B EFSJWBUJPO PG UIF ,,3 XBWFGVODUJPOT UIFO FYQMBJO IPX CBOE TUSVDUVSFT BSF
PCUBJOFE JO UIF ,,3NFUIPE 4JODF FMBTUJD TDBUUFSJOH QSPDFTTFT BU JNQVSJUJFT BU MPX UFNQFS
BUVSFT BSF UP CF DPOTJEFSFE JU JT BTTVNFE UIBU TDBUUFSJOH UBLFT QMBDF BU UIF 'FSNJ FOFSHZEF
BOE UIFSFGPSF UIF 'FSNJ TVSGBDF JT SFRVJSFE JUT DBMDVMBUJPO JT BOBMPHPVT UP UIBU PG UIF CBOE
TUSVDUVSF "ęFS IBWJOH DBMDVMBUFE BOE OPSNBMJ[FE UIF XBWFGVODUJPOT PO UIF 'FSNJ TVSGBDF
TDBUUFSJOH QSPDFTTFT QSPWPLFE CZ JNQVSJUJFT XJMM CF USFBUFE #PUI UIF FYQSFTTJPOT PCUBJOFE
GPS UIF XBWFGVODUJPO PG UIF IPTU BT XFMM BT PG UIF JNQVSJUZ BSF VTFE UP EFSJWF B GPSNVMB GPS
UIF TDBUUFSJOH NBUSJY Tkk′  'JOBMMZ TUBSUJOH GSPN Tkk′  XF XJMM EFEVDF FYQSFTTJPOT GPS UIF
SFTJEVBM SFTJTUJWJUZ UIF NPNFOUVNSFMBYBUJPO UJNF UIF MJGFUJNF PG TVSGBDF TUBUFT BOE UIF
8JHOFS EFMBZ UJNF ćF GPSNBMJTN QSFTFOUFE JO UIJT DIBQUFS XJMM CF UIF GPVOEBUJPO PG UIF
USFBUNFOU PG TQJOĘJQ TDBUUFSJOH QSPDFTTFT BT EFWFMPQFE JO DIBQUFS 
" HFOFSBM EFTDSJQUJPO PG XBWFGVODUJPOT JO ,,3 DBO CF GPVOE JO <> XIJMF <> GPDVTFT UP
XBWFGVODUJPOT VTJOH TDSFFOFE ,,3 'PS NPSF JOGPSNBUJPO BCPVU JNQVSJUZ XBWFGVODUJPOT
XF SFGFS UP <>

  .VMUJQMF 4DBUUFSJOHćFPSZ
 ,,3 FYQBOTJPO PG UIF XBWFGVODUJPOT ψk(r) BOE CBOE
TUSVDUVSF DBMDVMBUJPOT
 ćF ,,3 FYQBOTJPO PG UIF XBWFGVODUJPOTψk(r)
*O UIF QSFWJPVT DIBQUFS UIF QSPCMFN PG NVMUJQMF TDBUUFSJOH FWFOUT XBT TPMWFE PO B MFWFM
PG (SFFO GVODUJPOT CFDBVTF UIF GVMM XBWFGVODUJPOT BSF OPU OFFEFE GPS UIF TFMGDPOTJTUFOU
DBMDVMBUJPO PG UIF QPUFOUJBM /FWFSUIFMFTT XF XJMM SFRVJSF UIF XBWFGVODUJPOT GPS GVSUIFS
QVSQPTFT TVDI BT UIF DBMDVMBUJPO PG UIF TDBUUFSJOH NBUSJY Tkk′ JO TFDUJPO  ćFSFGPSF BO
FYQSFTTJPO GPS UIF GVMM XBWFGVODUJPO XJMM CF EFSJWFE JO UIJT TFDUJPO UBLJOH JOUP BDDPVOU UIF
NVMUJQMF TDBUUFSJOH FWFOUT XIJDI PDDVS JO B QFSJPEJD DSZTUBM XJUI NBOZ TDBUUFSJOH TJUFT *O
BEEJUJPO UP UIF XBWFGVODUJPO UIF CBOE TUSVDUVSF PG B QFSJPEJD DSZTUBM JT PCUBJOFE
ćF QSPDFEVSF JT CBTFE PO B CPPLLFFQJOH PG JODPNJOH BOE PVUHPJOH XBWFT UIF BNQMJUVEF
PG UIF JODPNJOH XBWF BU TDBUUFSJOH TJUF nNVTU CF UIF TVQFSQPTJUJPO PG UIF TVN PG TDBUUFSFE
XBWFT GSPN BMM PUIFS TDBUUFSJOH TJUFT n′ ≠ n QMVT B QPTTJCMF FYUFSOBM JODJEFOU XBWF 8F TUBSU
CZ DPOTJEFSJOH B QFSJPEJD BSSBZ PG TDBUUFSFST BOE GPDVTJOH PO UXP TDBUUFSJOH DFOUFST BURn
BOE Rn′  " XBWF TDBUUFSFE BU TJUF Rn GPS r ≥ rmax DBO CF FYQBOEFE JO PVUHPJOH XBWFT





kL hL(r;E)  	









XIFSF jL(r;E) = jl(√Er)YL(rˆ)









kL jL(r′;E)  	

*O PSEFS UP TJNQMJGZ UIF BCPWF FYQSFTTJPO BOE EFSJWF B GPSNVMB GPS UIF FČFDUJWF BNQMJUVEF
c˜
(n)
kL  XF VTF UIF UIFPSFN PG USBOTGPSNBUJPO PG UIF )BOLFM GVODUJPOT








ćF FYQBOTJPO DPFďDJFOUT gnn′LL′(E) BSF UIF GSFF TQBDF TUSVDUVSF DPOTUBOUT EFĕOFE JO FR 	

6TJOH UIF FYQBOTJPO PG )BOLFM GVODUJPOT 	




























 ,,3 XBWFGVODUJPOT BOE CBOE TUSVDUVSF DBMDVMBUJPOT 


















#FTJEFT UIF FRVBMJUZ gnn′L′L(E) = gn′nLL′(E) XIJDI GPMMPXT GSPN UIF QSPQFSUZ PG UIF (SFFO
GVODUJPO g(r, r′;E) = g(r′, r;E) BT EFĕOFE JO FR 	
 UIF #MPDI DPOEJUJPO GPS B QFSJPEJD
MBUUJDF XBT VTFE JO UIF MBTU TUFQ *U BMMPXT UP FTUBCMJTI B SFMBUJPO CFUXFFO UIF BNQMJUVEF c˜(n
′)
kL
BU B QPTJUJPORn′ BOE UIF BNQMJUVEF c˜(n)kL PG UIF XBWF BURn
c˜
(n)
kL = exp [ik ⋅Rn] c˜(0)kL = exp [ik ⋅ (Rn −Rn′)] c˜(n′)kL  	

*O PSEFS UP PCUBJO UIF BNQMJUVEF PG UIF UPUBM JODPNJOH XBWF BU UIF TDBUUFSJOH DFOUFSRn′  XF























ćF DPFďDJFOUT c(n)kL BOE c
sc(n)
kL BT JOUSPEVDFE JO UIF BCPWF FRVBUJPO BSF UIF DPFďDJFOUT GPS
UIF UPUBM JODPNJOH BOE TDBUUFSFE XBWF SFTQFDUJWFMZ *F UIFZ BSF TVNNFE PWFS JODPNJOH




kL XFSF UIF DPOUSJCVUJPOT DPNJOH POMZ GSPN UIF







IBWF CFFO JOUSPEVDFE ćFZ EP OPU EFQFOE PO UIF QPUFOUJBM CVU PO UIF HFPNFUSZ PG UIF
MBUUJDF POMZ
ćF UPUBM TDBUUFSFE XBWF PG B TDBUUFSFS BU MBUUJDF TJUFn JT DPOOFDUFE UP UIF UPUBM JODPNJOHXBWF





tnLL′(E)(cext(n)kL′ + c(n)kL′) 	

XIFSF cext(n)kL′ JT UIF BNQMJUVEF PG B QPTTJCMF FYUFSOBM XBWF JODPNJOH UP UIF DSZTUBM $PNCJO
JOH FRT 	
 BOE 	









(tnL′L′′′(E))−1 csc(n)kL′′′  	

  .VMUJQMF 4DBUUFSJOHćFPSZ





gLL′′(k;E)tnL′′L′(E)] c(n)kL′ = 0  	

'SPN UIFJS TPMVUJPOT UIF FMFDUSPOJD FJHFOWBMVFT JO B QFSJPEJD DSZTUBM XJUIPVU JODPNJOHXBWF
BSF EFSJWFE /POUSJWJBM TPMVUJPOT PG UIF TZTUFN PG FRVBUJPOT 	




gLL′′(k;E)tnL′′L′(E)] = 0 	

JT GVMĕMMFE &R 	
 JT DBMMFE UIF ,,3 TFDVMBS FRVBUJPO BOE BMMPXT UP EFUFSNJOF UIF CBOE
TUSVDUVSF E(k) PG QFSJPEJD DSZTUBMT JO ,,3 UIFPSZ 'VSUIFSNPSF JU TIPXT UIF TFQBSBUJPO
CFUXFFO QPUFOUJBM BOE TUSVDUVSBM QSPQFSUJFT XIJDI JT UZQJDBM GPS UIF ,,3NFUIPE 8IFSFBT
UIF tNBUSJY tnLL′(E) TPMFMZ EFQFOET PO UIF TJOHMF TDBUUFSJOH FWFOU PG UIF XBWF BU UIF QPUFO
UJBM V n(r) UIF ,,3 TUSVDUVSF DPOTUBOUT gLL′(k;E) BSF EFUFSNJOFE CZ UIF HJWFO HFPNFUSJ
DBM BSSBOHFNFOU PG BUPNT JO UIF DSZTUBM POMZ "T XF XJMM TFF JO UIF OFYU TFDUJPO UIF ,,3
TFDVMBS FRVBUJPO 	
 DBO CF BOBMPHPVTMZ GPSNVMBUFE JO UFSNT PG UIF TUSVDUVSF DPOTUBOUT
GrefLL′(k;E) PG BO BSCJUSBSZ TZTUFN JOTUFBE PG GSFF TQBDF *O UIJT DBTF UIF tNBUSJY NVTU CF
SFQMBDFE CZ UIF EJČFSFODFΔtnLL′(E) = tnLL′(E)− trefnLL′ (E) PG UIF DPSSFTQPOEJOH tNBUSJDFT
8F IBWF OPX BMM OFDFTTBSZ JOHSFEJFOUT UP FYQSFTT UIF GVMM XBWFGVODUJPO ψk(r + Rn) *O
FBDI DFMM n UIF JODPNJOH XBWF TDBUUFST BU UIF DPSSFTQPOEJOH QPUFOUJBM V n(r) "DDPSEJOH UP
FRT 	
 BOE 	
 UIF SFHVMBS XBWFGVODUJPO RL(r;E) GPS r > rmax JT HJWFO CZ
RL(r;E) = ∑
L′
(δLL′jl(√Er) − i√EtLL′(E)hl(√Er))YL′(rˆ)  	

ćFSFGPSF UIF UPUBM XBWFGVODUJPO CFDPNFT






L(r;E) GPS r > rmax 	

0O UIF PUIFS IBOE GPS r < rmax UIF SFHVMBS XBWFGVODUJPOT BSF TPMVUJPOT PG UIF 4DISP¨EJOHFS
FRVBUJPO 	
 BOE UPHFUIFS XJUI UIF FYQBOTJPO 	
 UIF GVMM XBWFGVODUJPOT XSJUF BT






L(r;E) GPS r < rmax 	

#FDBVTF PG UIF DPOUJOVJUZ PG UIF SFHVMBS XBWFGVODUJPOT BU r = rmax BOE UIF SFRVJSFNFOU PG
UIF UPUBM XBWFGVODUJPO UP CF DPOUJOVPVT UIF DPFďDJFOUT cnkL BSF UIF TBNF GPS BMM r BOE








IPMET GPS BMM r
*U JT TUSBJHIUGPSXBSE UP HFOFSBMJ[F UIF NFUIPE UP UIF DBTF PG NPSF UIBO POF BUPN QFS VOJU
DFMM TBZNat *OUSPEVDJOH BO JOEFY μ = 1,⋯,Nat UP BDDPVOU GPS UIF EJČFSFOU BUPN UZQFT BOE
 ,,3 XBWFGVODUJPOT BOE CBOE TUSVDUVSF DBMDVMBUJPOT 
SFTFSWJOH UIF JOEFY n GPS UIF QFSJPEJD MBUUJDF QPTJUJPOT BO BUPNJD QPTJUJPO JO UIF DSZTUBM JT
EFĕOFE CZ UIF MBUUJDF WFDUPS Rn QMVT UIF TJUF WFDUPS χμ DPOOFDUJOH UIF MBUUJDF QPJOU UP UIF
CBTJT BUPN
Rnμ =Rn +χμ 	

ćFO UIF 'PVSJFS USBOTGPSNT BSF DBSSJFE PVU XJUI SFTQFDU UP n POMZ TVDI UIBU XF PCUBJO BO








LL′ (E)e−ik⋅(Rn−Rn′)  	

ćF tNBUSJY t(E) BT XFMM BT UIF DPFďDJFOUT ck EFQFOE PO UIF BUPNUZQF μ BOE FR 	








XIFSF UIF JOEFY n = 0 XBT ESPQQFE UP TJNQMJGZ UIF OPUBUJPO







LL′′(k;E)tμ′L′′L′(E)) cμ′kL′ = 0  	

 /PSNBMJ[BUJPO PG UIF XBWFGVODUJPOT
ćF SFHVMBS XBWFGVODUJPOT RnL(r;E) BT EFĕOFE JO TFDUJPO  FR 	
 JO UIF "4" BOE
TFDUJPO  FR 	
 GPS GVMM QPUFOUJBM DBMDVMBUJPOT BSF OPSNBMJ[FE BT TDBUUFSJOH TPMVUJPOT
PG B QPUFOUJBM JO GSFF TQBDF ćFZ BSF GVMMZ EFUFSNJOFE EVF UIF SFRVJSFNFOU UIBU UIFRnL(r;E)
BOE UIFJS EFSJWBUJWFT IBWF UP CF DPOUJOVPVT BU r = rmax XIJDI JT UIF8JHOFS4FJU[ SBEJVT rWS
JO UIF DBTF PG "4" BOE UIF NBYJNBM SBEJVT PG UIF 8JHOFS4FJU[ QPMZIFESB JO GVMM QPUFOUJBM
DBMDVMBUJPOT SFTQFDUJWFMZ )PXFWFS GPS UIF OPSNBMJ[BUJPO PG UIF UPUBM XBWFGVODUJPOTψk(r+
Rn) = ∑L cnkLRnL(r;E) XF OFFE BOPUIFS OPSNBMJ[BUJPO UIF XBWFGVODUJPOT ψk(r;E)NVTU





d3r ∣ψμk(r)∣2 = 1  	

XIJDI JT BDIJFWFE CZ DIPPTJOH B QSFGBDUPS PG UIF DPFďDJFOUT cμkL BDDPSEJOHMZ 4JODF UIF
SFHVMBS TPMVUJPOT RL(r;E) EP OPU DPNQSJTF B CBTJT TFU UIJT JT OPU BO BMHFCSBJD QSPCMFN
CVU SFRVJSFT JOUFHSBUJPO ćF QFSJPEJDJUZ PG UIF TZTUFN NBLFT UIF DIPJDF PG UIF MBUUJDF TJUF n
BSCJUSBSZ IPXFWFS XF NVTU BDDPVOU GPS BMM CBTJT BUPNT JO UIF DFMM JF UBLF UIF TVN VQ UP
Nat
8F XJMM ĕSTU EFWFMPQ UIF OPSNBMJ[BUJPO DPOEJUJPO GPS TQIFSJDBM QPUFOUJBMT CFGPSF EJTDVTTJOH
UIF DPOEJUJPO GPS OPOTQIFSJDBM QPUFOUJBMT
  .VMUJQMF 4DBUUFSJOHćFPSZ
/PSNBMJ[BUJPO PGψk(r) JO UIF BUPNJD TQIFSF BQQSPYJNBUJPO
*O UIF BUPNJD TQIFSF BQQSPYJNBUJPO UIF SBEJBM XBWFGVODUJPOT FYQBOE BT


















r2dr ∣cμkLRμl (r;E)∣2 
XIFSF UIF PSUIPHPOBMJUZ PG UIF TQIFSJDBM IBSNPOJDT JT FYQMPJUFE
/PSNBMJ[BUJPO PG UIF XBWFGVODUJPOT GPS GVMM QPUFOUJBM
*O UIF DBTF PG GVMM QPUFOUJBM DBMDVMBUJPOT UIF OPOTQIFSJDBM DPOUSJCVUJPOT UP UIF QPUFOUJBMT
IBWF UP CF UBLFO JOUP BDDPVOU 'VSUIFSNPSF UIF WPMVNF UP CF JOUFHSBUFE PWFS JT UIBU PG UIF
OPOTQIFSJDBM 8JHOFS4FJU[ DFMMT ćFSFGPSF UIF TIBQFGVODUJPO Θ(r) 	TFF FR 	

 IBT UP





d3r Θμ(r) ∣ψk(r +χμ)∣2 = 1  	

&YQBOEJOH UIFXBWFGVODUJPOT BDDPSEJOH UP FR 	































4JODF POMZ UIF TQIFSJDBM IBSNPOJDT EFQFOE PO UIF EJSFDUJPO PG r UIF JOUFHSBM PWFS UIF TQIFS
JDBM DPPSEJOBUFT DBO CF QFSGPSNFE BOE ZJFMET UIF (BVOU DPFďDJFOUT CL1L2L3  ćF BCPWF





















 ,,3 XBWFGVODUJPOT BOE CBOE TUSVDUVSF DBMDVMBUJPOT 
XIFSF XF IBWF JOUSPEVDFE






ćF RVBOUJUZ ρμL1L2(E) DPOUBJOJOH UIF JOUFHSBM PWFS r BOE UIF TVNNBUJPO PWFS L′1, L′2 BOE
L3 EPFT OPU EFQFOE PO k ćFSFGPSF JU IBT UP CF DBMDVMBUFE POMZ PODF GPS BMM k *O QSBDUJDF
UIF TQIFSJDBMMZ TZNNFUSJD DPOUSJCVUJPO 	L3 = 0
 JT DBMDVMBUFE JOEFQFOEFOUMZ GSPN UIF OPO
TQIFSJDBMMZ TZNNFUSJD POF TJODF JO UIJT DBTF UIF (BVOU DPFďDJFOUT CL1L2L3=0 SFEVDF UP
CL1L20 = 1/√4πδL1L2 BOE UIF TIBQF GVODUJPOΘμL3(r) UPΘμ0(r) = √4π














(E)]− 12 cμkL  	

 ćF ,,3 TFDVMBS FRVBUJPO JO UFSNT PG UIF SFGFSFODF TZTUFN
"MUIPVHI XF IBWF BMSFBEZ QSFTFOUFE B NFUIPE UP PCUBJO UIF ,,3 FOFSHZ FJHFOWBMVFT JO
UIF MBTU TFDUJPO B TFDPOE TMJHIUMZ EJČFSFOU NFUIPE TIPVME CF JOUSPEVDFE <> *U BWPJET
UIF DVNCFSTPNF FWBMVBUJPO PG UIF GSFFTQBDF TUSVDUVSF DPOTUBOUT BOE VTFT UIF TUSVDUVSBM
(SFFO GVODUJPO PG B SFGFSFODF TZTUFN JOTUFBE NBLJOH JU NPSF FďDJFOU GPS QSBDUJDBM VTF *UT
EFSJWBUJPO TUBSUT XJUI UIF -JQQNBOO4DIXJOHFSFRVBUJPO 	
 JO JUT JOUFHSBM GPSN
ψk(r+Rn;E) = ψrk(r+Rn;E)+∑
n′
∫ d3r′ Gr(r+Rn, r′+Rn′ ;E)ΔV n′(r′)ψk(r′+Rn′)
	

XIJDI SFMBUFT UIF XBWF GVODUJPO ψk(r + Rn;E) PG UIF DPOTJEFSFE TZTUFN XJUI UIF XBWF
GVODUJPO ψrk(r +Rn;E) PG B SFGFSFODF TZTUFN XIJDI IBT UIF DSZTUBM QFSJPEJDJUZ CVU JT PUI
FSXJTF BSCJUSBSZ *U JT EFTDSJCFE CZ UIF (SFFO GVODUJPO Gr(r +Rn, r′ +Rn′ ;E) ΔV n(r) =
V n(r) − V r,n(r) EFOPUFT UIF EJČFSFODF PG UIF QPUFOUJBM BU TJUF n
*G UIF FOFSHZ E JT OPU QBSU PG UIF FOFSHZ TQFDUSVN PG UIF SFGFSFODF TZTUFN BT JU JT UIF DBTF
GPS UIF TZTUFN PG SFQVMTJWF QPUFOUJBMT EFTDSJCFE JO TFDUJPO  UIF ĕSTU UFSN ψrk(r+Rn;E)
PG UIF -JQQNBOO4DIXJOHFS FRVBUJPO 	
 WBOJTIFT ćFO UIF BCPWF FRVBUJPO TJNQMJĕFT
UP UIF IPNPHFOFPVT JOUFHSBM FRVBUJPO
ψk(r +Rn;E) = ∑
n′
∫ d3r′ Gr(r +Rn, r′ +Rn′ ;E)ΔV n′(r′)ψk(r′ +Rn′)  	

*O UIF GPMMPXJOH XF XJMM JOTFSU UIF FYQBOTJPOT PG UIF XBWFGVODUJPOT BT XFMM BT UIF (SFFO
GVODUJPO JO UIF BCPWF FRVBUJPO GVSUIFSNPSF XF BTTVNF UIBU UIF QPUFOUJBM PG UIF SFGFSFODF
TZTUFN JT TQIFSJDBM IFODF V r,n(r) = V r,n(r) "HBJO UIF TZTUFN PG SFQVMTJWF QPUFOUJBMT GSPN
TFDUJPO  GVMĕMMT UIJT DPOEJUJPO
"T EFSJWFE JO UIF QSFWJPVT TFDUJPO UIF XBWFGVODUJPOT FYQBOE BT 	TFF FR 	








  .VMUJQMF 4DBUUFSJOHćFPSZ
ćF TBNF IPMET GPS UIF USVF SFGFSFODF TZTUFN




L (r;E)  	

"T TIPXO JO DIBQUFS  FR 	
 UIF (SFFO GVODUJPO Gr(r +Rn, r′ +Rn′ ;E) DBO CF FY
QBOEFE JO JUT TQIFSJDBM DPNQPOFOUT BDDPSEJOH UP
Gr(r +Rn, r′ +Rn′ ;E) =∑
L1
Gr,s,nnl1 (r, r′;E)YL1(rˆ)YL1(rˆ′)δnn′ + ∑
L1,L2
Rr,nL1 (r;E)Gr,nn′L1L2(E)Rr,n′L2 (r′;E) 	

XIFSF UIF ĕSTU UFSN JT UIF TJOHMFTJUF TDBUUFSJOH UFSN SFTVMUJOH GSPN UIF TDBUUFSJOH XJUIJO
DFMM n XIFSFBT UIF TFDPOE POF DPOUBJOT UIF CBDLTDBUUFSJOH PG BMM PUIFS BUPNT
ćF TJOHMFTJUF (SFFO GVODUJPO DBO CF FYQBOEFE JO SFHVMBS BOE JSSFHVMBS TPMVUJPOT PG UIF
4DISP¨EJOHFS FRVBUJPO Rr,nL (r;E) BOEHr,nL (r;E) BT
Gr,s,nnl (r, r′;E) = −i√ERr,nl (r<;E)Hr,nl (r>;E)  	

XIFSF XF IBWF FYQMPJUFE UIBU UIF SFGFSFODF QPUFOUJBM JT TQIFSJDBM BU FBDI TJUF n


















































ćF TQIFSJDBM DPOUSJCVUJPO UP UIF JOUFHSBM JT
∫ dΩ′ YL1(rˆ′)YL2(rˆ′)YL3(rˆ′) = CL1L2L3  	




































"T UIF SBEJBM TPMVUJPOT RnL1L2(r;E) PCFZ UIF SBEJBM -JQQNBOO4DIXJOHFS FRVBUJPO 	"













































ćF JOUFHSBM PO UIF SJHIU TJEF DBO CF FWBMVBUFE VTJOH UIF EFĕOJUJPO PG UIF ΔtNBUSJY 	TFF
"QQFOEJY " FR 	"






XJUIΔtnL1L2(E) = tnL1L2(E) − tr,nL1L2(E) #FDBVTF PG UIF QFSJPEJDJUZ PG UIF QPUFOUJBM UIF t























  .VMUJQMF 4DBUUFSJOHćFPSZ





GrL1L3(k;E)Δt0L3L2(E)) c0kL2 = 0  	

XIJDI JT UIF TPVHIUBęFS TFDVMBS FRVBUJPO GPS UIF CBOE TUSVDUVSF DBMDVMBUJPO
5BLJOH UIF GSFF TQBDF BT SFGFSFODF TZTUFN UIF tNBUSJY tr,nl (E) CFDPNFT [FSP UIF TUSVD







gLL′′(k;E)t0L′′L′(E)) c0kL′ = 0  	

XIJDI JT FRVJWBMFOU UP UIF TFDVMBS FR 	
 EFSJWFE JO UIF QSFWJPVT TFDUJPO
*O BOBMPHZ UP UIF QSFWJPVT TFDUJPO UIF BCPWF FRVBUJPO DBO CF FYUFOEFE UP UIF DBTF PG TFWFSBM








LL′ (E)e−ik(Rn−Rn′)  	

BOE FR 	







XIFSF UIF JOEFY n = 0 XBT ESPQQFE UP TJNQMJGZ UIF OPUBUJPO







LL′ (k;E)Δtμ′L′′L′(E)) cμ′kL′ = 0  	

XIJDI GPSNBMMZ JT BO FJHFOWBMVF QSPCMFN XJUI FJHFOWFDUPST
cμkL;μ = 1, . . . ,Nat, L = 1, . . . , Lmax 	

BOE FJHFOWBMVFT λ = 0 ćF TDIFNF VTFE JO UIF CBOE TUSVDUVSF DBMDVMBUJPO FNQMPZJOH
FR 	
 JT FYQMBJOFE JO BQQFOEJY "
#FGPSF DMPTJOH UIJT TFDUJPO BOE DPNJOH UP UIF DBMDVMBUJPO PG UIF 'FSNJ TVSGBDF XF XBOU UP









BSF EJČFSFOU POMZ JO UIF DBTF PG FJHFOWBMVFT λ = 0 UIF FJHFOWFDUPST BSF UIF TBNF XIJDI DBO
CF TFFO CZ NVMUJQMZJOH FR 	
 GSPN UIF MFę XJUI UIF NBUSJYGr ⋅ g−1
Gr ⋅ g−1 (1 − gt)c = 0⇐⇒ Gr (g−1 − tr + tr − t)c = 0⇐⇒ Gr ((Gr)−1 −Δt)c = 0⇐⇒ (1 −Gr ⋅Δt)c = 0 RFE 	

 *NQVSJUZ TDBUUFSJOH 
 ćF 'FSNJ TVSGBDF
"U T = 0 BMM FOFSHZ MFWFMT BSF VQ UP UIF 'FSNJ FOFSHZ EF BSF PDDVQJFE *O NPNFOUVN
TQBDF UIJT FOFSHZ DPSSFTQPOET UP BO FOFSHZ JTPTVSGBDFE(k) = EF XIJDI JT EFUFSNJOFE CZ
UIF CBOE TUSVDUVSF BOE EFOPUFE BT 'FSNJ TVSGBDF 'PS UIF GSFF FMFDUSPO HBT JU JT TJNQMZ B
TQIFSF TJODF UIF FOFSHZ E JT QSPQPSUJPOBM UP k2 )PXFWFS FWFO GPS TJNQMF NFUBMT MJLF $V
"H PS "V UIF TIBQF PG UIF 'FSNJ TVSGBDF FYIJCJUT TJHOJĕDBOU EFWJBUJPOT GSPN UIBU PG UIF GSFF
FMFDUSPO HBT 'PS FYBNQMF UIF 'FSNJ TVSGBDFT PG $V BOE "V BSF TIPXO JO DIBQUFS  'PS
DPNQMFY NBUFSJBMT JU NJHIU CF B WFSZ DPNQMJDBUFE PCKFDU
ćF'FSNJ TVSGBDF BMMPXT UP HBJO JOTJEF JOUPNBOZ DIBSBDUFSJTUJDT PGNBUFSJBMT TVDI BT TDBUUFS
JOH BOE USBOTQPSU QSPDFTTFT %VF UP UIF 'FSNJ %JSBD EJTUSJCVUJPO 	FTQFDJBMMZ BU MPX UFNQFS
BUVSFT
 NBJOMZ FMFDUSPOT DMPTF UP UIF 'FSNJ FOFSHZ DPOUSJCVUF BOE EFUFSNJOF UIF USBOTQPSU
QSPQFSUJFT PG B NBUFSJBM *O UIF DVSSFOU XPSL FMBTUJD TDBUUFSJOH QSPDFTTFT XJUIPVU FOFSHZ
EJTTJQBUJPO XJMM CF USFBUFE JF TDBUUFSJOH QSPDFTTFT JO XIJDI UIF FMFDUSPOT LFFQ UIFJS FOFSHZ
BOE POMZ UIF kWFDUPS DIBOHFT )FODF TDBUUFSJOH QSPDFTTFT BSF POMZ BMMPXFE GSPN POF k
WFDUPS PO UIF 'FSNJ TVSGBDF UP BOPUIFS SFDJQSPDBM TQBDF WFDUPS k′ BMTP CFJOH PO UIF 'FSNJ
TVSGBDF
ćF DBMDVMBUJPO PG UIF 'FSNJ TVSGBDF JT WFSZ TJNJMBS UP UIF CBOE TUSVDUVSF DBMDVMBUJPO BT FY
QMBJOFE JO UIF QSFWJPVT TFDUJPO BOE JO BQQFOEJY " UIF FOFSHZ JT QJOOFE UP E = EF XIJMF
UIF k WFDUPS JT WBSJFE TVDI UIBU FR 	
 JT GVMĕMMFE
0ODF UIF kWFDUPST kF PCFZJOH FR 	
 BSF GPVOE UIF DPSSFTQPOEJOH DPFďDJFOUT cn,μkL
DBO CF EFUFSNJOFE CZ DBMDVMBUJOH UIF FJHFOWFDUPST cμkL JO FR 	
 *O PSEFS UP JEFOUJGZ
UIF GVMM XBWFGVODUJPOT ψk(r) BU UIF 'FSNJ TVSGBDF UIF SFHVMBS TPMVUJPOT RL(r;E) PG UIF
4DISP¨EJOHFS FRVBUJPO IBWF UP CF DBMDVMBUFE CZ TPMWJOH UIF 4DISP¨EJOHFS FRVBUJPO BT EF
TDSJCFE JO DIBQUFS  TFDUJPO  PS  SFTQFDUJWFMZ #FTJEFT UIF DPFďDJFOUT cn,μkL BSF OFFEFE
GPS UIF DBMDVMBUJPO PG UIF TDBUUFSJOHNBUSJY Tkk′  EFTDSJCJOH UIF TDBUUFSJOH BNQMJUVEF GPS TDBU
UFSJOH GSPN POF TUBUF XJUI DSZTUBM NPNFOUVN k′ UP BOPUIFS TUBUF DIBSBDUFSJ[FE CZ k ćF
TDBUUFSJOH NBUSJY Tkk′ XJMM CF EFSJWFE JO TFDUJPO 
 *NQVSJUZ TDBUUFSJOH
8IFOFWFS BO JNQVSJUZ PS B EFGFDU FYJTUT JO B DSZTUBM UIF QFSJPEJDJUZ JT CSPLFO BOE UIF XBWF
GVODUJPOT BSF OPU #MPDI GVODUJPOT BOZNPSF )FODF UIFZ DBOOPU CF EFUFSNJOFE BT EFTDSJCFE
JO UIF QSFWJPVT TFDUJPOT )PXFWFS UIFXBWFGVODUJPOTψimpk (r+Rn;E) PG UIF JNQVSJUZ QSPC
MFN XJUI UIF CPVOEBSZ DPOEJUJPO PG BO JODPNJOH XBWF ψk(r +Rn;E) BSF HJWFO CZ UIF GVMM
-JQQNBOO4DIXJOHFS FRVBUJPO 	

ψimpk (r +Rn;E) = ψk(r +Rn;E)+∑
n′
∫ d3r′G(r +Rn, r′ +Rn′ ;E)ΔV n′(r′)ψimpk (r′ +Rn′)  	

)FSFΔV n′(r′) = V imp,n′(r′)−V n′(r′) EFOPUFT UIF EJČFSFODF PG UIF JNQVSJUZ QPUFOUJBM BOE
UIBU PG UIF QFSJPEJD IPTU TZTUFN XIFSFBTG(r+Rn, r′+Rn′ ;E) JT UIF DPSSFTQPOEJOH (SFFO
  .VMUJQMF 4DBUUFSJOHćFPSZ
GVODUJPO PG UIF IPNPHFOFPVT 	IPTU
 TZTUFN 4JODF UIF QFSUVSCBUJPO JT MPDBMJ[FE UIF EJČFS
FODF CFUXFFO UIF QPUFOUJBMTΔV n′(r′) JT OPO[FSP GPS B ĕOJUF OVNCFS PG TJUFT POMZ )FODF
UIF TVN PWFS n′ IBT OP MPOHFS UP CF QFSGPSNFE PWFS UIF XIPMF DSZTUBM CVU DBO CF SFTUSJDUFE
UP UIF ĕOJUF OVNCFS PG QFSUVSCFE MBUUJDF TJUFT JO DPOUSBTU UP UIF DBTF PG UIF IPNPHFOFPVT
TZTUFN JO TFDUJPO 
*O BOBMPHZ UP UIF FYQBOTJPO 	
 PG UIF XBWFGVODUJPO PG UIF IPNPHFOFPVT TZTUFN UIF
XBWFGVODUJPO ψimpk (r +Rn;E) JO UIF QSFTFODF PG BO JNQVSJUZ FYQBOET BT




L (r;E)  	

XIFSFRimp,nL (r;E) JT UIF SFHVMBS TPMVUJPO PG UIF 4DISP¨EJOHFS FRVBUJPO BU UIF MBUUJDF TJUF n PG
UIF JNQVSJUZ QSPCMFN #FDBVTF PG UIF MPDBMJUZ PG UIF QFSUVSCBUJPO GPS BUPNT GBS BXBZ GSPN
UIF JNQVSJUZ XIFSF ΔV (r) ≈ 0 JU TJNQMJĕFT UP UIF SFHVMBS TPMVUJPO PG UIF IPNPHFOFPVT
TZTUFN JF Rimp,nL (r;E) ≈ RnL(r;E)
*O B ĕSTU TUFQ XF XJMM DPOTJEFS UIF DBTF PG B TQIFSJDBM QPUFOUJBM UIVTΔV n′(r′) =ΔV n′(r′)
XIJMF JO B TFDPOE TUFQ UIF GVMM QPUFOUJBM ΔV n′(r′) XJMM CF USFBUFE "T UIF FYBDU EFSJWB
UJPOT BSF MFOHUIZ UIFZ BSF KVTU PVUMJOFE JO UIF GPMMPXJOH TFDUJPOT BOE EJTDVTTFE JO EFUBJM JO
BQQFOEJY " BOE "
 *NQVSJUZ TDBUUFSJOH JO UIF BUPNJD TQIFSF BQQSPYJNBUJPO
ćF QSPDFEVSF QVSTVFE UP PCUBJO UIF JNQVSJUZ DPFďDJFOUT cimpkL JT UIF GPMMPXJOH 8F JOTFSU
UIF FYQBOTJPO GPS UIF XBWFGVODUJPOT DBMDVMBUFE XJUIJO UIF "4"




l (r;E)YL(rˆ)  	

UIF (SFFO GVODUJPO FR 	
 BOE UIF EJČFSFODF PG UIF QPUFOUJBMT
ΔV n(r) = V imp,n(r) − V n(r) 	

JOUP UIF -JQQNBOO4DIXJOHFS FRVBUJPO 	
 *OUFHSBUJPO PWFS UIF TQIFSJDBM QBSU SFQMBD
JOH UIF SBEJBM JOUFHSBM CZ UIF tNBUSJYΔtnl (E) = timp,nl (E) − tnl (E) BOE DPNQBSJTPO PG UIF
DPFďDJFOUT ZJFMET UIF SFMBUJPO







(E)Δtn′l1 (E)cimp,n′kL1  	

7JFXFE BT B NBUSJY NVMUJQMJDBUJPO UIF BCPWF FYQSFTTJPO JT FRVJWBMFOU UP
(cimpk ) = [ ∑
n′,L1
(δLL1δnn′ −Gnn′LL1(E)Δtn′l1 (E))]−1 (ck)  	

XIFSF (cimpk ) BOE (ck) BSF DPMVNO NBUSJDFT XJUI FMFNFOUT cimp,nkL BOE cnkL SFTQFDUJWFMZ *O
UFSNT PG UIF TUSVDUVSBM (SFFO GVODUJPO PG UIF JNQVSJUZ JOTUFBE PG UIF IPTU (SFFO GVODUJPO
UIF BCPWF SFMBUJPO DBO CF GPSNVMBUFE BT
cimp,nkL1 = ∑
n′,L2
(δL1L2δnn′ +Gimp,nn′L1L2 (E)Δtn′l2 (E)) cn′kL2  	

 *NQVSJUZ TDBUUFSJOH 
ćF FRVBMJUZ PG [1 +Gimp(E)Δt(E)] BOE [1 −G(E)Δt(E)]−1 DBO CF QSPWFO FBTJMZ CZ USBD
JOH JU CBDL UP UIF %ZTPO FRVBUJPO 	

Gimp(E) = G(E) +G(E)Δt(E)Gimp(E)  	

8F TUBSU XJUI UIF BTTVNQUJPO
[1 −Gimp(E)Δt(E)] = [1 −G(E)Δt(E)]−1  	

ćJT DBO CF SFXSJUUFO BT
1 = [1 −G(E)Δt(E)] [1 +Gimp(E)Δt(E)] 	
= 1 −G(E)Δt(E) +Gimp(E)Δt(E) −G(E)Δt(E)Gimp(E)Δt(E)




 JT NPSF DPOWFOJFOU JO QSBDUJDF UIBO 	
 BOE JT VTFE JO UIF DBMDVMBUJPOT
PG UIJT UIFTJT
 *NQVSJUZ TDBUUFSJOH JO UIF DBTF PG B GVMM QPUFOUJBM
*G UIF GVMM QPUFOUJBM PG UIF IPTU PS UIF JNQVSJUZ JT UBLFO JOUP BDDPVOU UIF SFMBUJPO BT XFMM BT
UIF EFSJWBUJPO PG UIF JNQVSJUZ DPFďDJFOUT cimp,nkL JO UFSNT PG UIF IPNPHFOFPVT POFT cnkL JT
WFSZ TJNJMBS UP UIBU EFTDSJCFE GPS "4" JO UIF MBTU TFDUJPO ćFO UIF QPUFOUJBM V (r) EFQFOET
OPU POMZ PO UIF OPSN PG r CVU UIF GVMM WFDUPS TDBUUFSJOH GSPN POF PSCJUBM XJUI BOHVMBS NP
NFOUVNL1 UP BOPUIFS PSCJUBM DIBSBDUFSJ[FE CZL2 JT OP MPOHFS GPSCJEEFO BOE UIF FYQBOTJPO
PG UIF XBWF GVODUJPO 	
 IBT UP CF NPEJĕFE













)FSF UIF XBWF GVODUJPO RL2L1(r) SFQSFTFOUT UIF TDBUUFSJOH TPMVUJPO GPS BO JODPNJOH XBWF
XJUI BOHVMBS NPNFOUVN L1 UP B XBWF XJUI BOHVMBS NPNFOUVN L2
4JNJMBS UP UIF XBWFGVODUJPO UIF (SFFO GVODUJPOG(r+Rn, r′+Rn′ ;E) IBT UP CF FYQBOEFE
BT 	TFF FR 	
 JO TFDUJPO 






















  .VMUJQMF 4DBUUFSJOHćFPSZ







L (r′)YL(rˆ)  	

"T JO UIF DBTF PG UIF TQIFSJDBM QPUFOUJBM UIF -JQQNBOO4DIXJOHFS FRVBUJPO 	
 QSPWJEFT
UIF CBTJT GPS FTUBCMJTIJOH UIF SFMBUJPO CFUXFFO UIF QFSUVSCFE BOE UIF VOQFSUVSCFE DPFď
DJFOUT 3FQMBDJOH UIF (SFFO GVODUJPO UIF XBWFGVODUJPOT BT XFMM BT UIF QPUFOUJBM EJČFSFODF
CZ UIF SJHIUIBOE TJEFT PG FRT 	
 	
 BOE 	
 JOUFHSBUJPO PWFS UIF TPMJE BOHMFT
JEFOUJĕDBUJPO PG UIF BUPNJD TDBUUFSJOHNBUSJYΔtL1L2(E) BOE DPNQBSJTPO PG UIF DPFďDJFOUT
XIJMF FYQMPJUJOH UIF MJOFBS JOEFQFOEFODF PG UIF TQIFSJDBM IBSNPOJDT BOE UIF SBEJBM XBWF
GVODUJPOT RnL2L1(r;E) SFTVMUT JO

















(E)Δtn′L3L2(E)) cn′kL2  	

/BUVSBMMZ UIF BCPWF FRVBUJPO DBO CF HFOFSBMJ[FE UP UIF DBTF PG Nat BUPNT QFS VOJU DFMM BT









(E)Δtn′μ′L3L2(E)) cn′μ′kL2  	





SFQMBDJOH UIF GVMM QPUFOUJBMΔtNBUSJY CZ UIF TQIFSJDBM POFΔtL1L2 = δL1L2ΔtL2 
 ćF TDBUUFSJOH NBUSJY Tkk′
*O DIBQUFS  XF IBWF BMSFBEZ EFĕOFE UIF USBOTJUJPO NBUSJY T (E) FR 	
 SFMBUJOH UIF
XBWF GVODUJPO ∣ψ⟩ PG B QFSUVSCFE TZTUFN UP UIF XBWF GVODUJPO ∣ψ0⟩ PG UIF VOQFSUVSCFE TZT
UFN <> 8FXJMM OPX DPOTJEFS T (E) JO JUT SFDJQSPDBMTQBDF SFQSFTFOUBUJPO JF Tkk′  XIFSF
JU SFQSFTFOUT UIF TDBUUFSJOH BNQMJUVEF GSPN POF TUBUF DIBSBDUFSJ[FE CZ UIF TUBUF WFDUPS k′ UP
B TFDPOE TUBUF EFTDSJCFE CZ k 'PS UIF QVSQPTFT PG UIJT UIFTJT Tkk′ JT PG DFOUSBM JNQPSUBODF
TJODF BMM QIZTJDBM RVBOUJUJFT JF UIF NPNFOUVN TDBUUFSJOH UJNFT UIF TVSGBDF TUBUF MJGFUJNFT
BT XFMM BT TVSGBDF SFTJEVBM SFTJTUJWJUJFT DBMDVMBUFE MBUFSPO BSF EFSJWFE GSPN Tkk′  "MUIPVHI
TDBUUFSJOH NJHIU IBWF TFWFSBM SFBTPOT TVDI BT FMFDUSPOFMFDUSPO PS FMFDUSPOQIPOPO DPV
QMJOH XF XJMM EFBM XJUI JNQVSJUZ PS EFGFDU TDBUUFSJOH POMZ *O UIJT DBTF UIF TDBUUFSJOHNBUSJY
Tkk′ JT EFĕOFE BT






d3r ψ⋆k′(r +Rn;E)ΔV n(r)ψimpk (r +Rn;E) 
 ćF TDBUUFSJOH NBUSJY Tkk′ 
XIFSF UIF TVN JT UP CF VOEFSTUPPE BT UIF TVN PWFS BMM QFSUVSCFE DFMMTTJUFT JODMVEFE JO UIF
JNQVSJUZ DBMDVMBUJPOT
*O UIF GPMMPXJOH XF XJMM TJNQMJGZ UIF MBUUFS FYQSFTTJPO BOE FYQSFTT UIF TDBUUFSJOH NBUSJY JO
UFSNT PG UIF DPFďDJFOUT ckL BOE cimpkL  UIF TUSVDUVSBM (SFFO GVODUJPO PG UIF JNQVSJUZG
imp,nn′
LL′
BT XFMM BT UIF BUPNJD TDBUUFSJOH tNBUSJY ΔtLL′ BOE UIF SFMBUFE ΔNBUSJY ΔLL′  "T JO UIF
QSFWJPVT TFDUJPOT XF XJMM TUBSU XJUI UIF BUPNJD TQIFSF BQQSPYJNBUJPO BOE UIFO QSPDFFE
XJUI UIF GVMMQPUFOUJBM USFBUNFOU
 4QIFSJDBM QPUFOUJBM
*O UIF "4" JOTFSUJOH UIF FYQBOTJPO PG UIF XBWF GVODUJPOT FR 	
 JO UIF EFĕOJUJPO PG
Tkk′  FR 	














l′ (r;E)YL′(rˆ)  	










r2dr Rn⋆l (r;E)ΔV n(r)Rimp,nl (r;E)  	

*O UIF QSFTFOU GPSN UIF SFNBJOJOH JOUFHSBM DBOOPU CF SFQMBDFE CZ UIF BUPNJD TDBUUFSJOH NB
USJYΔtl(E) TJODF JO UIF EFĕOJUJPO PGΔtl(E) FRT 	"
 BOE 	"
 UIF XBWFGVODUJPO PG
UIF IPNPHFOFPVT TZTUFN BQQFBST BOE OPU JUT DPNQMFY DPOKVHBUF Rn⋆l (r;E) ćFSFGPSF XF
EFĕOF UIF BCPWF JOUFHSBM BTΔNBUSJY
Δl(E) ∶= ∫
cell n
r2dr Rn⋆l (r;E)ΔV n(r)Rimp,nl (r;E)  	

ćFSF BSF TFWFSBM XBZT UP QSPDFFE JO PSEFS UP DBMDVMBUF UIFΔNBUSJYΔl(E) 0G DPVSTF POF
QPTTJCJMJUZ JT UP DBMDVMBUF UIF JOUFHSBM EJSFDUMZ XIJDI XJMM CF EPOF MBUFS XIFO UIF TDBUUFSJOH
NBUSJY JT DBMDVMBUFE UBLJOH TQJOPSCJU DPVQMJOH JOUP BDDPVOU
)PXFWFS JG TQJOPSCJU DPVQMJOH JT OFHMFDUFE UIFSF BSF PUIFS QPTTJCJMJUJFT UP PCUBJO Δl(E)
UPP ćF NPTU TJNQMF POF JO UIF DBTF PG B QVSF TQIFSJDBM QPUFOUJBM JT UP SFNFNCFS UIBU UIF
DPNQMFY SBEJBM XBWF GVODUJPO Rnl (r;E) JT SFBM FYDFQU B DPNQMFY QIBTF GBDUPS <> UIVT
Rnl (r;E) = exp [iδl]Unl (r;E) XIFSF Unl (r;E) JT SFBM ćFSFGPSF JUT DPNQMFY DPOKVHBUF
JT TJNQMZ Rn⋆l (r;E) = exp [−2iδl]Rnl (r;E) ćF FYQPOFOUT δl BSF UIF lEFQFOEFOU QIBTF
TIJęT XIJDI EFTDSJCF UIF EJČFSFODF JO QIBTF BU UIF8JHOFS4FJU[ SBEJVT PG UIF XBWFGVODUJPO
DPNQBSFE UP UIF XBWFGVODUJPO PG GSFF TQBDF ćF QIBTF TIJęT DBO CF PCUBJOFE GSPN UIF
BUPNJD tNBUSJY TJODF UIF SFMBUJPO








ln [−2i√Etl(E) + 1]  	

ćFO UIF JOUFHSBM JO FR 	






cn⋆k′L exp [−2iδl]Δtnl cimp,nkL  	

*OTFSUJOH FYQSFTTJPO 	





cn⋆k′L exp [−2iδl]Δtnl (δLL′δnn′ +Gimp,nn′LL′ (E)Δtn′l′ (E)) cn′kL′  	

ćF TDBUUFSJOH NBUSJY Tkk′ GVMĕMMT UIF PQUJDBM UIFPSFN
∑
k′




XIJDI XJMM CF VTFGVM XIFO DBMDVMBUJOH UIF NPNFOUVN SFMBYBUJPO UJNF τk PG B TUBUF k "O
FYQSFTTJPO GPS τk XJMM CF EFSJWFE JO TFDUJPO 
 'VMM QPUFOUJBM
$POTJEFSJOH B OPOTQIFSJDBM QPUFOUJBM FYQBOTJPO PG UIF XBWFGVODUJPOT BOE UIF QPUFOUJBM JO
UIF EFĕOJUJPO PG UIF TDBUUFSJOH NBUSJY Tkk′  FR 	
 ZJFMET














*OUFHSBUJPO PWFS UIF TPMJE BOHMFT MFBET UP UIF TBNF QSPCMFN BT JO UIF QSFWJPVT TFDUJPO UIF
JOUFHSBM PWFS UIF SBEJBM QBSU DBOOPU CF JEFOUJĕFE XJUI UIF BUPNJD TDBUUFSJOHNBUSJY TJODF UIF
DPNQMFY DPOKVHBUF PG UIF IPTU XBWFGVODUJPO BQQFBST JO UIF JOUFHSBM *O PSEFS UP USBDF JU CBDL
UP UIF EFĕOJUJPO PG UIF ΔtNBUSJY XF SFGFS UP UIF αNBUSJY αL1L2 BT EFĕOFE JO FR 	

"T FYQMBJOFE JO DIBQUFS  TFDUJPO  UIF JOWFSTF PG UIFαNBUSJY USBOTGPSNT UIF SFHVMBS 	JO
HFOFSBM DPNQMFY
 XBWFGVODUJPOT RL1(r) UP SFBM XBWFGVODUJPOT UL1(r) FR 	
 ćFSF







*OTFSUJOH UIF BCPWF FYQSFTTJPO JO FR 	
 XF PCUBJO































*O JUT PSJHJOBM GPSN UIF PQUJDBM UIFPSFN JT 1
2
(T † − T ) = i√ET †T  XIJDI JO UIF DBTF PG BUPNJD tNBUSJDFT
TJNQMJĕFT UP 1/2(t⋆L′L−tLL′) = i√E∑L′′ t⋆L′′LtL′′L′  ,OPXJOH UIBU UIF BUPNJD tNBUSJDFT tLL′ BSF TZNNFUSJD
BOE TFUUJOH L = L′ MFBET UP UIF BCPWF GPSN












'PS B TQIFSJDBM QPUFOUJBM UIF BCPWF FYQSFTTJPO NVTU SFEVDF UP FR 	
 XIJDI DBO CF
QSPWFO FBTJMZ CZ JOTFSUJOH
αL1L2 = δL1L2 ∣αL1L2 ∣ eiδl1 BOE 	





 8JHOFS EFMBZ UJNF
*O PSEFS UP BOBMZ[F UIF UJNF TDBMF PG UIF TDBUUFSJOH QSPDFTT JU JT VTFGVM UP EFĕOF UIF 8JHOFS





XIFSF δl EFOPUFT UIF QIBTF TIJę BT JOUSPEVDFE JO DIBQUFS  FR 	
 ćF BCPWF EFĕOJUJPO
GPMMPXT GSPN UIF JOUFSQSFUBUJPO PG UIF TDBUUFSJOH QSPDFTT PG B XBWF QBDLFU ćF8JHOFS EFMBZ
UJNF tD EFTDSJCFT UIF EFMBZ PG B TDBUUFSFE XBWF DPNQBSFE UP BO VOQFSUVSCFE POF PS JO PUIFS
XPSET UIF UJNF XIJDI UIF FMFDUSPO TQFOET BU UIF JNQVSJUZ EVSJOH UIF TDBUUFSJOH QSPDFTT
.PSF JOGPSNBUJPO BOE B EFUBJMFE EFSJWBUJPO PG UIF 8JHOFS EFMBZ UJNF DBO CF GPVOE JO <>
BOE <>
 ćF MJGFUJNF τk
)BWJOH DBMDVMBUFE UIF TDBUUFSJOH NBUSJY Tkk′ BOE BTTVNJOH FMBTUJD TDBUUFSJOH UIF NJDSP
TDPQJD TDBUUFSJOH QSPCBCJMJUZ Pkk′ DBO CF GPVOE WJB UIF SFMBUJPO
Pkk′ = 2π
h̵
Nc ∣Tkk′ ∣2 δ(Ek −Ek′)  	

XIFSF N JT UIF UPUBM OVNCFS PG BUPNT JO UIF DSZTUBM BOE c JT UIF JNQVSJUZ DPODFOUSBUJPO –
IFODFNc JT UIF OVNCFS PG JNQVSJUJFT QSFTFOU JO UIF DSZTUBM "TTVNJOH UIBU FBDI JNQVSJUZ
TDBUUFST JOEFQFOEFOUMZ UIF MJGFUJNF PG B TUBUF k DBO CF GPVOE CZ TVNNJOH VQ UIF TDBUUFSJOH







∣Tk′k∣2 δ(Ek −Ek′)  	

ćF TVNNBUJPO PWFS k′ DBO CF USBOTGPSNFE UP BO JOUFHSBM
∑
k′
= V(2π)3 ∫ d3k′  	

  .VMUJQMF 4DBUUFSJOHćFPSZ
XIFSF V JT UIF WPMVNF PG UIF DSZTUBM ćF JOUFHSBUJPO PWFS d3k′ DBO CF TFQBSBUFE JOUP BO
JOUFHSBM PWFS TVSGBDFT XJUIEk′ = const. BOE BO JOUFHSBUJPO JO UIF EJSFDUJPO k′ QFSQFOEJDVMBS
UP UIFN ∑
k′
= V(2π)3 ∫ Emax0 dEk′ ∫S(Ek′) dSk′h̵vk′  	

ćFSFGPSF UIF JOWFSTF MJGFUJNF 	
 SFTVMUT JO
τ−1k = 1VBZ 2πNch̵2 ∫S(EF) dSk′vk′ ∣Tk′k∣2  	

SFQMBDJOH (2π)3 /V CZ UIF WPMVNF PG UIF #SJMMPVJO [POF VBZ DBSSZJOH PVU UIF JOUFHSBUJPO
PWFS UIF FOFSHZ dEk′ BOE TFUUJOH Ek = EF TJODF XF BSF JOUFSFTUFE JO MJGFUJNFT BU UIF 'FSNJ












DBO CF VTFE ćFO UIF JOUFHSBUJPO PWFS UIF 'FSNJ TVSGBDF DBO CF PNJUUFE BOE UIF JOWFSTF
NPNFOUVN SFMBYBUJPO UJNF JT HJWFO CZ
τ−1k = −2h̵Nc ImTkk  	

 3FTJEVBM SFTJTUJWJUZ
*O B NFUBM UIF NFBO GSFF QBUI Λk PG BO FMFDUSPO XJUI XBWFWFDUPS k JT HJWFO CZ UIF QSPEVDU
Λk = vkτ˜k  	

XIFSF vk JT UIF 'FSNJ WFMPDJUZ BOE τ˜k EFOPUFT UIFNFBO UJNF CFUXFFO UXP TDBUUFSJOH FWFOUT
ćJT TPDBMMFE USBOTQPSU TDBUUFSJOH UJNF τ˜k EPFT OPU FRVBM UIF NPNFOUVN SFMBYBUJPO UJNF




4π2 ∫S(EF) dSk′h̵vk′ ∣Tkk′ ∣2 = vk + Nc Vn4π2 ∫S(EF) dSk′h̵vk′ τ˜k′ vk ⋅ vk′vk ∣Tkk′ ∣2  	

"T JO UIF MBTU TFDUJPONc EFOPUFT UIF OVNCFS PG JNQVSJUJFT JO UIF DSZTUBM BOE Vn JT UIF WPM
VNF PG B VOJU DFMM n 0ODF UIF USBOTQPSU TDBUUFSJOH UJNF τ˜k JT LOPXO UIF SFTJEVBM SFTJTUJWJUZ






4π3h̵ ∫S(EF) dSk vkτ˜k  	

ćF GBDUPS 1/3 JT EVF UP BWFSBHJOH UIF 'FSNJ WFMPDJUZ PWFS UIF UISFF EJNFOTJPOT PG TQBDF *G
SFTJEVBM SFTJTUJWJUJFT GPS 2EJNFOTJPOBM 	IPTU
 TZTUFNT TVDI BT UIJO ĕMNT IBWF UP CF DBMDV
MBUFE UIF GBDUPS IBT UP CF SFQMBDFE CZ 1/2 BOE UIF SFTJEVBM SFTJTUJWJUZ QFS JNQVSJUZ DPODFO
USBUJPO CFDPNFT
cρ = [ e2





*O TVDI UXPEJNFOTJPOBM TZTUFNT UIF JOUFHSBM PWFS UIF 'FSNJ TVSGBDFT SFEVDFT UP B MJOF
JOUFHSBM
 4VNNBSZ
*O UIF DVSSFOU DIBQUFS UIFNVMUJQMF TDBUUFSJOH BOTBU[ PG UIF,,3(SFFO GVODUJPONFUIPE IBT
CFFO FYQMPJUFE UP DBMDVMBUF XBWFGVODUJPOT TDBUUFSFE BU EFGFDUT BOE JNQVSJUZ BUPNT ćFTF
BSF OFDFTTBSZ UP PCUBJO UIF 	kEFQFOEFOU
 NPNFOUVNSFMBYBUJPO UJNFT BOE SFTJEVBM SFTJT
UJWJUJFT XIPTF EFSJWBUJPO IBT CFFO UIF BJN PG UIJT DIBQUFS
ćFSFGPSF JO B ĕSTU TUFQ UIF ,,3 TFDVMBS FRVBUJPO IBT CFFO EFSJWFE BMMPXJOH GPS UIF DBM
DVMBUJPO PG UIF CBOETUSVDUVSF UIF 'FSNJ TVSGBDF BT XFMM BT UIF FYQBOTJPO DPFďDJFOUT PG UIF
XBWFGVODUJPOT ćFO TDBUUFSJOH QSPDFTTFT BU JNQVSJUJFT BOE EFGFDUT BSF DPOTJEFSFE BOE
UIF -JQQNBOO4DIXJOHFS FRVBUJPO JT VTFE UP PCUBJO XBWFGVODUJPOT TDBUUFSFE BU JNQVSJUJFT
BOE EFGFDUT 8JUI UIJT B DFOUSBM RVBOUJUZ PG UIJT UIFTJT UIF TDBUUFSJOH NBUSJY JO SFDJQSPDBM
TQBDF DBO CF DBMDVMBUFE *U RVBOUJĕFT UIF TDBUUFSJOH BNQMJUVEF GSPN POF TUBUF DIBSBDUFSJ[FE
CZ B TUBUF WFDUPS k′ UP BOPUIFS TUBUF EFTDSJCFE CZ k 5PHFUIFS XJUI B EFMUBGVODUJPO JO FO
FSHJFT 	HVBSBOUFFJOH FMBTUJD TDBUUFSJOH QSPDFTTFT
 BOE UIF OVNCFS PG JNQVSJUJFT QSFTFOU JO
UIF DSZTUBM JU EFUFSNJOFT UIF NJDSPTDPQJD TDBUUFSJOH QSPCBCJMJUZ 'JOBMMZ UIF TVNNBUJPO
PWFS BMM QPTTJCMF ĕOBM TUBUFT HJWFT UIF TDBUUFSJOH SBUF PG B TUBUF k JF UIF JOWFSTF MJGFUJNF PS
NPNFOUVNSFMBYBUJPO UJNF τ−1k 
"QBSU GSPN UIBU XF IBWF TIPXO UIBU UIF SFTJEVBM SFTJTUJWJUZ DBO CF PCUBJOFE WJB B 'FSNJ TVS
GBDF JOUFHSBM PWFS UIF USBOTQPSUSFMBYBUJPO UJNFNVMUJQMJFE CZ UIF 'FSNJ WFMPDJUZ *O DPOUSBTU
UP UIF NPNFOUVNSFMBYBUJPO UJNF UIF USBOTQPSUSFMBYBUJPO UJNF JT DBMDVMBUFE CZ UIF TFMG
DPOTJTUFOU TPMVUJPO PG UIF #PMU[NBOO FRVBUJPO JO XIJDI –TJNJMBS BT UP UIF DBMDVMBUJPO PG




4QJOPSCJU DPVQMJOH JT UIF NPTU JNQPSUBOU NFDIBOJTN XIJDI DPVQMFT UIF TQJO NPNFOU PG
BO FMFDUSPO UP JUT PSCJUBM NPUJPO *O UIF JOUFSQMBZ XJUI PSEJOBSZ NPNFOUVN SFMBYBUJPO JU
EFUFSNJOFT UIF TQJOSFMBYBUJPO UJNF BOE UIF TQJOĘJQ MJGFUJNF GPS FMFDUSPOT XIJDI JT POF
PG UIF NBKPS TVCKFDUT PG UIF QSFTFOU UIFTJT ćFSFGPSF BU UIF CFHJOOJOH PG UIJT DIBQUFS B
TIPSU JOUSPEVDUJPO UP UIF UIFPSFUJDBM DPODFQU PG TQJOPSCJU JOUFSBDUJPO XJMM CF HJWFO 6Q UP
OPX UIF EFTDSJQUJPO PG UIF TDBUUFSJOH QSPDFTTFT XJUIJO UIF ,,3GPSNBMJTN IBT CFFO EPOF
XJUIPVU TQJOPSCJU DPVQMJOH *O UIJT DIBQUFS XFXJMM FYUFOE UIFNFUIPE UP TZTUFNT VOEFS UIF
QSFTFODF PG TQJOPSCJU DPVQMJOH BOEEFTDSJCF JUT JNQMFNFOUBUJPOXJUIJO UIF,,3GPSNBMJTN
)PXFWFS XFXPSL JO BO BQQSPYJNBUJPOXIFSF UIF DIBSHFEFOTJUZ JT DBMDVMBUFEXJUIPVU TQJO
PSCJU DPVQMJOH XIJMF TQJOPSCJU DPVQMJOH JT UIFO JODMVEFE JO UIF ĕOBM TUFQ PG XBWFGVODUJPO
BOE tNBUSJY DBMDVMBUJPO GPS TDBUUFSJOH QSPQFSUJFT
8F QSFTFOU B TDIFNF UP DBMDVMBUF UIF TQJO FYQFDUBUJPO PQFSBUPST BOE QPJOU PVU UIF QSPCMFNT
BSJTJOH XIFO DPOTJEFSJOH EFHFOFSBUF TUBUFT " TJNQMF NPEFM XJMM CF VTFE UP DPOĕSN UIBU
PVS VOFYQFDUFE SFTVMUT SFHBSEJOH UIJT BTQFDU BSF DPSSFDU 'JOBMMZ UIF DPODFQU PG NPNFOUVN
SFMBYBUJPO DBVTFE CZ JNQVSJUZ TDBUUFSJOH JT FYUFOEFE UP TZTUFNT XIFSF TQJOPSCJU DPVQMJOH
FČFDUT BSF JODMVEFE BOE B GPSNVMB GPS TQJOSFMBYBUJPO UJNFT JT EFSJWFE
 ćFPSZ PG TQJOPSCJU DPVQMJOH
4QJOPSCJU DPVQMJOH EFOPUFT UIF JOUFSBDUJPO PG B QBSUJDMFhT TQJO XJUI JUT NPUJPO 'SPN B DMBT
TJDBM QPJOU PG WJFX UIJT DBO CF VOEFSTUPPE CZ DPOTJEFSJOH B NPWJOH FMFDUSPO JO BO FMFDUSJD
ĕFMEE " -PSFOU[ USBOTGPSNBUJPO UP UIF GSBNF PG SFGFSFODF PG UIFNPWJOH FMFDUSPO MFBET UP B
NBHOFUJD ĕFMEB ∼ v×E XIJDI DPVQMFT UP UIF NBHOFUJD NPNFOU PG UIF FMFDUSPO )PXFWFS
TQJOPSCJU DPVQMJOH JT B QVSFMZ SFMBUJWJTUJD FČFDU BOE UIFSFGPSF OPU JOIFSFOU JO UIF GSBNF PG
UIF OPOSFMBUJWJTUJD 4DISP¨EJOHFS FRVBUJPO PS FWFO UIF TDBMBS SFMBUJWJTUJD BQQSPBDI ćF BJN

  4QJOPSCJU DPVQMJOH
PG UIJT TFDUJPO JT UP EFSJWF B DPSSFDUJPO UFSN UP UIF 4DISP¨EJOHFS FRVBUJPO DPVQMJOH UIF NBH
OFUJD NPNFOUσ PG UIF FMFDUSPO UP JUT PSCJUBM NPNFOUVNL ćFSFGPSF POF IBT UP TUBSU XJUI
UIF GVMMZ SFMBUJWJTUJD %JSBD FRVBUJPO GPS BO FMFDUSPO JO BO FYUFSOBM TDBMBS QPUFOUJBM V (r) BOE
B WFDUPS QPUFOUJBMA(r)
HΨ(r) = ih̵ ∂
∂t
Ψ(r) = EΨ(r) 	

XJUI UIF )BNJMUPOJBO
H = −eV (r) + βmc2 +α ⋅ [cp + eA(r)] 	

GPS BO FMFDUSPO XJUI DIBSHF −e BOE SFTU NBTTm
ćFαNBUSJY JT B WFDUPS PG 4 × 4NBUSJDFT




DPOTJTUJOH PG UIF 1BVMJ TQJO NBUSJDFT
σx = (0 1
1 0
)  σy = (0 −i
i 0
) BOE σz = (1 0
0 −1)  	

XIJMF β JT B NBUSJY PG TBNF SBOL CVJMU PG 2 × 2 VOJU NBUSJDFT I2
β = (I2 0
0 −I2)  	

ćF FJHFOGVODUJPOTΨ(r) PG 	




BOE UIF UXPDPNQPOFOU WFDUPST ψ(r) BOE ξ(r) BSF DBMMFE MBSHF BOE TNBMM DPNQPOFOU PG
UIF XBWF GVODUJPO *OTFSUFE JOUP FR 	
 BOE VTJOH FR 	
 UXP EJČFSFOUJBM FRVBUJPOT
DPVQMJOH UIF MBSHF BOE TNBMM DPNQPOFOU BSF PCUBJOFE
(E − 2mc2 + eV (r))ψ(r) = α ⋅ (cp + eA(r)) ξ(r) 	
(E + 2mc2 + eV (r)) ξ(r) = α ⋅ (cp + eA(r))ψ(r)  	

" TVCTUJUVUJPO PG FR 	
 JO FR 	
 BMMPXT UP GPSNVMBUF BO FRVBUJPO GPS UIF MBSHF DPN
QPOFOU BMTP EFOPUFE BT 1BVMJFRVBUJPO 'PS OPONBHOFUJD TZTUFNT UIF WFDUPS QPUFOUJBM
A(r) = 0 WBOJTIFT 'VSUIFSNPSF JO UIF OPOSFMBUJWJTUJD MJNJU JF v ≪ c UIF 1BVMJFRVBUJPO
SFEVDFT UP UIF 4DISP¨EJOHFS FRVBUJPO CVU XJUI UIF BEEJUJPOBM UFSN
eh̵
4 (M(r)c)2σ ⋅ (∇V (r) × p)  	

 &WBMVBUJPO PG UIF TQJOPSCJU )BNJMUPOJBO 
DPNQSJTJOH UIF DPVQMJOH PG UIF FMFDUSPO TQJO UP UIF DSPTTQSPEVDUE×p )FSF UIF SFMBUJWJTUJD
NBTTM(r) FOUFST JOTUFBE PG UIF SFTU NBTTm "O FYQSFTTJPO GPSM(r) XJMM CF HJWFO JO UIF
GPMMPXJOH TFDUJPO  FR 	

ćFO UIF GPMMPXJOH USBOTGPSNBUJPO











JT WBMJE BOE MFBET UP UIF TPVHIUBęFS DPVQMJOH PG UIF FMFDUSPO TQJO UP JUT PSCJUBM NPNFOUVN
L %FĕOJUJPO PG UIF TQJO PQFSBUPS S = σ/2 ZJFMET UIF DPSSFDUJPO UFSN
VSOC = eh̵
2 (M(r)c)2 1r dV (r)dr L ⋅ S  	

QSPWJEFE UIBU UIF QPUFOUJBM JT TQIFSJDBM TZNNFUSJD V (r) = V (r) ćJT UFSN JT BEEFE UP UIF
OPOSFMBUJWJTUJD PS UIF TDBMBS SFMBUJWJTUJD )BNJMUPOJBO HSRA SFTQFDUJWFMZ BOE JT PęFO BMTP
EFOPUFE BT TQJOPSCJU )BNJMUPOJBO HSOC ćFO UIF DPSSFDUJPO UP UIF FOFSHZ JT PCUBJOFE
XJUIJO ĕSTU PSEFS QFSUVSCBUJPO UIFPSZ
*O QSJODJQMF UIF QPUFOUJBM DPNQSJTFT DPOUSJCVUJPOT PG BMM PUIFS FMFDUSPOT XJUIJO UIF BUPN BT
XFMM BT UIF QPUFOUJBM DBVTFE CZ UIF OVDMFVT *O PSEFS UP TJNQMJGZ DBMDVMBUJPOT UIJT QPUFOUJBM
JT SFQMBDFE CZ B NFBOĕFME QPUFOUJBM XIJDI JT GPVOE EVSJOH DBMDVMBUJPO FH XJUIJO EFOTJUZ
GVODUJPOBM UIFPSZ ćF FYBDU USFBUNFOU PG UIF QPUFOUJBM JO UIJT UIFTJT XJMM CF TLFUDIFE JO
TFDUJPO  ćF TUSPOHFTU JOĘVFODF PO UIF TQJOPSCJU JOUFSBDUJPO DPNFT GSPN UIF TUSPOH
OVDMFBS ĕFME XIPTF EFSJWBUJWF DMPTF UP UIF DPSF CFIBWFT BT 1/r dV /dr ∼ −Z ∣e∣/r3 UIF EF
QFOEFODF PO UIF BUPNJD OVNCFS Z JT BMTP UIF SFBTPO XIZ UIF JOĘVFODF PG TQJOPSCJU DPV
QMJOH JT TUSPOHFS JO IFBWZ BUPNT
*O UIF EFSJWBUJPO PG FR 	
 UIF EFĕOJUJPO PG UIF BOHVMBS NPNFOUVN L = r ×p IBT CFFO
VTFE *O UIF BCPWF GPSN JU CFDPNFT FWJEFOU UIBU sFMFDUSPOT EP OPU DPOUSJCVUF UP TQJOPSCJU
DPVQMJOH ćF QPTJUJWF TJHO PG UIF PQFSBUPS L ⋅ S JOEJDBUFT UIBU TQJO BOE PSCJUBM NPNFOU
QSFGFS UP PSJFOU BOUJQBSBMMFMZ HJWJOH SJTF UP )VOEhT SVMF
"MUIPVHI UIF TQJOPSCJU)BNJMUPOJBO JT QSPQPSUJPOBM UPL pFMFDUSPOT FYQFSJFODF B TUSPOHFS
TQJOPSCJU DPVQMJOH UIBO d PS f FMFDUSPOT TJODF UIF pXBWFGVODUJPO IBT B MBSHFS BNQMJUVEF
DMPTF UP UIF OVDMFVT 	UIF XBWFGVODUJPOT PG BOHVMBS NPNFOUVN l TUBSU PČ BT ∼ rl
 XIFSF
UIF FČFDU PG TQJOPSCJU DPVQMJOH JT MBSHFTU 	DBVTFE CZ UIF QSPQPSUJPOBMJUZ PG UIF TQJOPSCJU
DPVQMJOH )BNJMUPOJBO UP 1/r3

'PS GVSUIFS JOGPSNBUJPO XF SFGFS UP <> PS UP BOZ CPPL PO RVBOUVN NFDIBOJDT FH UIF
CPPLT CZ 3PTF <>
 &WBMVBUJPO PG UIF TQJOPSCJU )BNJMUPOJBO
ćF TQJOPSCJU QPUFOUJBM VSOC BT EFĕOFE JO FR 	
 JT DPNQPTFE PG B GBDUPS
ξ(r) = eh̵
2M(r)2c2 1r dV (r)dr  	

  4QJOPSCJU DPVQMJOH
BMTP DBMMFE UIF TQJOPSCJU DPVQMJOH QBSBNFUFS BOE UIF UFSN L ⋅ S 8IFSFBT UIF QBSBNFUFS
ξ(r) EFUFSNJOFT UIF TUSFOHUI PG UIF TQJOPSCJU DPVQMJOH UIF UFSN L ⋅ S BDDPVOUT GPS UIF
DPVQMJOH PG UIF PSCJUBM NPNFOUB UP UIF TQJO *O PSEFS UP JODMVEF UIF UFSN VSOC JO UIF ,,3
GPSNBMJTN XF XSJUF FR 	
 JO NBUSJY OPUBUJPO
(V ↑↑SOC(r) V ↑↓SOC(r)
V ↓↑SOC(r) V ↓↓SOC(r)) = ξ(r)
⎛⎝(L ⋅ S)
↑↑ (L ⋅ S)↑↓(L ⋅ S)↓↑ (L ⋅ S)↓↓⎞⎠  	

XIFSF ↑ BOE ↓ EFOPUF UIF TQJO EJSFDUJPOT *O UIF GPMMPXJOH XF XJMM ĕSTU NBLF TPNF SFNBSLT
PO UIF DPVQMJOH DPOTUBOU ξ(r) CFGPSF FWBMVBUJOH UIF L ⋅ SNBUSJY ćF FWBMVBUJPO XJMM CF
DBSSJFE PVU JO UIF CBTJT PG UIF SFBM TQIFSJDBM IBSNPOJDT
⎛⎝(L ⋅ S)
↑↑
LL′ (L ⋅ S)↑↓LL′(L ⋅ S)↓↑LL′ (L ⋅ S)↓↓LL′
⎞⎠ = 12 ⟨YL(rˆ) ∣(Lz L−L+ −Lz)∣YL′(rˆ)⟩  	

 ćF TQJOPSCJU DPVQMJOH QBSBNFUFS ξ(r)
"T BMSFBEZ NFOUJPOFE JO UIF JOUSPEVDUJPO JO QSJODJQMF UIF QPUFOUJBM V (r) FOUFSJOH JO UIF
TQJOPSCJU DPVQMJOH DPNQSJTFT UIF DPOUSJCVUJPOT PG BMM PUIFS FMFDUSPOT BT XFMM BT UIF OVDMFVT
)PXFWFS GPS B QSBDUJDBM FWBMVBUJPO POMZ UIF TQIFSJDBMMZ TZNNFUSJD DPNQPOFOU PG UIFNFBO
ĕFME QPUFOUJBM JT UBLFO #PUI BQQSPYJNBUJPOT MFBE UP SFMBUJWFMZ HPPE SFTVMUT TJODF TQJOPSCJU
DPVQMJOH JT TUSPOH JO UIF SFHJPO DMPTF UP UIF OVDMFVT BOE OFHMJHJCMZ XFBL JO UIF JOUFSTUJUJBM
SFHJPO XIFSF OPOTQIFSJDBM UFSNT BQQFBS 	TFF ĕHVSF  JO DIBQUFS 
*O PSEFS UP DBMDVMBUF UIF EFSJWBUJWF PG UIF TQIFSJDBM QPUFOUJBM dV (r)/dr BU r UIF QPUFOUJBM JT
TQMJU JOUP UXP QBSUT
V (r) = V (r)e−e + V (r)Z−e 	

ćJT JT VTFGVM TJODF UIF DPOUSJCVUJPO DPNJOH GSPN UIF JOUFSBDUJPO PG UIF OVDMFVT XJUI UIF
FMFDUSPOT V (r)Z−e JT LOPXO BOBMZUJDBMMZ
V˜Z−e(r) = ⎧⎪⎪⎨⎪⎪⎩
−2Zr GPS r ≥ RN− 3ZRN + Zr2R3N GPS r < RN 	

XIFSF RN JT UIF SBEJVT PG UIF OVDMFVT BQQSPYJNBUFE CZ <>




)FSF A JT UIF UPUBM OVNCFS PG OVDMFPOT 	QSPUPOT BOE OFVUSPOT
 DPOUBJOFE JOTJEF UIF OV
DMFVT XIJDI JT BTTVNFE UP IBWF B IPNPHFOFPVT DIBSHF EJTUSJCVUJPO
"EEJUJPOBMMZ JO FR 	
 XF IBWF VTFE UIF EFĕOJUJPO PG V˜ (r) UIF QPUFOUJBM EJWJEFE CZ UIF






r2 GPS r ≥ RN
2Zr
R3N
GPS r < RN 	

 &WBMVBUJPO PG UIF TQJOPSCJU )BNJMUPOJBO 
ćF EFSJWBUJWF PG UIF FMFDUSPOJD QBSU IBT UP CF DBMDVMBUFE OVNFSJDBMMZ BOE JT TJNQMZ DBMDV





(V (ri+1) − V (ri)
ri+1 − ri + V (ri) − V (ri−1)ri − ri−1 )  	

XIFSF ri BSF UIF SBEJBM QPJOUT PO XIJDI UIF QPUFOUJBM JT EFĕOFE JO UIF DPEF *OTJEF UIF OV
DMFBS SBEJVT UIF FMFDUSPOJD QBSU PG UIF QPUFOUJBM JT NVDI TNBMMFS UIBO UIF ĕSTU DPOUSJCVUJPO
XIFSFBT JU CFDPNFT JNQPSUBOU GPS JODSFBTJOH r
*O UIF FWBMVBUJPO PG ξ(r) UIF SFMBUJWJTUJD NBTT M(r) IBT UP CF JODMVEFE UBLJOH UIF NBTT
FOIBODFNFOU DMPTF UP UIF DPSF JOUP BDDPVOU 8JUI UIF BCPWF DPOTJEFSBUJPOT BCPVU UIF QP
UFOUJBMM(r) CFDPNFT
M(r) =m + 1
2c2




ćFO VTJOH BUPNJD VOJUT e2/2 = 2me = h̵ = 1 UIF TQJOPSCJU DPVQMJOH DPOTUBOU SFTVMUT JO
ξ(r) = 1
M(r)2c2 1r dV˜ (r)dr  	

 &WBMVBUJPO PG L ⋅ S JO UFSNT PG SFBM TQIFSJDBM IBSNPOJDT
ćF UFSN L ⋅ S DBO CF EFDPNQPTFE BDDPSEJOH UP
L ⋅ S = LxSx +LySy +LzSz  	

&YQMPJUJOH UIF EFĕOJUJPOT PG UIF MBEEFS PQFSBUPST
L± = Lx ± iLy 	

S± = Sx ± iSy  	

UIF BCPWF EFDPNQPTJUJPO DBO CF XSJUUFO BT
L ⋅ S = 1
2
(L+S− +L−S+) +LzSz  	

ćF zDPNQPOFOU PG UIF TQJO PQFSBUPS NFBTVSFT UIF EJSFDUJPO PG UIF TQJO UIVT








XIFSF ∣↑⟩ BOE ∣↓⟩ EFOPUF FJHFOTUBUFT PG UIF TQJO PQFSBUPS XJUI TQJO PSJFOUFE JO hVQh BOE
hEPXOhEJSFDUJPO SFTQFDUJWFMZ
0O UIF DPOUSBSZ UP Sz  UIF PQFSBUPST S+ BOE S− DIBOHF UIF TQJO TUBUF BDDPSEJOH UP
S− ∣↑⟩ = ∣↓⟩  S− ∣↓⟩ = 0  	

S+ ∣↓⟩ = ∣↑⟩  S+ ∣↑⟩ = 0 	

  4QJOPSCJU DPVQMJOH
*O NBUSJYGPSN FRVBUJPO 	
 DBO UIFO CF SFXSJUUFO BT
⎛⎝(L ⋅ S)




L+ −Lz )  	

XIFSF JO UIF CBTJT TFU PG TQIFSJDBM IBSNPOJDT L+ L− BOE Lz BSF NBUSJDFT PG UIF TJ[F 2l + 1
'PS UIF FWBMVBUJPO XJUIJO UIF ,,3GPSNBMJTN XF SFRVJSF UIF BCPWF NBUSJY JO UIF CBTJT TFU
PG UIF SFBM TQIFSJDBM IBSNPOJDT EFOPUFE XJUI YL(rˆ)
⎛⎝(L ⋅ S)
↑↑
LL′ (L ⋅ S)↑↓LL′(L ⋅ S)↓↑LL′ (L ⋅ S)↓↓LL′
⎞⎠ = 12 ⟨YL(rˆ) ∣(Lz L−L+ −Lz)∣YL′(rˆ)⟩  	

)PXFWFS XF TUBSU XJUI UIF FWBMVBUJPO PG UIF L ⋅ SNBUSJY JO DPNQMFY TQIFSJDBM IBSNPOJDTYL(rˆ) = Ylm(rˆ) TJODF UIFZ BSF FJHFOGVODUJPOT UP UIF LzPQFSBUPS BOE BMTP TJNQMJGZ UIF
BQQMJDBUJPO PG UIF MBEEFS PQFSBUPST
ćF QSPKFDUJPO ⟨Ylm∣Lz ∣Yl′m′⟩ JT EJBHPOBM JF⟨Ylm∣Lz ∣Yl′m′⟩ = δll′δmm′m 	

PS XSJUUFO JO NBUSJY OPUBUJPO
⟨Ylm∣Lz ∣Ylm′⟩ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−l 0 ⋯ 0
0 −l + 1 ⋯⋱⋮ 0 ⋮⋱⋯ l − 1 0




ćF MBEEFS PQFSBUPSTL+ BOEL− DIBOHFm UIVT UIF zDPNQPOFOU PG UIF BOHVMBSNPNFOUVN
GPMMPXJOH









4l − 2 ⋱ ⋱⋮ √l(l + 1) ⋮⋱ √
4l − 2 0










2l 0 ⋯ 0
0 0
√
4l + 2 ⋱ ⋱⋮ √l(l + 1) ⋮⋱ ⋱ √









*O PSEFS UP DBMDVMBUF UIF BDUJPO PG UIF UISFF PQFSBUPST Lz  L+ BOE L− PO UIF TFU PG CBTJT
GVODUJPOT PG SFBM TQIFSJDBM IBSNPOJDT UIF USBOTGPSNBUJPO PG DPNQMFY TQIFSJDBM IBSNPOJDT
UP SFBM TQIFSJDBM IBSNPOJDT JT SFRVJSFE $IPPTJOHm > 0 JU JT
Yl,−m = i√
2





[Yl,−m + (−1)mYlm]  m > 0
ćF JOWFSTF USBOTGPSNBUJPO ZJFMEJOH UIF DPNQMFY TQIFSJDBM IBSNPOJDT BT MJOFBS DPNCJOB
UJPOT PG UIF SFBM TQIFSJDBM IBSNPOJDT JT HJWFO CZ
Yl,−m = 1√
2





[Yl,m + iYl,−m]  m > 0
" EFUBJMFE EFSJWBUJPO PG UIF BDUJPO PG Lz BOE UIF MBEEFS PQFSBUPST L+ BOE L− PO UIF SFBM
TQIFSJDBM IBSNPOJDT DBO CF GPVOE JO "QQFOEJY #
*OTFSUJOH UIF SFTVMUT PG "QQFOEJY # JOUP FR 	
 BMMPXT UP PCUBJO UIF TQJOPSCJU DPVQMJOH
NBUSJY L ⋅ S JO UIF BQQSPQSJBUF CBTJT TFU PG SFBM TQIFSJDBM IBSNPOJDT
*O QSJODJQMF BOPUIFS NVDI FBTJFS XBZ DBO CF DIPTFO ćF L ⋅ SNBUSJY DPVME CF FWBMVBUFE
JO UIF SFMBUJWJTUJD κμCBTJT TFU EFĕOFE BT
κ = { l GPS j = l − 12−l − 1 GPS j = l + 12 BOE 	

μ = Lz + Sz  	

XIFSF j(j+1) JT UIF FYQFDUBUJPO WBMVF PG UIF TRVBSFE UPUBM BOHVMBS NPNFOUVN PQFSBUPS *O
UIJT CBTJT TFU UIF L ⋅SNBUSJY JT EJBHPOBM <> BOE DBO CF TVCTFRVFOUMZ USBOTGPSNFE UP UIF
CBTJT TFU PG SFBM TQIFSJDBM IBSNPOJDT )PXFWFS JO UIF QSFTFODF PG OPOTQIFSJDBM QPUFOUJBMT
UIF κμSFQSFTFOUBUJPO EPFT OPU IBWF BO JNQPSUBOU BEWBOUBHF BOZ NPSF
  4QJOPSCJU DPVQMJOH
 4QJOPSCJU DPVQMJOH JO ,,3 GPSNBMJTN
 ćF TQJOEFQFOEFOU -JQQNBOO4DIXJOHFS FRVBUJPO
5BLJOH TQJOPSCJU DPVQMJOH JOUP BDDPVOU UIF XBWFGVODUJPO CFDPNFT TQJOEFQFOEFOU(ψ↑(r;E), ψ↓(r;E))T BOE JT DBMDVMBUFE BT B QFSUVSCBUJPO PG UIF TQIFSJDBM TPMVUJPO PG UIF
TZTUFN XJUIPVU TQJOPSCJU DPVQMJOH DIBSBDUFSJ[FE CZ ψ↑0(r;E) ψ↓0(r;E) G↑↑0 (r, r′;E) BOE






+ ∫ d3r′ (G↑↑0 (r, r′) 0






JT TPMWFE XIJDI JT JEFOUJDBM UP UIF TPMVUJPO PG UIF GVMMQPUFOUJBM QSPCMFN FR 	
 BT EF
TDSJCFE JO DIBQUFS  TFDUJPO  5P TJNQMJGZ UIF OPUBUJPO UIF EFQFOEFODF PG UIF XBWFGVOD
UJPO BOE UIF (SFFO GVODUJPO PO UIF FOFSHZ E JT PNJUUFE
ćF QFSUVSCBUJPO QPUFOUJBM JT UIF TQJOPSCJU DPSSFDUJPO UFSN VSOC BT EFĕOFE JO FR 	

XIJDI DPVQMFT UIF UXP TQJO DPNQPOFOUT *G GVMMQPUFOUJBM DBMDVMBUJPOT BSF QFSGPSNFE UIF
OPOTQIFSJDBM DPNQPOFOUT ΔV ↑↑non−sph.(r) BOE ΔV ↓↓non−sph.(r) PG UIF QPUFOUJBM BSF BEEFE UP
UIF UFSNT EJBHPOBM JO TQJO TQBDF UP UIF QFSUVSCBUJPO )BNJMUPOJBO ćFSFGPSF VSOC JT SF
QMBDFE CZΔV JO FR 	
 XIJDI JT EFĕOFE BT
(ΔV (r)↑↑ ΔV (r)↑↓
ΔV (r)↓↑ ΔV (r)↓↓) =
(VSOC(r)↑↑ VSOC(r)↑↓
VSOC(r)↓↑ VSOC(r)↓↓) + (ΔV
↑↑
non−sph.(r) 0
0 ΔV ↓↓non−sph.(r))  	

'PS OPONBHOFUJD TZTUFNT UIF FRVBMJUZ ΔV ↑↑non−sph.(r) = ΔV ↓↓non−sph.(r) IPMET *O UIF GPM









ψ↓0(r)) = ( 0ψ↓0(r))  	

ćF UPUBM XBWFGVODUJPOT JF UIF TPMVUJPOT PG UIF -JQQNBOO4DIXJOHFS FRVBUJPO 	
 XJUI
JODPNJOH XBWF JO VQ EJSFDUJPO 	




*O B OPONBHOFUJD TZTUFN ψ↑0(r;E) BOE ψ↓0(r;E) 	PSG↑↑0 (r, r′;E) BOEG↓↓0 (r, r′;E) SFTQFDUJWFMZ
 BSF FWFO
UIF TBNF





GPS BO JODPNJOH XBWF JO EPXO EJSFDUJPO







+ ∫ d3r′ (G↑↑0 (r, r′) 0
0 0
)(ΔV ↑↑(r′) ΔV ↑↓(r′)




ψ↓↓(r)) = ( 0ψ↓0(r))
+ ∫ d3r′ (0 0
0 G↓↓0 (r, r′))(ΔV
↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′))(ψ↑↓(r′)ψ↓↓(r′))  	

ćF BCPWF UXP FRVBUJPOT BSF OPU POMZ WBMJE GPS UIF XBWFGVODUJPOT (ψ↑↑(r), ψ↓↑(r))T BOE(ψ↑↓(r), ψ↓↓(r))T  CVU DBO CF BOBMPHPVTMZ GPSNVMBUFE GPS UIF CBTJT GVODUJPOT UIF SFHVMBS
TPMVUJPOT PG UIF 4DISP¨EJOHFS FRVBUJPO R↑nL (r) BOE R↓nL (r)
.FSHJOH UIF UXP FRVBUJPOT 	
 BOE 	
 JOUP POF NBUSJY FRVBUJPO BOE SFQMBDJOH UIF
GVMM XBWFGVODUJPOT XJUI UIF SFHVMBS XBWFGVODUJPOT BT FYQMBJOFE BCPWF XF PCUBJO UIF GVMM
-JQQNBOO4DIXJOHFS FRVBUJPO
(R↑↑L (r) R↑↓L (r)
R↓↑L (r) R↓↓L (r)) = (
R0,↑L (r) 0
0 R0,↓L (r))
+ ∫ d3r′ (G↑↑0 (r, r′) 0
0 G↓↓0 (r, r′))(ΔV
↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′))(R
↑↑
L (r′) R↑↓L (r′)
R↓↑L (r′) R↓↓L (r′)) 	

GPS UIF SFHVMBS XBWFGVODUJPOT
*O PSEFS UP TPMWF UIJT FRVBUJPO JU JT IFMQGVM UP FYQBOE UIF WBSJBCMFT Gσσ0 (r, r′) ΔV σσ′(r)
BOE Rσσ′L (r) JO UFSNT PG TQIFSJDBM IBSNPOJDT YL(rˆ)


























"T XF TUBSU GSPN UIF TQIFSJDBM TPMVUJPO PG UIF IPTU TZTUFN Gσσ0,L′(r, r′) = Gσσ0,l′(r, r′) BOE UIF SFHVMBS XBWF
GVODUJPOTR0,↑(↓)L′L (r) BSF EJBHPOBM JO L
  4QJOPSCJU DPVQMJOH
*OTFSUJOH UIF BCPWF FYQSFTTJPOT JO UIF -JQQNBOO4DIXJOHFS FRVBUJPO 	
 B TZTUFN PG




R↓↑L′L(r) R↓↓L′L(r)) = ∑L′ YL′(rˆ) [(
R0,↑L′L(r)δL′L 0
0 R0,↓L′L(r)δL′L)+
∫ d3r′ (G↑↑0,l′(r, r′) 00 G↓↓0,l′(r, r′))YL′(rˆ′)∑L′′ YL′′(rˆ′)(ΔV
↑↑
L′′(r′) ΔV ↑↓L′′(r′)




R↓↑L′′′L(r′) R↓↓L′′′L(r′))]  	

ćF MJOFBS JOEFQFOEFODF PG UIF TQIFSJDBM IBSNPOJDT YL′(rˆ) BMMPXT UP PNJU UIF TVNNBUJPO
PWFS L′ BOE UIF BCPWF FRVBUJPO DBO CF TJNQMJĕFE UP
(R↑↑L′L(r) R↑↓L′L(r)














ćF JOUFHSBM PWFS UIF BOHVMBS QBSU ∫ dΩ′ YL′(rˆ′)YL′′(rˆ′)YL′′′(rˆ′) DBO CF JEFOUJĕFE XJUI
UIF (BVOU DPFďDJFOUT CL′L′′′L′′ 	TFF FR 	










R↓↑L′L(r) R↓↓L′L(r)) = (
R0,↑L′L(r)δL′L 0
0 R0,↓L′L(r)δL′L)
+ ∫ r′2dr′ (G↑↑0,l′(r, r′) 00 G↓↓0,l′(r, r′))
∑
L′′′
(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)





ćF BCPWF FRVBUJPO DPNQSJTFT POMZ B POFEJNFOTJPOBM JOUFHSBM PWFS r′ JOTUFBE PG UIF UISFF
EJNFOTJPOBM JOUFHSBM JO FR 	
 BOE JT TPMWFE JUFSBUJWFMZ ćF QSPDFEVSF GPMMPXFE JO UIJT
XPSL XJMM CF TLFUDIFE JO UIF OFYU QBSBHSBQI
aQHmiBQM Q7 i?2 GBTTKMM@a+?rBM;2` 2[miBQM 7Q` i?2 `2;mH` rp27mM+iBQMb
'PS UIF TPMVUJPO PG UIF -JQQNBOO4DIXJOHFS FRVBUJPO 	
 GPS UIF SFHVMBS XBWFGVODUJPOT
 4QJOPSCJU DPVQMJOH JO ,,3 GPSNBMJTN 
UIF SBEJBM (SFFO GVODUJPO PG UIF TQIFSJDBM QPUFOUJBM G↑↑(↓↓)0,l (r, r′) JT FYQSFTTFE JO UFSNT PG
UIF LOPXO SBEJBM TPMVUJPOT R0l (r) BOEH0l (r)
G
↑↑(↓↓)
0,l (r, r′) = −i√ER0,↑(↓)l (r<)H0,↑(↓)l (r>) 	

XJUI
r> =max(r, r′) BOE r< =min(r, r′) 	

ćJT MFBET UP B EFDPNQPTJUJPO PG UIF SFHVMBS XBWFGVODUJPOT
(R↑↑L′L(r) R↑↓L′L(r)





















(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)














(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)
ΔV ↓↑L′L′′′(r′) ΔV ↓↓L′L′′′(r′))(
R↑↑L′′′L(r′) R↑↓L′′′L(r′)





 DBO OPX CF TPMWFE JUFSBUJWFMZ TUBSUJOH GSPN UIF TQIFSJDBM
TPMVUJPO XJUIPVU TQJOPSCJU DPVQMJOH
(R↑↑L′L(r) R↑↓L′L(r)
R↓↑L′L(r) R↓↓L′L(r)) = (
R0,↑L′L(r)δL′L 0
0 R0,↓L′L(r)δL′L)  	

ćF JUFSBUJPO TDIFNF EFTDSJCFE BCPWF JT UIF TPDBMMFE 'SFEIPMNNFUIPE <> "OPUIFS XBZ
UP TPMWF UIF FRVBUJPOT ZJFMEJOH UIF TBNF SFTVMUT NBLFT VTF PG UIF 7PMUFSSB NFUIPE <>
_2HiBQM iQ i?2 Δt@Ki`Bt 0ODF UIF NBUSJDFT A BOE B BSF LOPXO UIF DPSSFDUJPO UP
UIF BUPNJD TDBUUFSJOH NBUSJY Δtσσ′ DBO CF DBMDVMBUFE ćF DVSSFOU QBSBHSBQI EFBMT XJUI
FTUBCMJTIJOH B SFMBUJPO PG UIFΔtNBUSJY UP UIF NBUSJDFTA BOEB
0VUTJEF UIF SBOHF PG UIF QPUFOUJBM GPS r > rmax UIF TFDPOE UFSN PG FRVBUJPO 	
 CFDPNFT
[FSP (A↑↑L′L(r) A↑↓L′L(r)















0 H0,↓L′L(r)δL′L)  	

" DPNQBSJTPO PG UIF MBTU FRVBUJPO XJUI UIF EFĕOJUJPO PG UIF ΔtNBUSJY 	TFF FR 	
 GPS
UIF "4" PS FR 	
 GPS UIF DBTF PG B GVMM QPUFOUJBM
Δt DBO CF JEFOUJĕFE BT
(Δt↑↑L′L(E) Δt↑↓L′L(E)
Δt↓↑L′L(E) Δt↓↓L′L(E)) = i√E (
B↑↑L′L(S) B↑↓L′L(S)
B↓↑L′L(S) B↓↓L′L(S))  	

)FODF BDDPSEJOH UP FR 	
Δt DBO CF FYQMJDJUMZ DBMDVMBUFE BT
(Δt↑↑L′L(E) Δt↑↓L′L(E)







(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)
ΔV ↓↑L′L′′′(r′) ΔV ↓↓L′L′′′(r′))(
R↑↑L′′′L(r′) R↑↓L′′′L(r′)
R↓↑L′′′L(r′) R↓↓L′′′L(r′))  	

 ćF TQJOPS XBWFGVODUJPOT JODMVEJOH TQJOPSCJU DPVQMJOH
*O UIF QSFTFODF PG TQJOPSCJU JOUFSBDUJPO UIF kEFQFOEFOU XBWFGVODUJPO BT EFĕOFE JO
FR 	
 IBT UP CF HFOFSBMJ[FE UP
(ψ↑k(r +Rn;E)
ψ↓k(r +Rn;E)) = ∑L c↑nkL (
R↑↑nL (r;E)
R↓↑nL (r;E)) +∑L c↓nkL (
R↑↓nL (r;E)
R↓↓nL (r;E))  	

)FODF JU CFDPNFT B TQJOPS XJUI UIF UXP DPNQPOFOUT ψ↑k(r +Rn;E) BOE ψ↓k(r +Rn;E)
XIJDI BSF SFGFSSFE UP BT TQJOVQ BOE TQJOEPXO DPNQPOFOUT
*O UIF BCPWF FYQBOTJPO 	
 UIF SBEJBM XBWFGVODUJPO
R↑nL (r;E) = (R↑↑nL (r;E)R↓↑nL (r;E)) 	









R↓nL (r;E) = (R↑↓nL (r;E)R↓↓nL (r;E)) 	

 ćF DPFďDJFOUT cn,↑kL BOE c
n,↓
kL 
JT UIF TQJOPS XBWFGVODUJPO PG BO JODPNJOH XBWF POMZ DPNQSJTJOH B TQJO EPXO DPNQPOFOU
SFTQFDUJWFMZ
( 0
jL(r;E)) = jL(√Er)YL(rˆ)(01)  	

*O FR 	
 UIF TFDPOE TQJO JOEFY EFOPUFT UIF CPVOEBSZ DPOEJUJPO UIVT UIF TQJO TUBUF PG
UIF JODPNJOH XBWF XIJMF UIF ĕSTU JOEFY SFGFST UP UIF TDBUUFSFE PVUHPJOH XBWF




ψ↓k(r +Rn;E)) = ∑LL′ [c↑nkL (
R↑↑nL′L(r;E)




PS SFXSJUJOH UIF XBWFGVODUJPOT JO NBUSJDFT
(ψ↑k(r +Rn;E)







"HBJO BT GPS UIF TQJO JOEFY JO FR 	
 UIF TFDPOE JOEFY L JOEJDBUFT UIF CPVOEBSZ DPO
EJUJPO UIVT UIF PSCJUBM NPNFOUVN PG UIF JODPNJOH XBWF XIJMF UIF ĕSTU JOEFY L′ SFGFST UP
UIF TDBUUFSFE PVUHPJOH XBWF




*O PSEFS UP FWBMVBUF UIF GVMM TQJOEFQFOEFOU #MPDI XBWFGVODUJPO JODMVEJOH TQJOPSCJU DPV
QMJOH
(ψ↑k(r)
ψ↓k(r)) = ∑L c↑nkL (
R↑↑nL (r)
R↓↑nL (r)) +∑L c↓nkL (
R↑↓nL (r)
R↓↓nL (r))  	

OPU POMZ UIF SFHVMBS XBWFGVODUJPOT XIPTF DBMDVMBUJPO IBT CFFO EFTDSJCFE JO UIF QSFWJPVT
TFDUJPO CVU BMTP UIF DPFďDJFOUT cn,↑kL BOE c
n,↓
kL BSF OFFEFE ćFZ DBO CF FWBMVBUFE VTJOH UIF
-JQQNBOO4DIXJOHFS FRVBUJPO GPS UIF GVMM XBWFGVODUJPO 	
 "T SFGFSFODF TZTUFN XF
DIPPTF JO BOBMPHZ UP UIF EFSJWBUJPO PG UIF DPFďDJFOUT XJUIPVU TQJOPSCJU DPVQMJOH JO TFDUJPO
 UIF TZTUFN PG SFQVMTJWF QPUFOUJBM EFĕOFE JO TFDUJPO  6OEFS UIFTF DPOEJUJPOT UIF
-JQQNBOO4DIXJOHFS FRVBUJPO JT IPNPHFOFPVT BOE SFEVDFT UP
(ψ↑(r)
ψ↓(r)) = ∫ d3r′ (G
↑↑
0 (r, r′) 0
0 G↓↓0 (r, r′))(ΔV
↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′))(ψ↑(r′)ψ↓(r′))  	

  4QJOPSCJU DPVQMJOH





[c↑nkL′ (R↑↑nLL′(r)R↓↑nLL′(r)) + c↓nkL′ (
R↑↓nLL′(r)
R↓↓nLL′(r))]YL(rˆ) = ∑L YL(rˆ)[
∫ d3r′ (G↑↑0,l(r, r′) 00 G↓↓0,l(r, r′))YL(rˆ′)∑L′ YL′(rˆ′)(ΔV
↑↑
L′ (r′) ΔV ↑↓L′ (r′)
ΔV ↓↑L′ (r′) ΔV ↓↓L′ (r′))
∑
L′′L′′′









YL′(rˆ′)(ΔV ↑↑L′ (r′) ΔV ↑↓L′ (r′)
ΔV ↓↑L′ (r′) ΔV ↓↓L′ (r′))
∑
L′′L′′′





)FSF UIF ĕSTU UFSN PO UIF SJHIU TJEF SFTVMUT GSPN UIF TJOHMFTJUF TDBUUFSJOH XIFSFBT UIF TFD
POE UFSN JT UIF CBDLTDBUUFSJOH UFSN Gσσ′LL′ JT UIF TUSVDUVSBM (SFFO GVODUJPO PG UIF SFGFSFODF
TZTUFN XIJDI EPFT OPU JNQMZ TQJOPSCJU DPVQMJOH "T JO UIF EFSJWBUJPO JO TFDUJPO 
UIF TVNNBUJPO PWFS L DBO CF PNJUUFE 'PS FBDI TVNNBOE UIF JOUFHSBM PWFS UIF TQIFSJDBM
DPPSEJOBUFT SFTVMUT JO UIF (BVOU DPFďDJFOUT BOE XJUI UIF USBOTGPSNBUJPO PG UIF TQJOPSCJU
)BNJMUPOJBO BDDPSEJOH UP 	
 UIF BCPWF FRVBUJPO ZJFMET
∑
L′
[c↑nkL′ (R↑↑nLL′(r)R↓↑nLL′(r)) + c↓nkL′ (
R↑↓nLL′(r)
R↓↓nLL′(r))] =
∫ r′2dr′ (G↑↑0,l(r, r′) 00 G↓↓0,l(r, r′)) ∑L′′′L′′ (ΔV
↑↑
LL′′′(r′) ΔV ↑↓LL′′′(r′)
ΔV ↓↑LL′′′(r′) ΔV ↓↓LL′′′(r′))









(ΔV ↑↑L′′′′L′′′(r′) ΔV ↑↓L′′′′L′′′(r′)
ΔV ↓↑L′′′′L′′′(r′) ΔV ↓↓L′′′′L′′′(r′))





 ćF DPFďDJFOUT cn,↑kL BOE c
n,↓
kL 
ćF ĕSTU UFSN PO UIF SJHIU TJEF DBO CF TVNNFE VQ XJUI UIF MFę TJEF TJODF UIF SFHVMBS TPMV








) + ∫ r′2dr′ (G↑↑0,l′(r, r′) 00 G↓↓0,l′(r, r′)) ⋅
∑
L′′′
(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)








R0,↓L′L(r)δL′L) + ∫ r′2dr′ (
G↑↑0,l′(r, r′) 0
0 G↓↓0,l′(r, r′)) ⋅
∑
L′′′
(ΔV ↑↑L′L′′′(r′) ΔV ↑↓L′L′′′(r′)





 DBO CF TJNQMJĕFE UP
∑
L′




0 R0↓l (r)G↓↓0,LL′′′′R↓l′′′′(r′)) ⋅
∑
L′′L′′′
(ΔV ↑↑L′′′′L′′′(r′) ΔV ↑↓L′′′′L′′′(r′)
ΔV ↓↑L′′′′L′′′(r′) ΔV ↓↓L′′′′L′′′(r′))[c↑nkL′′ (
R↑↑nL′′′L′′(r′)













































) = 0 	

  4QJOPSCJU DPVQMJOH
ćF BCPWF FRVBUJPO JT UIF ,,3 TFDVMBS FRVBUJPO GPS TZTUFNT JODMVEJOH OPOTQIFSJDBM DPN
QPOFOUT PG UIF QPUFOUJBM BT XFMM BT TQJOPSCJU DPVQMJOH BT JU JT FR 	
 GPS TZTUFNT XJUIPVU
TQJOPSCJU DPVQMJOH *U DBO CF VTFE GPS CBOE TUSVDUVSF DBMDVMBUJPOT BOE GPS UIF DBMDVMBUJPO
PG UIF 'FSNJ TVSGBDF JF UIF kQPJOUT BU UIF 'FSNJ FOFSHZ EF BT XFMM BT UIF DPSSFTQPOEJOH
DPFďDJFOUT (c↑nkL′′ , c↓nkL′′)T 
ćF NFUIPE VTFE UP DBMDVMBUF UIF 'FSNJ TVSGBDF JT UIF TBNF BT BMSFBEZ EFTDSJCFE JO DIBQUFS
 BOE UIF "QQFOEJY TFDUJPOT " BOE  GPS TZTUFNT XJUIPVU TQJOPSCJU DPVQMJOH
*O PSEFS UP PCUBJO UIF ĕOBM DPSSFDUMZ TDBMFE DPFďDJFOUT cn↑kL BOE c
n↓
kL UIF OPSN PG UIF GVMM
XBWFGVODUJPOT NVTU CF DBMDVMBUFE XIJDI JT EJTDVTTFE JO UIF GPMMPXJOH QBSBHSBQI





T *O PSEFS UP OPS
NBMJ[F UIF XBWFGVODUJPOT DPNQSJTJOH BO VQ BOE EPXODPNQPOFOU UIF DPFďDJFOUT cμ↑kL





d3r (∣ψ↑k(r + χμ)∣2 + ∣ψ↓k(r + χμ)∣2) = 1 	

GPS FBDI k XIJDI JT BDIJFWFE CZ DIPPTJOH BO BQQSPQSJBUF QSFGBDUPS PG (cμ↑kL, cμ↓kL)T  "HBJO
XF IBWF ESPQQFE UIF JOEFYn JOEJDBUJOH UIF MBUUJDF TJUF XIJMF JOUSPEVDJOH UIF JOEFYμ XIJDI
BDDPVOUT GPS UIF OVNCFS PG BUPNT Nat JO UIF VOJU DFMM ćF QSPDFEVSF JT TJNJMBS UP UIBU GPM
MPXFE JO UIF DBTF PG UIF GVMM QPUFOUJBM 	TFF DIBQUFS  TFDUJPO 
 )FODF UIF JOUFHSBUJPO JO
FR 	
 IBT UP CF QFSGPSNFE PWFS OPOTQIFSJDBM 8JHOFS4FJU[ DFMMT BOE UIF TIBQFGVODUJPO
Θ(r) IBT UP CF JOUSPEVDFE
Nat∑
μ=1
∫ d3rΘμ(r) (∣ψ↑k(r +χμ)∣2 + ∣ψ↓k(r +χμ)∣2) = 1  	

ćF TRVBSF PG UIF BCTPMVUF WBMVF PG UIF XBWFGVODUJPO ∣ψ↑k(r +χμ)∣2 BOE ∣ψ↓k(r +χμ)∣2 JT






































[cσμ⋆kL′1cσ′μkL′2 (R↑σμ⋆L1L′1(r)R↑σ′μL2L′2(r) +R↓σμ⋆L1L′1(r)R↓σ′μL2L′2(r))] 
	

 &YQFDUBUJPO WBMVFT PG UIF TQJO PQFSBUPST 






































DBMDVMBUFT TJNJMBSMZ UP ρμL1L2 EFTDSJCFE JO TFDUJPO 
'JOBMMZ UIF DPSSFDUMZ TDBMFE DPFďDJFOUT cμ↑kL BOE c
μ↓
kL XIJDI GVMĕMM UIF OPSNBMJ[BUJPO DPOEJ
UJPO 	













]− 12 cμσkL 	

 &YQFDUBUJPO WBMVFT PG UIF TQJO PQFSBUPST
'PS B OVNCFS PG BQQMJDBUJPOT JU JT OFDFTTBSZ UP DBMDVMBUF UIF FYQFDUBUJPO WBMVFT Sxk S
y
k BOE
Szk PG UIF TQJO PQFSBUPST Si i = x, y, z BU UIF #MPDI TUBUFT k 8F XJMM EFBM XJUI UIJT TVCKFDU
IFSF CFDBVTF PG UXP SFBTPOT 'JSTU UIF TDIFNF UP DBMDVMBUF UIFN JT WFSZ TJNJMBS UP UIBU PG UIF
OPSNBMJ[BUJPO PG UIF DPFďDJFOUT XIJDI XBT UIF TVCKFDU PG UIF QSFWJPVT TFDUJPO 4FDPOEMZ
UIF TQJO FYQFDUBUJPO WBMVFT BSF SFRVJSFE GPS UIF EFUFSNJOBUJPO PG UIF DPFďDJFOUT c↑μkL BOE
c↓μkL JO UIF DBTF PG TQJO EFHFOFSBDZ ćF MBUUFS JT FYQMBJOFE JO UIF OFYU TFDUJPO
'PS FBDI QPJOU k PO UIF 'FSNJ TVSGBDF UIF FYQFDUBUJPO WBMVF PG UIF TQJO JT EFUFSNJOFE CZ
S = 1/2h̵ σ JF JO BUPNJD VOJUT 	h̵ = 1

Sxk = 12 ⟨ψk∣σx∣ψk⟩  	

Syk = 12 ⟨ψk∣σy ∣ψk⟩  	

Szk = 12 ⟨ψk∣σz ∣ψk⟩  	





k BOE Szk DBO CF DBMDVMBUFE BDDPSEJOH UP








2 ∫Vμ d3r [ψ↑⋆k (r +χμ)ψ↓k(r +χμ) +ψ↓⋆k (r +χμ)ψ↑k(r +χμ)]  	

  4QJOPSCJU DPVQMJOH








2 ∫Vμ d3r [(−i)ψ↑⋆k (r +χμ)ψ↓k(r +χμ) + iψ↓⋆k (r +χμ)ψ↑k(r +χμ)] 	

BOE








2 ∫Vμ d3r [∣ψ↑k(r +χμ)∣2 − ∣ψ↓k(r +χμ)∣2]  	

*O B NPSF HFOFSBM GPSN UIF BCPWF FRVBUJPOT DBO CF TVCTVNFE UP
Si,μk = 12 ∫Vμ d3r ∑L,L′ [(R
↑↑μ
L (r) R↑↓μL (r)








)(R↑↑μL′ (r) R↑↓μL′ (r)

























d3r (R↑↑μL (r) R↑↓μL (r)





)(R↑↑μL′ (r) R↑↓μL′ (r)
R↓↑μL′ (r) R↓↓μL′ (r)) 	













Stotk = √(Sxk)2 + (Syk)2 + (Szk)2 	

 ćF DPFďDJFOUT ck GPS UIF DBTF PG ,SBNFST EFHFOFSBDZ
*O OPONBHOFUJD TZTUFNT XJUI JOWFSTJPO TZNNFUSZ GPS FYBNQMF JO GDD DPQQFS TJMWFS PS HPME
DSZTUBMT BMM TUBUFT PO UIF 'FSNJ TVSGBDF CFMPOHJOH UP (kF,EF) BSF UXPGPME EFHFOFSBUF *O
 ćF DPFďDJFOUT ck GPS UIF DBTF PG ,SBNFST EFHFOFSBDZ 
UIJT DBTF UIFSF BSF UXP FJHFOGVODUJPOT ψ1k(r) BOEψ2k(r)XIJDI BSF PSUIPHPOBM UP FBDI PUIFS
BOE IBWF PQQPTJUF TQJO FYQFDUBUJPO WBMVFT
⟨ψ1k∣σi∣ψ1k⟩ = − ⟨ψ2k∣σi∣ψ2k⟩  i = x, y, z  	

UIJT JT LOPXO BT ,SBNFST EFHFOFSBDZ )PXFWFS UIF DPFďDJFOUT c1,2kL CFMPOHJOH UP UIF UXP
XBWFGVODUJPOT ψ1k(r) BOE ψ2k(r) EP OPU BMXBZT JOJUJBMMZ GVMĕMM UIF BCPWF DPOEJUJPO TJODF
UIFZ BSF DBMDVMBUFE BT FJHFOWFDUPST PG UIF ,,3NBUSJY 	TFF TFDUJPO 
 VTJOH UIF -BQBDL
SPVUJOF <> ;(&&7 XIJDI DPNQVUFT UIF FJHFOWBMVFT BOE PQUJPOBMMZ UIF MFę BOEPS SJHIU










k )⋆ ⋅ (c2,↑kc2,↓k )]














JG (c1,↑k , c1,↓k )T JT OPSNBMJ[FE ćF PSUIPHPOBMJUZ DBO CF FBTJMZ QSPWFO CZ NVMUJQMZJOH(c˜2,↑k , c˜2,↓k )T XJUI (c1,↑⋆k , c1,↓⋆k ) /PUF UIBU UIF BCPWF PQFSBUJPO EPFT OPU DPOTFSWF UIF OPSN
BOE B OPSNBMJ[BUJPO PG (c˜2,↑k , c˜2,↓k )T JT OFDFTTBSZ
"MUIPVHI UIF XBWFGVODUJPOT ψ1k(r) BOE ψ2k(r) BSF OPX PSUIPHPOBM UIF EFHFOFSBDZ BMMPXT
BOZ MJOFBS DPNCJOBUJPO PG UIF UXP XBWFGVODUJPOT ćF BQQSPQSJBUF MJOFBS DPNCJOBUJPO JT
EFUFSNJOFE CZ UIF QBSUJDVMBS QIZTJDBM QSPCMFN BU IBOE JO FBDI DBTF 'PS UIF QSPCMFN PG
TQJO SFMBYBUJPO UIBU JT JOWFTUJHBUFE JO UIF QSFTFOU UIFTJT UXP UZQFT PG MJOFBS DPNCJOBUJPO
BSF NPTU JOUFSFTUJOH POF UIBU NBYJNJ[FT Szk BOE POF UIBU HJWFT Sxk = Syk = 0 GPS BMM k ćF
UXP DIPJDFT BSF OPU FRVJWBMFOU BOE DPSSFTQPOE UP EJČFSFOU UIPVHI TJNJMBS FYQFSJNFOUBM
TJUVBUJPOT ćF GPSNFS DPOEJUJPO XPVME DPSSFTQPOE UP UIF DSFBUJPO PG B TQJO QPQVMBUJPO CZ
BDUJOH XJUI BO FYUFSOBMBĕFME BMPOH UIF zBYJT XIJDI JT UIFO TXJUDIFE PČ XIJMF UIF MBUUFS
DPSSFTQPOET UP UIF DBTF XIFO FMFDUSPOT XIJDI BSF QPMBSJ[FE FYBDUMZ JO UIF zEJSFDUJPO BSF
JOKFDUFE UP UIF NBUFSJBM GSPN BO FYUFSOBM TPVSDF FH B GFSSPNBHOFU
8F DPOUJOVF OPX UP TFFL B MJOFBS DPNCJOBUJPO PG UIF EFHFOFSBUF DPFďDJFOUT c1k BOE c2k
XIJDI JT DPOTUSVDUFE TVDI UIBU JU GVMĕMMT UIF SFRVJSFE DPOEJUJPOT 5P TJNQMJGZ UIF OPUBUJPO
XF XSJUF
ψ1,2k = R ⋅ c1,2k 	

JOTUFBE PG (ψ1,2↑k (r +χμ)
ψ1,2↓k (r +χμ)) = ∑μ ∑L [(
R↑↑μL (r) R↑↓μL (r)






Si,1,2k = 12 ⟨ψ1,2k ∣σi∣ψ1,2k ⟩ = c1,2†k Σic1,2k  i = x, y, z 	

  4QJOPSCJU DPVQMJOH
GPS UIF TQJO FYQFDUBUJPO WBMVFT 	
 XJUI
Σi = 1
2 ∫ d3r R†σiR  	

ćF DPFďDJFOUT PG UIF MJOFBS DPNCJOBUJPO DBO CF FYQSFTTFE BT
d1,2k = f 1,2k c1k + g1,2k c2k 	

XJUI f 1,2k , g
1,2
k ∈ C BOE ∣f 1,2k ∣2 + ∣g1,2k ∣2 = 1 	





k  FH f 1k DBO CF DIPTFO
UP CF B SFBM OVNCFS %VF UP DPOEJUJPO 	
 XF DBO TFU
f 1k = cos αk2 BOE
g1k = sin αk2 eiβk  	

SFTVMUJOH JO
d1k = cos αk2 c1k + sin αk2 eiβkc2k 	

ćF PSUIPHPOBMJUZ PG UIF c1,2k BT XFMM BT UIF OFX DPFďDJFOUT d
1,2
k
dm†k ⋅ dnk = δmn m,n = 1,2 	

UIFO MFBET UP
d2k = − sin αk2 c1k + cos αk2 eiβkc2k  	

'PS TJNQMJDJUZ XF XJMM TLJQ UIF JOEFY k JO UIF GPMMPXJOH EJTDVTTJPO /FWFSUIFMFTT BMM QB
SBNFUFST DPFďDJFOUT BOE TQJO FYQFDUBUJPO WBMVFT EFQFOE PO k
"O FWBMVBUJPO PG UIF TQJO FYQFDUBUJPO WBMVF Sid1 = d1†k Σid1k JO UFSNT PG UIF PME DPFďDJFOUT
BOE TQJO FYQFDUBUJPO WBMVFT ZJFMET
Sid1 = (cos α2 )2 Sic1 + (sin α2 )2 Sic2 + (sin α2 )(cos α2 ) [eiβc1†Σic2 + e−iβc2†Σic1]
= (cos α
2
)2 Sic1 + (sin α2 )2 Sic2 + (sin α2 )(cos α2 )2Re[eiβc1†Σic2]= cosα Sic1 + sinα Re [eiβc1†Σic2]  	

*O UIF MBTU TUFQ XF IBWF VTFE FR 	
 BT XFMM BT UIF EPVCMFBOHMF GPSNVMBF GPS USJHPOP
NFUSJD GVODUJPOT %FĕOJOH
Sic1,c2 = c1†Σic2 i = x, y, z 	

JO BDDPSEBODF XJUI FR 	
 UIF FYQFDUBUJPO WBMVF 	
 SFTVMUT JO
Sid1 = cosαSic1 + sinα Re [eiβSic1,c2] i = x, y, z 	

 ćF DPFďDJFOUT ck GPS UIF DBTF PG ,SBNFST EFHFOFSBDZ 
'JHVSF  5PUBM TQJO FYQFDUBUJPO WBMVFT Stotk GPS B DPQQFS GDD DSZTUBM PO UIF 'FSNJ TVS
GBDF 8IJMF UIF MFę QBOFM TIPXT Stotk GPS BO BSCJUSBSZ SFGFSFODF TZTUFN GPS FBDI
k 	JF UIF JOJUJBM hDIPJDFh UBLJOH UIF PSUIPHPOBMJ[FE DPFďDJFOUT TVDI BT UIFZ
SFTVMU GSPN UIF FJHFOWBMVF SPVUJOF
 UIF SJHIU QBOFM SFQSFTFOUT UIF UPUBM TQJO FY
QFDUBUJPO WBMVFT GPS MJOFBS DPNCJOBUJPOT PG ck TVDI UIBU UIF zDPNQPOFOU Szk JT
NBYJNJ[FE
"U UIJT QPJOU POF IBT UP EFDJEF XIJDI DPOEJUJPO UIF TQJO FYQFDUBUJPO WBMVFT JO UIF OFX
SFGFSFODF TZTUFN TIPVME GVMĕMM "T BMSFBEZ JOEJDBUFE UIF zBYJT XJMM CF DIPTFO BT TQJO RVBO




Sxd1 = Syd1 = 0  	

*O UIF GPMMPXJOH CPUI DBTFT XJMM CF DPOTJEFSFE 8F TUBSU XJUI UIF ĕSTU POF IFODF NBYJNJ[








XIJDI SFTVMU JO UIF UXP FRVBUJPOT
− sinαSzc1 + cosα Re [eiβSzc1,c2] = 0 BOE
sinα Im [eiβSzc1,c2] = 0 	

  4QJOPSCJU DPVQMJOH
ćFO α BOE β BSF HJWFO CZ
β = −argSzc1,c2









ln [−Sxc1Sy⋆c1,c2 − Syc1Sx⋆c1,c2
Sxc1S
y
c1,c2 − Syc1Sxc1,c2 ]
α = − tan−1 ⎡⎢⎢⎢⎢⎣
Sxc1
Re [eiβSxc1,c2]
⎤⎥⎥⎥⎥⎦ = − tan−1 [
Syc1
Re [eiβSyc1,c2]]  	

ćF UPUBM TQJO FYQFDUBUJPO WBMVF Stotk JT EJČFSFOU JO UIF UXP DBTFT BMUIPVHI UIF EJČFSFODF
JT WFSZ TNBMM BOE OPU WJTJCMF JO B ĕHVSF )PXFWFS UIF EJTUSJCVUJPO PG UIF TQJO FYQFDUBUJPO
WBMVFT Stotc PO UIF 'FSNJ TVSGBDF GPS UIF JOJUJBM DPFďDJFOUT ck EJČFS SFNBSLBCMZ GSPN UIBU PG
Stotd GPS POF PG UIF DIPJDFT Sx = Sy = 0 PS Sz = max. ćJT JT JMMVTUSBUFE JO ĕHVSF  GPS
DPQQFS ćF JOUFHSBUFE EJČFSFODF GPS DPQQFS BOE HPME DSZTUBMT DBO CF GPVOE JO UBCMF  BOE
XJMM CF BOBMZ[FE JO UIF OFYU TVCTFDUJPO *O BEEJUJPO XF XJMM BWFSBHF UIF TQJO FYQFDUBUJPO
WBMVFT PWFS UIF 'FSNJ TVSGBDF BOE DPNQBSF PVS SFTVMUT UP PUIFS OVNFSJDBM EBUB
"T B GVSUIFS UFTU PG PVS ĕOEJOHT XF DPOTUSVDUFE B TJNQMF NPEFM JO PSEFS UP TIPX UIBU UIF
UXP DPOEJUJPOT BSF OPU FRVJWBMFOU ćJT JTTVF XJMM CF UIF TVCKFDU PG UIF TFDUJPO BęFS UIF OFYU

 $PNQBSJTPO PG UIF TQJOFYQFDUBUJPO WBMVF Stot PG DPQQFS BOE HPME
UP PUIFS OVNFSJDBM EBUB
*O UIF QSFWJPVT TFDUJPO XF EFSJWFE MJOFBS DPNCJOBUJPOT PG UIF EFHFOFSBUF DPFďDJFOUT c1k BOE
c2k TVDI UIBU FJUIFS UIF DPOEJUJPO Sz = max. PS Sx = Sy = 0 JT GVMĕMMFE /PX B RVBOUJUBUJWF
BOBMZTJT PG UIF UXP QPTTJCMF DIPJDFT GPS DPQQFS BOE HPME GDD DSZTUBMT JT QSFTFOUFE ćF SFTVMUT
BSF TVCTVNFE JO UBCMF 
"QQBSFOUMZ UIF DIPJDF PG Sz = max. MFBET UP OPOWBOJTIJOH TQJODPNQPOFOUT Sx BOE Sy
8IJMF UIJT JT POMZ B TNBMM FČFDU GPS DPQQFS MPXFS UIBO 1 QFS NJMMF GPS B HPME DSZTUBM UIF
BWFSBHF PG Sx BOE Sy PWFS UIF 'FSNJ TVSGBDF JT PG UIF PSEFS PG BCPVU 1% PG UIF UPUBM TQJO FY
QFDUBUJPO WBMVF Stot *O BEEJUJPO UIF UPUBM TQJO FYQFDUBUJPO WBMVF 	BWFSBHFE PWFS UIF 'FSNJ
TVSGBDF
 JT BČFDUFE UPP UIFNBYJNJ[BUJPO PG Sz MFBET UP TMJHIUMZ IJHIFS WBMVFT PGStot )PX
FWFS BT BMSFBEZ TUBUFE JO UIF MBTU TFDUJPO UIF EJČFSFODF JT WFSZ TNBMM BOEXPVME OPU CF WJTJCMF
JO B ĕHVSF *O BMM DBMDVMBUJPOT PG NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT JO UIJT UIFTJT XIJDI
BSF QSFTFOUFE JO DIBQUFS  GPS CVML TZTUFNT BOE JO DIBQUFS  GPS UIJO ĕMNT UIF TFDPOE DPO
EJUJPO 	
 Sx = Sy = 0 JT DIPTFO
$PNQBSJOH UIF EJTUSJCVUJPO PG UIF TQJO FYQFDUBUJPO WBMVF GPS DPQQFS JO UIF SJHIU QBOFM PG
ĕHVSF  UP UIF EJTUSJCVUJPO TIPXO JO <> B HPPE BHSFFNFOU JT GPVOE 'PS B NPSF BDDVSBUF
 ćF DPFďDJFOUT ck GPS UIF DBTF PG ,SBNFST EFHFOFSBDZ 
"4" '1
Sz =max. Sx = Sy = 0 Sz =max. Sx = Sy = 0
$V Sx 2.5 ⋅ 10−4 0 2.2 ⋅ 10−4 0
Sy 3.6 ⋅ 10−4 0 2.8 ⋅ 10−4 0
Sz 0.4988682 0.4988679 0.49901815 0.4990179
Stot 0.4988685 0.4988679 0.49901835 0.4990179
"V Sx 1.3 ⋅ 10−2 0 0.6 ⋅ 10−2 0
Sy 1.3 ⋅ 10−2 0 1.0 ⋅ 10−2 0
Sz 0.4678345 0.4673311 0.4782259 0.4779915
Stot 0.4684714 0.4673311 0.47846055 0.4779915
5BCMF  4QJO FYQFDUBUJPO WBMVFT S = ⟨Sk⟩FS 	XJUI Sk = 1/2 ⟨ψk∣σ∣ψk⟩
 BOE Stot =⟨Stotk ⟩FS PG DPQQFS BOE HPME BWFSBHFE PWFS UIF 'FSNJ TVSGBDF GPS UIF UXP EJČFSFOU
DPOEJUJPOT Sz = max. BOE Sx = Sy = 0 8IJMF UIF UPUBM TQJO FYQFDUBUJPOT Stot
GPS UIF MBUUFS DPOEJUJPO FRVBM UIF FYQFDUBUJPO WBMVF PG Sz  DIPPTJOH UIF ĕSTU POF
MFBET UP ĕOJUF OPO OFHMJHJCMF TQJO FYQFDUBUJPO WBMVFT PG UIF x BOE y TQJO DPNQP
OFOUT 'PS HPME B EJČFSFODF JO UIF UPUBM TQJO FYQFDUBUJPO WBMVFT CFUXFFO UIF UXP
QPTTJCMF DPOEJUJPOT BWFSBHFE PWFS UIF 'FSNJ TVSGBDF PG UIF PSEFS PG 1% JT GPVOE











d3r ψ↓⋆k (r +χμ)ψ↓k(r +χμ) 	

XIJDI BSF PęFO VTFE UP RVBOUJGZ UIF TUSFOHUI PG TQJOPSCJU DPVQMJOH FH JO <> ćF RVBO
UJUZ ∣bk∣2 JT DBMMFE TQJONJYJOH QBSBNFUFS PS &MMJPUU:BGFU QBSBNFUFS 	TFF TFDUJPO  JO
DIBQUFS 
 "T POF DBO FBTJMZ QSPWF UIF SFMBUJPO PG ∣ak∣2 BOE ∣bk∣2 UP UIF OPSNBMJ[BUJPO PG
UIF XBWFGVODUJPO BOE UIF TQJO FYQFDUBUJPO WBMVF Szk JT HJWFO CZ
∣ak∣2 + ∣bk∣2 = 1 BOE 	











  4QJOPSCJU DPVQMJOH
'JHVSF  4QJONJYJOH QBSBNFUFST ∣bk∣2 GPS DPQQFS 	MFę
 BOE HPME 	SJHIU
 GDD CVML DSZTUBMT BęFS B
MJOFBS DPNCJOBUJPO PG UIF EFHFOFSBUF DPFďDJFOUT c1k BOE c
2
k TVDI UIBU UIF DPOEJUJPOS
x =
Sy = 0 JT GVMĕMMFE 8IJMF UIF EJTUSJCVUJPOT GPS DPQQFS BOE HPME BSF RVBMJUBUJWFMZ TJNJMBS
UP FBDI PUIFS UIF PSEFS PG NBHOJUVEF PG UIF BCTPMVUF WBMVFT PG ∣bk∣2 EJČFST TUSPOHMZ "T
FYQFDUFE UIF FČFDU PG TQJOPSCJU DPVQMJOH JT NVDI MBSHFS GPS HPME UIBO GPS DPQQFS 5P
DPNQBSF GPS DPQQFS UIF EJTUSJCVUJPO PG UIF TQJO FYQFDUBUJPO WBMVFSzk = 1/2−∣bk∣2 BęFS
UIF NBYJNJ[BUJPO PG Sz JT TIPXO JO ĕHVSF 
'VSUIFSNPSF UIF TUSFOHUI PG TQJOPSCJU DPVQMJOH JT PęFO RVBOUJĕFE CZ ρ↑↓ <> XIJDI JT
BMTP EFOPUFE BT TQJONJYJOH QBSBNFUFS BOE EFĕOFE BT
ρ↑↓ = ⟨1 − 2∣Szk∣⟩FS  	

4JNJMBS UP bk JU TIPVME WBOJTI JO UIF BCTFODF PG TQJOPSCJU DPVQMJOH *U JT SFMBUFE UP UIF
BWFSBHFT PG ∣ak∣2 BOE ∣bk∣2 PWFS UIF 'FSNJ TVSGBDF BDDPSEJOH UP
⟨∣ak∣2⟩FS = 1 − ρ↑↓2 BOE 	
⟨∣bk∣2⟩FS = ρ↑↓2  	

)PXFWFS JO UIJT UIFTJT XF VTF UIF ĕSTU EFĕOJUJPO PG UIF TQJONJYJOH QBSBNFUFS JF bk
ćF EJTUSJCVUJPOT PG ∣bk∣2 PO UIF 'FSNJ TVSGBDFT PG DPQQFS BOE HPME BSF TIPXO JO ĕHVSF 
XIFSFBT B RVBMJUBUJWF TJNJMBSJUZ DBO CF PCTFSWFE GPS DPQQFS BOE HPME UIF PSEFS PGNBHOJUVEF
PG UIF BCTPMVUF WBMVFT EJČFST TUSPOHMZ "T FYQFDUFE UIF FČFDU PG TQJOPSCJU DPVQMJOH JT NVDI
MBSHFS GPS HPME UIBO GPS DPQQFS
'VSUIFSNPSF XF IBWF DBMDVMBUFE UIF TQJONJYJOH QBSBNFUFS ⟨∣bk∣2⟩FS = ρ↑↓/2 BWFSBHFE PWFS
UIF 'FSNJ TVSGBDF ćF SFTVMUT GPS DBMDVMBUJPOT XJUIJO UIF BUPNJD TQIFSF BQQSPYJNBUJPO BT
 ćF DPFďDJFOUT ck GPS UIF DBTF PG ,SBNFST EFHFOFSBDZ 
"4" '1
Sz =max. Sx = Sy = 0 Sz =max. Sx = Sy = 0
$V PVS SFTVMUT 1.13 ⋅ 10−3 1.13 ⋅ 10−3 9.81 ⋅ 10−4 9.82 ⋅ 10−4
PUIFS DBMD 1.5 ⋅ 10−3
"V PVS SFTVMUT 3.16 ⋅ 10−2 3.27 ⋅ 10−2 2.15 ⋅ 10−2 2.20 ⋅ 10−2
PUIFS DBMD 3.0 ⋅ 10−2
5BCMF  4QJONJYJOH QBSBNFUFST ⟨∣bk∣2⟩FS = ρ↑↓/2 BWFSBHFE PWFS UIF 'FSNJ TVSGBDF PG
DPQQFS BOE HPME $PNQBSJTPO PG PVS SFTVMUT UP OVNFSJDBM EBUB GSPN SFG <>
/PUF UIBU JO SFG <> EBUB BSF HJWFO JO ρ↑↓ BOE BSF UIFSFGPSF UXJDF BT MBSHF BT UIF
WBMVFT TQFDJĕFE IFSF
XFMM BT GVMMQPUFOUJBM DBMDVMBUJPOT DBO CF GPVOE JO UBCMF  UPHFUIFS XJUI OVNFSJDBM EBUB
GSPN <> FTQFDJBMMZ GPS HPME MBSHF EJČFSFODFT CFUXFFO UIF GVMM QPUFOUJBM DBMDVMBUJPO BOE
UIBU XJUIJO UIF BUPNJD TQIFSF BQQSPYJNBUJPO DBO CF PCTFSWFE $POTJEFSJOH UIJT BSHVNFOU
UIF BHSFFNFOU PG PVS TQJO NJYJOH QBSBNFUFST XJUI UIPTF GSPN SFGFSFODF <> JT SFBTPOBCMF
 *OFRVJWBMFODF PG UIF DPOEJUJPOT Sz = max. BOE Sx = Sy = 0 JO B
TJNQMF NPEFM
*O PSEFS UP EFNPOTUSBUF UIBU UIF UXP DPOEJUJPOT FR 	
 BOE FR 	
 EP OPU MFBE UP UIF
TBNF SFTVMU XF DPOTUSVDU B TJNQMF NPEFM TZTUFN DPOTJTUJOH PG UXP CBOETE>(k) BOEE<(k)
XIFSF UIF MBUUFS POF JT DIPTFO UP IBWF B MPXFS FOFSHZ ćF TUBUFT BSPVOE FBDI kQPJOU BSF
MJOFBS DPNCJOBUJPOT PG UIF sPSCJUBM s0 BOE UIF UISFF pPSCJUBMT φx φy BOE φz  8JUIPVU
TQJOPSCJU DPVQMJOH UIF XBWFGVODUJPO BU k JO UIF VQQFS CBOE JT
∣ψ0⟩ = aψφx + bψφy + cψφz + dψs0  	

BOE JO UIF MPXFS CBOE ∣χ0⟩ = aχφx + bχφy + cχφz + dχs0 	

SFTQFDUJWFMZ 5SFBUJOH TQJOPSCJU DPVQMJOH BT B QFSUVSCBUJPO UP ĕSTU PSEFS JO UIF TQJSJU PG
&MMJPUU <> XF PCUBJO UIF QFSUVSCFE TUBUFT
∣χ+⟩ = (∣χ0⟩ + λ2ΔE ⟨ψ0∣Lz ∣χ0⟩ ∣ψ0⟩
λ
2ΔE ⟨ψ0∣Lx + iLy ∣χ0⟩ ∣ψ0⟩) 	

BOE ∣χ−⟩ = (− λ2ΔE ⟨ψ0∣Lx − iLy ∣χ0⟩ ∣ψ0⟩∣χ0⟩ − λ2ΔE ⟨ψ0∣Lz ∣χ0⟩ ∣ψ0⟩ ) 	

/PUF UIBU JO SFG <> EBUB BSF HJWFO JO UFSNT PG ρ↑↓ BOE BSF UIFSFGPSF UXJDF BT MBSHF BT UIF WBMVFT TQFDJĕFE JO
UBCMF 
  4QJOPSCJU DPVQMJOH
XJUIΔE(k) = E>(k) −E<(k) *OTFSUJOH UIF FYQMJDJU GPSNT PG UIF XBWFGVODUJPOT ∣ψ0⟩ BOE∣χ0⟩ BOE BQQMZJOH UIF NPNFOUVN PQFSBUPST Lx Ly BOE Lz MFBET UP
∣χ+⟩ = (∣χ0⟩ + λ2ΔE iγ ∣ψ0⟩
λ
2ΔE (η + iζ) ∣ψ0⟩) 	

BOE ∣χ−⟩ = ( λ2ΔE (−η + iζ) ∣ψ0⟩∣χ0⟩ − λ2ΔE iγ ∣ψ0⟩ )  	

XIFSF UIF BCCSFWJBUJPOT
η = a⋆ψcχ − c⋆ψaχ 	

ζ = b⋆ψcχ − c⋆ψbχ 	

γ = b⋆ψaχ − a⋆ψbχ 	

IBWF CFFO JOUSPEVDFE /BUVSBMMZ FYQSFTTJPOT FRVJWBMFOU UP FRT 	 
 DBO CF GPVOE
GPS ∣ψ+⟩ BOE ∣ψ−⟩ KVTU CZ JOUFSDIBOHJOH UIF UXP TUBUFT χ BOE ψ ćF UXP QFSUVSCFE TUBUFT∣χ+⟩ BOE ∣χ−⟩ 	PS ∣ψ+⟩ BOE ∣ψ−⟩ SFTQFDUJWFMZ
 BSF OPU OPSNBMJ[FE UP 1 CVU UIFZ GVMĕMM UIF
DPOEJUJPOT
⟨χ+∣χ+⟩ = ⟨χ−∣χ−⟩ BOE 	
⟨χ+∣χ−⟩ = ⟨χ−∣χ+⟩ = 0 	

"T DBO CF FBTJMZ TIPXO UIFZ IBWF UIF TBNF FOFSHZ
*O UIF GPMMPXJOH MJOFBS DPNCJOBUJPOT PG ∣χ+⟩ BOE ∣χ−⟩ BSF JOUSPEVDFE JO UIF GPSN
∣χ˜+⟩ = + cos α
2
∣χ+⟩ + sin α
2
eiβ ∣χ−⟩ BOE 	

∣χ˜−⟩ = − sin α
2
∣χ+⟩ + cos α
2
eiβ ∣χ−⟩  	

XJUI α BOE β EFUFSNJOFE BDDPSEJOH UP FRT 	
 TVDI UIBU UIF OFX TUBUFT ∣χ˜⟩ GVMĕMM UIF
DPOEJUJPO PG Sz CFJOH NBYJNBM
β = argSzχ+,χ−





)FSF JO BOBMPHZ UP FRT 	
 BOE 	
 XF IBWF VTFE UIF EFĕOJUJPOT PG UIF FYQFDUBUJPO
WBMVFT
Siχ± = ⟨χ±∣σi∣χ±⟩ BOE 	

Siχ+,χ− = ⟨χ+∣σi∣χ−⟩ GPS i = x, y, z  	

*O UIF GPMMPXJOH XF XJMM TIPX UIBU UIFTF OFX TUBUFT EP OPU GVMĕMM
Sxχ+ + tanα Re [eiβSxχ+,χ−] = 0 	

 ćF DPFďDJFOUT ck GPS UIF DBTF PG ,SBNFST EFHFOFSBDZ 
XIJDI JT FRVJWBMFOU UP FR 	
 JF UIF OFX TUBUFT EP OP GVMĕMMSx = Sy = 0 ćF QSPPG XJMM
CF DBSSJFE PVU CZ BTTVNJOH UIBU FRT 	
 BOE 	
 BSF TJNVMUBOFPVTMZ GVMĕMMFE BOE CZ
































.VMUJQMJDBUJPO XJUI Szχ+ ZJFMET










⎤⎥⎥⎥⎥⎥⎦= Sxχ+Szχ+ + 12 [Sz⋆χ+,χ−Sxχ+,χ− + Szχ+,χ−Sx⋆χ+,χ−]  	

*O PSEFS UP EFNPOTUSBUF UIBU UIF BCPWF FRVBUJPO JT OPU GVMĕMMFE UIF FYQFDUBUJPO WBMVFT
Szχ+,χ− = ⟨χ+∣σz ∣χ−⟩ Szχ+ = ⟨χ+∣σz ∣χ+⟩ Sxχ+,χ− = ⟨χ+∣σx∣χ−⟩ BOE Sxχ+ = ⟨χ+∣σx∣χ+⟩ NVTU
CF EFUFSNJOFE FYQMJDJUMZ *O UFSNT PG η ζ BOE γ UIF FYQFDUBUJPO WBMVFT BSF




)2 [2 Re [γ⋆ζ] + 2i Re [ηγ⋆]] 
Szχ+,χ+ = ⟨χ+∣σz ∣χ+⟩ = χ+↑⋆χ+↑ − χ+↓⋆χ+↓ 	

= 1 + ( λ
2ΔE
)2 [∣γ∣2 − ∣η∣2 − ∣ζ ∣2]
= − ⟨χ−∣σz ∣χ−⟩ 
Sxχ+,χ− = ⟨χ+∣σx∣χ−⟩ = χ+↑⋆χ−↓ + χ+↓⋆χ−↑ 	

= 1 − ( λ
2ΔE
)2 [∣γ∣2 + ∣η∣2 − ∣ζ ∣2 − 2i Re [η⋆ζ]]
  4QJOPSCJU DPVQMJOH
BOE




)2 [2 Re [ζ⋆γ] − 2 Im [η⋆γ]]
= ( λ
2ΔE
)2 [2 Re [ζ⋆γ]]
= − ⟨χ−∣σx∣χ−⟩ 
ćF UFSN Im [η⋆γ] = 0 CFDBVTF UIF QBSBNFUFST η BOE γ SFQSFTFOU FYQFDUBUJPO WBMVFT PG UIF
BOHVMBS NPNFOUB lx BOE lz XIJDI NVTU CF SFBM
*OTFSUJOH UIF SFTVMUT PG FRT 	
 UP 	




χ+ + 12 [Sz⋆χ+,χ−Sxχ+,χ− + Szχ+,χ−Sx⋆χ+,χ−] = ( λ2ΔE )
2
4 Re [γ⋆ζ] 	

XIJDI JO UFSNT PG UIF BNQMJUVEFT aχ, bχ, cχ BOE aψ, bψ, cψ CFDPNFT
( λ
2ΔE
)2 4 Re [γ⋆ζ] =
( λ
2ΔE
)2 4 Re [∣bψ ∣2a⋆χcχ + ∣bχ∣2a⋆ψcψ − bψbχa⋆χc⋆ψ − b⋆ψb⋆χaχcψ]  	

'PS OPOWBOJTIJOH BNQMJUVEFT BOE TQJOPSCJU DPVQMJOH QBSBNFUFS λ ≠ 0 UIF BCPWF FYQSFT
TJPO EPFT OPU WBOJTIFT UIFSFGPSF XF IBWF QSPWFO UIBU FWFO JO UIJT TJNQMF NPEFM UIF UXP
DPOEJUJPOT Sx = Sy = 0 BOE Sz =max BSF OPU FRVJWBMFOU
 *NQVSJUZ TDBUUFSJOHXJUIJO UIFQSFTFODFPG TQJOPSCJU DPV
QMJOH
'JOBMMZ XF XBOU UP DPOTJEFS TDBUUFSJOH QSPDFTTFT BU BO JNQVSJUZ JO B TZTUFN XJUI TQJOPSCJU
DPVQMJOH *O UIJT DBTF CPUI UIF TDBUUFSJOH XBWFGVODUJPO EVF UP UIF JNQVSJUZ
(ψimp↑k (r +Rn;E)
ψimp↓k (r +Rn;E)) = ∑L [cimp↑nkL (
Rimp↑↑nL (r;E)





(Rimp↑↑nL′L (r;E) Rimp↑↓nL′L (r;E)





BOE UIF XBWFGVODUJPO PG UIF IPTU TZTUFN
(ψ↑k(r +Rn;E)







 *NQVSJUZ TDBUUFSJOH XJUIJO UIF QSFTFODF PG TQJOPSCJU DPVQMJOH 
BSF TQJOEFQFOEFOU *O PSEFS UP FTUBCMJTI B SFMBUJPO CFUXFFO UIF DPFďDJFOUT (cimp↑nkL , cimp↓nkL )T
BOE (c↑nkL, c↓nkL)T  UIF TQJOEFQFOEFOU -JQQNBOO4DIXJOHFS FRVBUJPO IBT UP CF DPOTJEFSFE
(ψimp↑k (r +Rn;E)





∫ d3r′ (G↑↑(r +Rn, r′ +Rn′ ;E) G↑↓(r +Rn, r′ +Rn′ ;E)
G↓↑(r +Rn, r′ +Rn′ ;E) G↓↓(r +Rn, r′ +Rn′ ;E))
⋅ (ΔV ↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′))(ψ
imp↑
k (r′ +Rn′ ;E)
ψimp↓k (r′ +Rn′ ;E))  	

ćF (SFFO GVODUJPO IBT OPX OPO[FSP PČEJBHPOBM FMFNFOUT CPUI UIF TJOHMFTJUF UFSN BOE
UIF CBDLTDBUUFSJOH UFSN JG TQJOPSCJU FČFDUT JO UIF IPTU BSF UBLFO JOUP BDDPVOU UPP ćF
TJOHMFTJUF UFSN DBO CF XSJUUFO BT
(Gs.s.↑↑(r +Rn, r′ +Rn′ ;E) Gs.s.↑↓(r +Rn, r′ +Rn′ ;E)
Gs.s.↓↑(r +Rn, r′ +Rn′ ;E) Gs.s.↓↓(r +Rn, r′ +Rn′ ;E))
= ∑
LL′
YL(rˆ)(Gs.s.↑↑LL′ (r, r′;E) Gs.s.↑↓LL′ (r, r′;E)





LL′ (r, r′;E) = −i√E ⎧⎪⎪⎨⎪⎪⎩
∑L′′∑σ′′ Rσσ′′LL′′(r;E)Hσ′′σ′L′L′′(r′;E) GPS r ≤ r′∑L′′∑σ′′Hσσ′′LL′′(r;E)Rσ′′σ′L′L′′(r′;E) GPS r > r′  	

ćF CBDLTDBUUFSJOH UFSN JT
(Gb.s.↑↑(r +Rn, r′ +Rn′ ;E) Gb.s.↑↓(r +Rn, r′ +Rn′ ;E)








L (r)Gσσ′nn′LL′ (E)R↑σ′L′ (r′) R↑σL (r)Gσσ′nn′LL′ (E)R↓σ′L′ (r′)










L′′L(r)Gσσ′nn′LL′ (E)R↑σ′L′′′L′(r′) R↑σL′′L(r)Gσσ′nn′LL′ (E)R↓σ′L′′′L′(r′)
R↓σL′′L(r)Gσσ′nn′LL′ (E)R↑σ′L′′′L′(r′) R↓σL′′L(r)Gσσ′nn′LL′ (E)R↓σ′L′′′L′(r′)
⎞⎠ 






L′′L(r)Gσσ′nn′LL′ (E)R↑σ′L′′′L′(r′) R↑σL′′L(r)Gσσ′nn′LL′ (E)R↓σ′L′′′L′(r′)






LL′ (E) G↑↓nn′LL′ (E)
G↓↑nn
′







  4QJOPSCJU DPVQMJOH
ćF NBUSJY DPOUBJOJOH UIF EJČFSFODF JO QPUFOUJBM JT HJWFO CZ
(ΔV ↑↑(r′) ΔV ↑↓(r′)
ΔV ↓↑(r′) ΔV ↓↓(r′)) = (V
↑↑
imp(r′) V ↑↓imp(r′)
V ↓↑imp(r′) V ↓↓imp(r′)) − (V
↑↑(r′) V ↑↓(r′)
V ↓↑(r′) V ↓↓(r′))  	

)FODF JU JT UIF EJČFSFODF CFUXFFO UIF TZTUFN JODMVEJOH BO JNQVSJUZ BOE TQJOPSCJU DPV
QMJOH BOE UIF IPTU TZTUFN VOEFS UIF QSFTFODF PG TQJOPSCJU DPVQMJOH
*O PSEFS UP EFSJWF UIF DPFďDJFOUT PG UIF JNQVSJUZ XBWFGVODUJPO JO UFSNT PG UIF DPFďDJFOUT
PG UIF IPTU POF IBT UP QSPDFFE MJLF JO UIF DBTF PG B GVMMQPUFOUJBM XBWFGVODUJPO EFTDSJCFE JO





 JO UIF -JQQNBOO4DIXJOHFS FRVBUJPO 	

JOUFHSBUJOH PWFS UIF TQIFSJDBM DPPSEJOBUFT BOE VTJOH UIF -JQQNBOO4DIXJOHFS FRVBUJPO PG













(Gs.s.↑↑L1L2(r, r′;E) Gs.s.↑↓L1L2(r, r′;E)
Gs.s.↓↑L1L2(r, r′;E) Gs.s.↓↓L1L2(r, r′;E))∑L4 (
ΔV ↑↑L2L4(r′) ΔV ↑↓L2L4(r′)




Rimp↓↑nL4L (r′;E) Rimp↓↓nL4L (r′;E)
⎞⎠ 	











(ΔV n↑↑L3L5(r) ΔV n↑↓L3L5(r)





Rimp↓↑nL5L2 (r;E) Rimp↓↓nL5L2 (r;E)
⎞⎠ 	






































 ćF TQJOEFQFOEFOU TDBUUFSJOH NBUSJY T σσ′kk′ 
ćF BCPWF FR 	





























XIJDI ĕOBMMZ MFBET UP UIF TPVHIUBęFS SFMBUJPO CFUXFFO UIF JNQVSJUZ DPFďDJFOUT (cimp↑nkL
cimp↓nkL
)













LL′ (E) G↑↓nn′LL′ (E)
G↓↑nn
′






















⎛⎝1 00 1⎞⎠ − (G
↑↑(E) G↑↓(E)






PS TLJQQJOH UIF TQJO JOEJDFT BT
cimpk = [1 −G(E) ⋅Δt]−1 ck 	

*O BOBMPHZ UP UIF JNQVSJUZ DPFďDJFOUT XJUIPVU TQJOPSCJU DPVQMJOH TFDUJPO  FR 	

UIF MBUUFS SFMBUJPO DBO CF GPSNVMBUFE JO UFSNT PG UIF TUSVDUVSBM (SFFO GVODUJPO PG UIF JNQV
SJUZGimp(E)
cimpk = [1 +Gimp(E) ⋅Δt] ck  	

XIJDI JT VTFE JO UIF DBMDVMBUJPOT PG UIJT UIFTJT
 ćF TQJOEFQFOEFOU TDBUUFSJOH NBUSJY Tσσ′
kk′
*O UIF MBTU TFDUJPO XF IBWF VTFE UIF -JQQNBOO4DIXJOHFS FRVBUJPO UP FTUBCMJTI B SFMBUJPO
CFUXFFO UIF XBWFGVODUJPO PG BO BSCJUSBSZ IPTU TZTUFN VOEFS UIF QSFTFODF PG TQJOPSCJU DPV
QMJOH BOE UIF TBNF TZTUFN QFSUVSCFE CZ BO JNQVSJUZ ćFSFGPSF UIFTF UXP TZTUFNT EJČFS
JO UIFJS QPUFOUJBMTΔV (r) XIJDI JT B 2 × 2NBUSJY JO TQJOTQBDF 6TJOH UIF SFMBUJPOT PG UIF
QSFWJPVT TFDUJPO BMMPXT VT UP ĕOE UIF TQJOEFQFOEFOU TDBUUFSJOH NBUSJY T σσ′kk′ GPS TDBUUFSJOH
QSPDFTTFTNFEJBUFE CZ UIF QPUFOUJBM EJČFSFODFΔV (r) RVBOUJGZJOH UIF TDBUUFSJOH BNQMJUVEF
  4QJOPSCJU DPVQMJOH
GPS TDBUUFSJOH GSPN B TUBUF DIBSBDUFSJ[FE CZ k′ XJUI TQJO σ′ UP BOPUIFS TUBUF PG NPNFOUVN
k BOE TQJO σ *O QBSUJDVMBS XF IBWF JO NJOE UIBU UIF 'FSNJ TVSGBDF PG UIF IPTU TIPXT B
,SBNFST EFHFOFSBDZ BT EFTDSJCFE JO TFDUJPO  ćFO UIF IPTU TUBUFT BU k IBWF UP CF DIP
TFO CZ B DSJUFSJPO FH Sx = Sy = 0 "O BEEJUJPOBM RVBOUVN OVNCFS σ = (↑, ↓) JOEJDBUFT
UIFO UIF DIPJDF PG Sz > 0 PS Sz < 0 ćJT QBSUJDVMBS σ FOUFST JO UIF EFĕOJUJPO PG UIF TDBU
UFSJOH NBUSJY T σσ′kk′  *O DBTF PG BCTFODF PG TQJOPSCJU DPVQMJOH JO UIF IPTU σ JT SFEVDFE UP B
QVSF TQJO RVBOUVN OVNCFS 'PS B EFFQFS BOBMZTJT XF SFGFS UIF SFBEFS UP DIBQUFS 
)FODF UIF TQJOEFQFOEFOU TDBUUFSJOH NBUSJY T σσ′kk′ ZJFMET
T σσ
′







† (ΔV ↑↑(r) ΔV ↑↓(r)


























(ΔV n↑↑L′′ (r) ΔV n↑↓L′′ (r)












(c∗,σ′,↑,nkL c∗,σ′,↓,nkL )(R∗↑↑nL′L (r;E) R∗↓↑nL′L (r;E)R∗↑↓nL′L (r;E) R∗↓↓nL′L (r;E))
(ΔV n↑↑L′L′′′′(r) ΔV n↑↓L′L′′′′(r)






#Z EFĕOJOH UIFΔNBUSJY 	JO BOBMPHZ UP UIF EFĕOJUJPO 	
 JO TFDUJPO 
 BT
(Δ↑↑nLL′(r;E) Δ↑↓nLL′(r;E)
Δ↓↑nLL′(r;E) Δ↓↓nLL′(r;E)) = ∫ r2dr ∑L′′L′′′ (
R∗↑↑nL′′L(r;E) R∗↓↑nL′′L(r;E)
R∗↑↓nL′′L(r;E) R∗↓↓nL′′L(r;E))
(ΔV n↑↑L′′L′′′(r) ΔV n↑↓L′′L′′′(r)
ΔV n↓↑L′′L′′′(r) ΔV n↓↓L′′L′′′(r))(
Rimp↑↑nL′′′L′ (r;E) Rimp↑↓nL′′′L′ (r;E)
Rimp↓↑nL′′′L′ (r;E) Rimp↓↓nL′′′L′ (r;E)) 












 .PNFOUVN BOE TQJOSFMBYBUJPO UJNFT τ BOE T1
*O UIF TBNF XBZ BT QSFTFOUFE GPS TZTUFNT XJUIPVU TQJOPSCJU DPVQMJOH JO DIBQUFS  TFDUJPO
 UIF USBOTJUJPO QSPCBCJMJUZ GPS TDBUUFSJOH GSPN B TUBUF DIBSBDUFSJ[FE CZ k σ JOUP B TUBUF
XJUI k′ σ′ JT HJWFO CZ
P σ
′σ
k′k = 2πh̵ Nc ∣T σ′σk′k ∣2 δ(Ek −Ek′) 	

 4VNNBSZ 
ćF JOWFSTF PG UIF TQJODPOTFSWJOH TDBUUFSJOH UJNFT τ ↑↑k  τ
↓↓
k BOE UIF TQJOĘJQ TDBUUFSJOH UJNFT
τ ↑↓k  τ
↓↑
k BSF UIFO EFUFSNJOFE CZ TVNNBUJPO PWFS BMM TUBUFT k′












∣T σ′σk′k ∣2 









(τσ′σk )−1  	

*O BDDPSEBODF XJUI SFGFSFODF <> XF EFĕOF UIF NPNFOUVNSFMBYBUJPO UJNF τ CZ






BOE UIF TQJOSFMBYBUJPO UJNF T1 CZ







ćJT DIBQUFS IBT EFBMU XJUI UIF TQJOPSCJU JOUFSBDUJPO XIJDI DPVQMFT UIF TQJO NBHOFUJD NP
NFOU PG BO FMFDUSPO UP JUT PSCJUBM NPNFOUVN BOE JT UIFSFGPSF – UPHFUIFS XJUI NPNFOUVN
TDBUUFSJOH – SFTQPOTJCMF GPS TQJOSFMBYBUJPO BOE TQJOEFQIBTJOH QSPDFTTFT
"ęFS IBWJOH HJWFO B TIPSU JOUSPEVDUJPO UP UIF UIFPSFUJDBM DPODFQU PG TQJOPSCJU JOUFSBDUJPO
XF IBWF TIPXO IPX UIF TQJOPSCJU QPUFOUJBM JT JNQMFNFOUFE XJUIJO UIF ,,3 GPSNBMJTN
UIF TQJOEFQFOEFOU -JQQNBOO4DIXJOHFS FRVBUJPO JT TPMWFE BOE FYQSFTTJPOT GPS UIF TQJO
EFQFOEFOU SFHVMBS XBWFGVODUJPOT BUPNJD TDBUUFSJOH 	t
NBUSJDFT BOE kEFQFOEFOU XBWF
GVODUJPO DPFďDJFOUT IBWF CFFO EFSJWFE 'VSUIFSNPSF XF IBWF EJTDVTTFE UIF FČFDU PG TQJO
PSCJU DPVQMJOH PO UIF XBWFGVODUJPOT FTQFDJBMMZ JO TZTUFNT XIJDI BSF TZNNFUSJD VOEFS TQB
UJBM JOWFSTJPO *O UIJT DBTF UIF JOUFSQMBZ PG UJNF BOE TQBDFJOWFSTJPO TZNNFUSZ MFBET UP B
UXPGPME EFHFOFSBDZ PG UIF XBWFGVODUJPO PO UIF 'FSNJ TVSGBDF BOE MJOFBS DPNCJOBUJPOT PG
XBWFGVODUJPOT DBO CF DIPTFO TVDI UIBU EJČFSFOU DPOEJUJPOT GPS UIF TQJO FYQFDUBUJPO WBMVFT
BSF GVMĕMMFE 8F IBWF DBMDVMBUFE UIF XBWFGVODUJPOT VOEFS UIF DPOEJUJPOT PG Sz = max BOE
Sx = Sy = 0 BOE IBWF TIPXO UIBU UIFTF UXP DIPJDFT BSF OPU FRVJWBMFOU MFBEJOH UP EJČFSFOU
FYQFDUBUJPO WBMVFT PG UIF UPUBM TQJO
"QBSU GSPN UIBU XF IBWF FYUFOEFE UIFNVMUJQMF TDBUUFSJOH UIFPSZ BT EFSJWFE JO UIF MBTU DIBQ
UFS UP TQJOĘJQ TDBUUFSJOH QSPDFTTFT ćFSFGPSF XF IBWF HFOFSBMJ[FE UIF TDBUUFSJOH NBUSJY JO
SFDJQSPDBM TQBDF Tkk′  UP TQJOEFQFOEFOU TDBUUFSJOH QSPDFTTFT IFODF T σσ
′
kk′  BT XFMM BT UIF




*NQMFNFOUBUJPO BOE UFTUJOH PG UIF TQJOPSCJU
DPVQMJOH
 $PNQVUBUJPOBM EFUBJMT
"T JMMVTUSBUFE JO DIBQUFS  TFDUJPO  UIF DBMDVMBUJPO PG UIFXBWFGVODUJPOT JODMVEJOH TQJO
PSCJU DPVQMJOH SFRVJSFT UIF TPMVUJPO PG UIF -JQQNBOO4DIXJOHFS FRVBUJPO ćF -JQQNBOO
4DIXJOHFS FRVBUJPO DBO CF FJUIFS TPMWFE JO B #PSO TFSJFT CZ B SFMBUJWFMZ TJNQMF JUFSBUJPO PS
CFUUFS CZ NBLJOH VTF PG UIF TPDBMMFE 7PMUFSSB NFUIPE <> ćF 7PMUFSSB NFUIPE BMTP JN
QMJFT BO JUFSBUJPO TDIFNF BOE JU JT BMSFBEZ JNQMFNFOUFE UP TPMWF UIF -JQQNBOO4DIXJOHFS
FRVBUJPO GPS GVMMQPUFOUJBM DBMDVMBUJPOT FR 	

*O CPUI NFUIPET FBDI JUFSBUJPO TUFQ DPNQSJTFT JOUFHSBUJPOT PWFS QSPEVDUT PG UIF XBWF
GVODUJPOT BOE UIF TQJOPSCJU )BNJMUPOJBO )PXFWFS GPS DBMDVMBUJPOT XJUIJO UIF TDBMBS
SFMBUJWJTUJD BQQSPYJNBUJPO 	43"
 TNBMM OVNFSJDBM JOTUBCJMJUJFT BSJTJOH GSPN UIF QSPEVDU PG
UIF MBSHF TQJOPSCJU )BNJMUPOJBO GPS TNBMM r XJUI UIF WFSZ TNBMM WBMVF PG UIF SFHVMBS XBWF
GVODUJPOT MFBE UP TUSPOH ĘVDUVBUJPOT PG OVNFSJDBM PSJHJO BęFS B DPVQMF PG JUFSBUJPOT BOE
UIFSFGPSF UP B EJWFSHFODF PG UIF #PSO TFSJFT ćJT QSPCMFN EPFT OPU BQQFBS JO UIF GVMM
QPUFOUJBM QSPCMFNXJUIPVU TQJOPSCJU DPVQMJOH CFDBVTF UIF QFSUVSCBUJPO DBVTFE CZ UIF OPO
TQIFSJDBM DPNQPOFOUT PG UIF QPUFOUJBM WBOJTIFT DMPTF UP UIF OVDMFVT
*O PSEFS UP TPMWF UIJT OVNFSJDBM QSPCMFN BOE BDIJFWF DPOWFSHFODF PG UIF
-JQQNBOO4DIXJOHFS FRVBUJPO JODMVEJOH TQJOPSCJU DPVQMJOH UIF GPMMPXJOH USJDL IBT CFFO
VTFE XIJDI JT BMTP QIZTJDBMMZ NPUJWBUFE 8F BWPJE UIF EJWFSHFODF PG UIF TQJOPSCJU )BNJM
UPOJBO GPS r → 0 CZ SFQMBDJOH UIF QPUFOUJBM JOTJEF UIF OVDMFVT CZ JUT BOBMZUJDBM GPSN
VZ−e(r) = ⎧⎪⎪⎨⎪⎪⎩
−2Zr GPS r ≥ RN− 3ZRN + Zr2R3N GPS r < RN  	
























'JHVSF  1SFGBDUPS PG UIF TQJOPSCJU )BNJMUPOJBO 1/(2M(r)2)1r dVdr JO BUPNJD VOJUT GPS EJČFSFOU
OVDMFBS SBEJJRN,num BT B GVODUJPO PG SBEJBM QPJOU JOEFY ir ćF QPJOUT BSF OPU FRVJEJT
UBOU %VF UP B FYQPOFOUJBM SBEJBM NFTI UIF QPJOU ir = 500 JT TUJMM WFSZ DMPTF UP UIF
PSJHJO
BTTVNJOH B IPNPHFOFPVT DIBSHF EJTUSJCVUJPO JO B TQIFSJDBM OVDMFVT PG SBEJVTRN ćJT XBT
BMSFBEZ JMMVTUSBUFE JO DIBQUFS  TFDUJPO  BOE MFBET UP B LJOL JO UIF TQJOPSCJU )BNJM
UPOJBO BT TIPXO JO ĕHVSF  'PS r < RN B GVSUIFS EJWFSHFODF PG UIF )BNJMUPOJBO JT
QSFWFOUFE )PXFWFS UFTUT IBWF TIPXO UIBU JO UIF 43" GPS NBOZ FMFNFOUT FWFO UIF JODMV
TJPO PG UIF DPSSFDU OVDMFBS SBEJVT EPFT OPU MFBE UP DPOWFSHFODF PG UIF -JQQNBOO4DIXJOHFS
FRVBUJPO ćFSFGPSF B MBSHFS SBEJVT UIBO HJWFO CZ FR 	
 JT DIPTFO UIFNJOJNBM SFRVJSFE
WBMVF PG Rnum,N GPS XIJDI UIF -JQQNBOO4DIXJOHFS FRVBUJPO DPOWFSHFT EFQFOET BMTP PO
UIF OVNCFS PG SBEJBM QPJOUT VTFE GPS UIF JOUFHSBUJPO 6TJOH NPSF SBEJBM QPJOUT MPXFS OV
DMFBS SBEJJ BSF OFFEFE
ćJT OVNFSJDBM USJDL DBO CF KVTUJĕFE CZ TIPXJOH UIBU UIF TJ[F PG UIF OVDMFBS SBEJVT GPS OPU UPP
MBSHF SBEJJ IBSEMZ BČFDUT UIF SFTVMUJOH XBWFGVODUJPOT BOE UIF tNBUSJY *O PSEFS UP FTUJNBUF
UIF FSSPST NBEF CZ UIJT BQQSPYJNBUJPO XF IBWF DBMDVMBUFE
∑
LL′
∣tLL′ − trefLL′ ∣2  	

XIFSF XF IBWF UBLFO UIF tNBUSJY VTJOH 901 SBEJBM QPJOUT BOE UIF NJOJNBM SBEJVTRnum,N =
1.5 RN XIJDI MFBE UP DPOWFSHFODF BT SFGFSFODF tNBUSJY tref 
ćF SFTVMUT BSF TIPXO JO ĕHVSF  GPS B DVUPČ PG lmax = 2 "MM UFTU DBMDVMBUJPOT JO UIJT TFDUJPO
IBWF CFFO QFSGPSNFE GPS HPME JO UIF 43" &WFO GPS OVDMFBS SBEJJ XIJDI BSF 20 UJNFT MBSHFS
UIBO UIF DPSSFDU POF BOE 353 SBEJBM QPJOUT UIF JOUFHSBUFE FSSPST BSF TUJMM WFSZ TNBMM ćJT
CFIBWJPS IBSEMZ DIBOHFT XIFO HPJOH UP lmax = 3 PS GVMM QPUFOUJBM DBMDVMBUJPOT 	TFF ĕHVSF

















'JHVSF  ∑LL′ ∣tLL′ − trefLL′ ∣2 GPS EJČFSFOU OVDMFBS SBEJJ "4" DBMDVMBUJPOT E = 0.415Ryd BOE
lmax = 2 "T SFGFSFODF tNBUSJY trefLL′  UIF tNBUSJY GPS 901 SBEJBM QPJOUT BOE UIF
TNBMMFTU OVDMFBS SBEJVT Rnum,N = 1.5 RN MFBEJOH UP DPOWFSHFODF PG UIF -JQQNBOO
4DIXJOHFS FRVBUJPO IBT CFFO UBLFO ćF CMVF DVSWF TIPXT UIF JOUFHSBUFE EJČFSFODFT
∑LL′ ∣tLL′ − trefLL′ ∣2 GSPN UIF tNBUSJY XIJDI IBT CFFO PCUBJOFE GSPN 353 SBEJBM QPJOUT
XIJDI JT UIF OVNCFS PG QPJOUT VTVBMMZ DIPTFO GPS DBMDVMBUJPOT JO UIF BUPNJD TQIFSF
BQQSPYJNBUJPO

 $IPPTJOH B MBSHFS OVDMFBS SBEJVT ESBTUJDBMMZ SFEVDFT UIF OVNCFS PG JUFSBUJPOT OFFEFE
UP TPMWF UIF -JQQNBOO4DIXJOHFS FRVBUJPO ćJT EFQFOEFODF JT TIPXO JO UIF VQQFS QBOFM
PG ĕHVSF  GPS lmax = 2 BOE "4" DBMDVMBUJPOT 'PS B OVDMFBS SBEJVT XIJDI JT DIPTFO UP CF
20 UJNFT MBSHFS UIBO JU XPVME CF BDDPSEJOH UP FR 	
 20 JUFSBUJPOT BSF TVďDJFOU XIJMF
UIF FSSPS JO UIF tNBUSJY JT TUJMM TNBMM 	TFF ĕHVSF 
 'PS BMM DBMDVMBUJPOT QFSGPSNFE JO UIJT
UIFTJT B OVNFSJDBM OVDMFBS SBEJVTRnum,N = 10RN IBT CFFO DIPTFO CFDBVTF EFWJBUJPOT GPS
PUIFS FMFNFOUT UIBO HPME NJHIU CF MBSHFS
#FGPSF DMPTJOH UIJT TFDUJPO XF DPNF UP BOPUIFS BTQFDU BMSFBEZ NFOUJPOFE BU UIF CFHJOOJOH
PG UIJT TFDUJPO *O DPOUSBTU UP UIF OPOTQIFSJDBM DPNQPOFOUT PG UIF QPUFOUJBM UIF TQJO
PSCJU )BNJMUPOJBO EFDBZT GBTU XJUI JODSFBTJOH r ćFSFGPSF JU JT OFDFTTBSZ UP JODMVEF UIF
TQJOPSCJU )BNJMUPOJBO POMZ XJUIJO B TQIFSF XJUI SBEJVT rSOC,max GPS XIJDI UIF TQJOPSCJU
DPVQMJOH JT SFMFWBOU *O PSEFS UP DIFDL IPX MBSHF UIJT SBEJVT IBT UP CF DIPTFO XF IBWF DBM
DVMBUFE UIF tNBUSJY GPS EJČFSFOU rSOC,max ćF FSSPS JO UIF tNBUSJY JT TIPXO JO UIF MPXFS
QBOFM PG ĕHVSF  )PXFWFS TJODF JO NPTU DBTFT XF IBWF JODMVEFE UIF OPOTQIFSJDBM DPN
QPOFOUT PG UIF QPUFOUJBM UPHFUIFS XJUI UIF TQJOPSCJU )BNJMUPOJBO BOE USFBUFE UIFN PO UIF
TBNF GPPUJOH UIJT DVUPČ IBT OPU CFFO VTFE
  *NQMFNFOUBUJPO BOE UFTUJOH PG UIF TQJOPSCJU DPVQMJOH
'JHVSF  5PQ ∑LL′ ∣tLL′ − trefLL′ ∣2 GPS EJČFSFOU OVDMFBS SBEJJ ćF SFGFSFODF tNBUSJY JT GPS BMM
DVSWFT UIF tNBUSJY GPS rmin = 3RN BOE 901 SBEJBM QPJOUT #PUUPN ćF TBNF BT JO UIF
MFę QBOFM CVU VTJOH B MPHBSJUINJD TDBMF
 5FTU PG UIF BUPNJD TDBUUFSJOH NBUSJY
*O PSEFS UP DIFDL UIF BDDVSBDZ PG UIF tNBUSJY JODMVEJOH TQJOPSCJU DPVQMJOH XF DPNQBSFE
UIF tNBUSJY GPS "4" DBMDVMBUJPOT UP UIF tNBUSJY DBMDVMBUFE XJUI B ,,3DPEF JO XIJDI UIF
%JSBD FRVBUJPO JT TPMWFE GPS TQIFSJDBM QPUFOUJBMT <> ćF DPNQBSJTPOXBTNBEF BęFS USBOT
GPSNJOH UIF tNBUSJY UP UIF SFMBUJWJTUJD κμCBTJT XIJDI CSJOHT UIF tNBUSJY JOUP B EJBHPOBM
GPSN JG UIF QPUFOUJBM JT TQIFSJDBMMZ TZNNFUSJD ćF SFTVMUT GPS QMBUJOVN HPME BOE MFBE BSF
TIPXO JO ĕHVSF  8F IBWF QMPUUFE UIF SFBM BT XFMM BT UIF JNBHJOBSZ QBSU PG UIF tNBUSJY
GPS UIF s p BOE dPSCJUBMT UIVT ts(E) tp(E) BOE td(E) GPS FOFSHJFT SBOHJOH GSPN −1 UP
1 3ZECFSH 'PS BMNPTU BMM FMFNFOUT BOE FOFSHJFT B WFSZ HPPE BHSFFNFOU JT PCUBJOFE FY
 5FTU PG UIF BUPNJD TDBUUFSJOH NBUSJY 
'JHVSF  5PQ /VNCFS PG JUFSBUJPOT OFFEFE UP TPMWF UIF -JQQNBOO4DIXJOHFS FRVBUJPO VQ UP
UIF BDDVSBDZ PG 10−7 	SFE DVSWF
 BOE 10−5 	CMVF DVSWF
 BT GVODUJPO PG UIF OVDMFBS SBEJVT
#PUUPN ∑LL′ ∣tLL′ − trefLL′ ∣2 BT B GVODUJPO PG rSOC,max JO BUPNJD VOJUT GPS XIJDI UIF
TQJOPSCJU )BNJMUPOJBO HSOC(r) JO BUPNJD VOJUT JT JODMVEFE 5P DPNQBSF UIF SBEJVT
GPS UIF "4"TQIFSFT BNPVOUT UP rASA = 3.01 BV /PUF UIBU B MPHBSJUINJD TDBMF IBT
CFFO VTFE
DMVTJWFMZ GPS MFBE EJČFSFODFT JO UIF JNBHJOBSZ QBSU PG UIF tNBUSJY IBWF CFFO GPVOE GPS MPX
FOFSHJFT
  *NQMFNFOUBUJPO BOE UFTUJOH PG UIF TQJOPSCJU DPVQMJOH
 $PODMVTJPO
*O UIF DVSSFOU DIBQUFS TPNF OVNFSJDBM EFUBJMT BOE QSPCMFNT GBDFE JO UIF JNQMFNFOUBUJPO
PG UIF TQJOPSCJU DPVQMJOH )BNJMUPOJBO IBWF CFFO TQFDJĕFE ćF EJWFSHFODF PG UIF QSFG
BDUPS PG UIF TQJOPSCJU QPUFOUJBM GPS TNBMM r MFE UP TUSPOH ĘVDUVBUJPOT JO UIF TPMVUJPO PG
UIF -JQQNBOO4DIXJOHFS FRVBUJPO XIJDI IBT CFFO BWPJEFE CZ BQQSPYJNBUJOH UIF QPUFOUJBM
JOTJEF UIF OVDMFVT CZ B ĕOJUFTJ[F TQIFSJDBM OVDMFVT XJUI IPNPHFOFPVT DIBSHF EFOTJUZ GVS
UIFSNPSF XF IBWF TIPXO UIBU UIF BUPNJD TDBUUFSJOH NBUSJY t JT OPU BČFDUFE JG UIF SBEJVT PG
UIF OVDMFVT JT DIPTFO NVDI MBSHFS UIBO JU QIZTJDBMMZ JT
ćF DIBQUFS JT DMPTFE CZ B DPNQBSJTPO PG UIF BUPNJD TDBUUFSJOH NBUSJDFT PG 1U "V BOE 1C





















































































































'JHVSF  $PNQBSJTPO PG UIF SFBM BOE JNBHJOBSZ QBSU PG UIF tNBUSJY GPS UIF s p BOE dPSCJUBMT
GPS QMBUJOVN 	UPQ
 HPME 	NJEEMF
 BOE MFBE 	CPUUPN
 ćF MJOFT BSF UIF SFTVMUT PCUBJOFE
XJUI UIF %JSBD FRVBUJPO <> XIJMF UIF QPJOUT SFQSFTFOU UIF SFTVMUT DBMDVMBUFE XJUI UIF
OFXMZ EFWFMPQFE DPEF ćF BHSFFNFOU JT WFSZ HPPE XJUI UIF FYDFQUJPO PG MFBE BU MPX
FOFSHJFT XIFSF UIFSF BSF EFWJBUJPOT JO UIF JNBHJOBSZ QBSU PG UIF tNBUSJY

$)"15&3 
4QJO SFMBYBUJPO JO OPCMF NFUBMT
"U MPX UFNQFSBUVSFT XIFO UIF FMFDUSPOQIPOPO BOE FMFDUSPOFMFDUSPO TDBUUFSJOH BSF GSP[FO
PVU TDBUUFSJOH BU JNQVSJUZ BUPNT JT UIF NPTU TFSJPVT TPVSDF PG SFTJTUJWJUZ JO NFUBMT ćFTF
TDBUUFSJOH QSPDFTTFT SFTVMU JO B SBQJE MPTT PG NPNFOUVN DPIFSFODF XIJDI GPS NFUBMT IBT
CFFO GPVOE JO FYQFSJNFOUBM TUVEJFT <> UP CF UZQJDBMMZ JO UIF PSEFS PG UFO GFNUPTFDPOET
$PNQBSFE UP UIJT NPNFOUVN SFMBYBUJPO UJNF τ – UIF BWFSBHF UJNF B DBSSJFS MPTFT JUT PSJHJ
OBMNPNFOUVNEVF UP B TDBUUFSJOH FWFOU – FMFDUSPOT IBWF B SFMBUJWFMZ QFSTJTUFOU TQJO JF MPOH
TQJOSFMBYBUJPO UJNF T1 T1 EFTDSJCFT UIF UJNF BęFS XIJDI B TZTUFN SFBDIFT BO FRVJMJCSJVN
TQJO QPQVMBUJPO CZ FYDIBOHJOH FOFSHZ NPNFOUVN BOE BOHVMBS NPNFOUVN XJUI UIF MBU
UJDF BOE DBO BNPVOU UP TFWFSBM OBOPTFDPOET ćF NPCJMJUZ PG FMFDUSPOT BT XFMM BT UIF GBDU
UIBU TQJO DPIFSFODF DBO TVSWJWF RVJUF MPOH CFBS B QSPNJTF PO UIF BCJMJUZ PG USBOTGFSSJOH JOGPS
NBUJPO CZ FMFDUSPO TQJOT BOE NBLJOH TQJOUSPOJDT B WJBCMF QPUFOUJBM UFDIOPMPHZ ćFSFGPSF
TJHOJĕDBOU FČPSU IBT HPOF JOUP UIF JOWFTUJHBUJPO PG UIF EPNJOBOU TQJOSFMBYBUJPO NFDIB
OJTNT ćF VMUJNBUF HPBM JT UIF SFEVDUJPO PG TQJO SFMBYBUJPO JO PSEFS UP LFFQ T1 BT MPOH BT
QPTTJCMF *O UIJT UIFTJT XF DPOUSJCVUF UP UIJT SFTFBSDI CZ JOWFTUJHBUJOH TQJO SFMBYBUJPO EVF UP
JNQVSJUZ TDBUUFSJOH JO UIF OPCMF NFUBMT DPQQFS BOE HPME
4QJO SFMBYBUJPO JT DBVTFE CZ NBOZ EJČFSFOU FČFDUT BOE NFDIBOJTNT <> ćVT JU TUSPOHMZ
EFQFOET PO UIF NBUFSJBM TQFDJĕD DIBSBDUFSJTUJDT PG UIF TBNQMF 	FH UIF TBNQMF TJ[F UIF
UZQF BOE UIF DPODFOUSBUJPO PG JNQVSJUJFT
 BOE FYQFSJNFOUBM EFUBJMT TVDI BT UIF UFNQFSB
UVSF PS UIF EFOTJUZ PG FYDJUFE TQJOT %FTQJUF PG UIF HSFBU WBSJFUZ PG NFDIBOJTNT DBVTJOH
TQJOĘJQ TDBUUFSJOH QSPDFTTFT GPS UIF OPCMF NFUBMT POF NFDIBOJTN BQQFBST UP CF EPNJ
OBOU UIF &MMJPUU:BGFU NFDIBOJTN < > CBTFE PO NPNFOUVN TDBUUFSJOH BU JNQVSJUJFT
QIPOPOT BOE FMFDUSPOT *O BEEJUJPO UIFSF FYJTUT B NFDIBOJTN PG TQJOĘJQ TDBUUFSJOH EVF UP
UIF JNQVSJUZ TQJOPSCJU DPVQMJOH *G TUSVDUVSBM JOWFSTJPO TZNNFUSZ JT CSPLFO BOE FH TVS
GBDFT PS TFNJDPOEVDUPST <> BSF JOWFTUJHBUFE B TVQQMFNFOUBSZ NFDIBOJTN UIF TPDBMMFE
%hZBLPOPW1FSFM NFDIBOJTN <> CFDPNFT JNQPSUBOU 4JODF UIF MBUUFS JT BCTFOU JO UIF JO
WFTUJHBUFE CVML NBUFSJBMT JU XJMM CF EJTDVTTFE JO DIBQUFS  BMPOH XJUI TQJOSFMBYBUJPO BU

  4QJO SFMBYBUJPO JO OPCMF NFUBMT
TVSGBDFT
*O UIF DVSSFOU DIBQUFS UIF FČFDUT PG TQJOPSCJU DPVQMJOH EVF UP JNQVSJUZ TDBUUFSJOH JO UIF
OPCMF NFUBMT DPQQFS BOE HPME XJMM CF EJTDVTTFE 8IJMF JO UIF ĕSTU TFDUJPO UIF QSFEPNJOBOU
TQJOĘJQ NFDIBOJTNT BSF EFTDSJCFE UIF TFDPOE TFDUJPO EFBMT XJUI TPNF OVNFSJDBM BTQFDUT
PG UIF DBMDVMBUJPOT 6OFYQFDUFE EFWJBUJPOT GSPN FYQFDUFE TZNNFUSJFT BSF QSFTFOUFE BOE
UIF PCUBJOFE SFTVMUT BSF DPNQBSFE UP DBMDVMBUJPOT QFSGPSNFE CZ PUIFS HSPVQT BOE UP FYQFS
JNFOUBM EBUB
'JOBMMZ JO UIF UIJSE TFDUJPO NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT GPS 3d 4sp 4d 5sp 5d
BOE 6sp JNQVSJUJFT JO GDD DPQQFS BOE HPME CVML DSZTUBMT BSF TUVEJFE TZTUFNBUJDBMMZ "EEJ
UJPOBMMZ JOUFSGFSFODF FČFDUT JO TDBUUFSJOH CFUXFFO UXP JNQVSJUJFT BSF JOWFTUJHBUFE
 %PNJOBOU NFDIBOJTNT PG TQJO SFMBYBUJPO JO OPCMF NFU
BMT
"T TLFUDIFE JO UIF JOUSPEVDUJPO JO OPCMF NFUBMT NBJOMZ UXP NFDIBOJTNT BDDPVOU GPS TQJO
SFMBYBUJPO UIF &MMJPUU:BGFU NFDIBOJTN BOE TQJOĘJQ TDBUUFSJOH EVF UP TQJOPSCJU DPVQMJOH
PG JNQVSJUJFT *O UIF GPMMPXJOH UIF UIFPSFUJDBM DPODFQUT PG UIFTF UXP NFDIBOJTNT XJMM CF
TIPSUMZ QSFTFOUFE 'PS NPSF EFUBJMT BCPVU UIF &MMJPUU:BGFU NFDIBOJTN XF SFGFS UP <>
 &MMJPUU:BGFU NFDIBOJTN
ćF &MMJPUU:BGFU NFDIBOJTN JT UIF QSFEPNJOBOU TPVSDF PG TQJOSFMBYBUJPO JO NBUFSJBMT XJUI
TUSVDUVSF JOWFSTJPO TZNNFUSZ BOE DPNFT BMPOH XJUI NPNFOUVN TDBUUFSJOH *U JT CBTFE PO
UIF GBDU UIBU JO UIF QSFTFODF PG TQJOPSCJU DPVQMJOH UIF EFHFOFSBUF FMFDUSPOJD #MPDI TUBUFT
Ψ↑k BOEΨ
↓
k IBWF OP QVSF TQJO DIBSBDUFS BOZNPSF *OTUFBE UIFZ BSF B MJOFBS DPNCJOBUJPO PG
TQJO VQ BOE TQJO EPXO TUBUFT
Ψ↑k = [ak(r)(10) + bk(r)(01)] eik⋅r 	

Ψ↓k = [a⋆−k(r)(01) − b⋆−k(r)(10)] eik⋅r 	

)FSF ak(r) BOE bk(r) BSF DPNQMFY GVODUJPOT IBWJOH UIF QFSJPEJDJUZ PG UIF MBUUJDF BOE Ψ↑k
BOEΨ↓k BSF DIPTFO UP CF QPMBSJ[FE BMPOH UIF zEJSFDUJPO TVDI UIBU⟨Ψ↑k∣Sz ∣Ψ↑k⟩ = − ⟨Ψ↓k∣Sz ∣Ψ↓k⟩ BOE 	
⟨Ψ↑k∣Sz ∣Ψ↓k⟩ = − ⟨Ψ↓k∣Sz ∣Ψ↑k⟩ = 0  	

4JODF JO NPTU DBTFT UIF BWFSBHF a PG ak PWFS UIF XIPMF 'FSNJ TVSGBDF JT DMPTF UP VOJUZ BOE
b≪ 1 JU JT TUJMM SFBTPOBCMF UP EFOPUF Ψ↑k BOEΨ↓k BT hVQh BOE hEPXOh TUBUFT
0SEJOBSJMZ TQJODPOTFSWJOH TDBUUFSJOH BU QIPOPOT BOE JNQVSJUJFT JOEVDFT USBOTJUJPOT CF
UXFFO UXP TUBUFT XJUI UIF TBNF TQJO DIBSBDUFS CVU B EJČFSFOU k IFODF TDBUUFSJOH GSPNΨσk UP
 %PNJOBOU NFDIBOJTNT PG TQJO SFMBYBUJPO JO OPCMF NFUBMT 
Ψσk′  'PS TUBUFT XJUI OPOWBOJTIJOH bk USBOTJUJPOT BMTP PDDVS CFUXFFO TUBUFT PG PQQPTJUF TQJO
EJSFDUJPO JF TDBUUFSJOH GSPN Ψσk UP Ψ−σk′  *O UIF GPMMPXJOH UIF QFSUVSCBUJPO XIJDI DBVTFT
UIF TDBUUFSJOH JT EFOPUFE XJUI δH  *U JT BTTVNFE UIBU UIF TQJOPSCJU DPVQMJOH PG UIF JNQVSJUZ
JT JOTJHOJĕDBOU JF ⟨↑ ∣δH ∣ ↓⟩ ≈ ⟨↓ ∣δH ∣ ↑⟩ ≈ 0 XIFSF UIF OPUBUJPOT
∣↑⟩ = (1
0




IBWF CFFO VTFE ćF QSPCBCJMJUZ PG B TDBUUFSJOH FWFOU JO B ĕSTU BQQSPYJNBUJPO JT HJWFO CZ UIF
TRVBSF PG UIF FYQFDUBUJPO WBMVFT
P ↑↑kk′ = 2πh̵ ∣⟨Ψ↑k ∣δH ∣Ψ↑k′⟩∣2 	
= 2π
h̵
∣⟨akeik⋅r ∣δH ∣ak′eik′⋅r⟩ + ⟨bkeik⋅r ∣δH ∣ bk′eik′⋅r⟩∣2 PS
P ↑↓kk′ = 2πh̵ ∣⟨Ψ↑k ∣δH ∣Ψ↓k′⟩∣2 	
= 2π
h̵
∣− ⟨akeik⋅r ∣δH ∣ b⋆−k′eik′⋅r⟩ + ⟨bkeik⋅r ∣δH ∣a⋆−k′eik′⋅r⟩∣2 
SFTQFDUJWFMZ
8IJMF UIF QSPCBCJMJUZ GPS TQJODPOTFSWJOH TDBUUFSJOH JT PG UIF PSEFS PG ∣a∣4 UIF QSPCBCJMJUZ
GPS TQJOĘJQ TDBUUFSJOH JT QSPQPSUJPOBM UP UIF GBDUPS ∣a∣2∣b∣2 BOE UIFSFGPSF UIF SBUJP CFUXFFO
TQJOĘJQ BOE TQJODPOTFSWJOH TDBUUFSJOH BQQSPYJNBUFMZ ZJFMET
P ↑↓kk′
P ↑↑kk′




*O UIF MBTU TUFQ UIF SFTVMUT PG ĕSTUPSEFS QFSUVSCBUJPO UIFPSZ IBWF CFFO VTFE <> BDDPSE
JOH UP XIJDI ∣b∣ / ∣a∣ ≈ ξ/Δ XIFSF ξ DPSSFTQPOET UP UIF TUSFOHUI PG UIF TQJOPSCJU DPVQMJOH





ćF FYQMJDJU WBMVFT PG UIF SBUJP (⟨ξ⟩ /Δ)2 TQBO B XJEF SBOHF 'PS MJHIU NFUBMT UIF WBMVF PG(⟨ξ⟩ /Δ)2 JT WFSZ TNBMM 	FH 10−10 GPS -J
 XIFSFBT GPS IFBWZ NFUBMT JU NJHIU CF JO DPNQBSJ
TPO WFSZ MBSHF 	FH 10−2 GPS $T
 PS FWFO 0.8 GPS "V <>
 4QJOĘJQ TDBUUFSJOH EVF UP JNQVSJUZ TQJOPSCJU DPVQMJOH
4QJOĘJQ TDBUUFSJOH EVF UP JNQVSJUZ TQJOPSCJU DPVQMJOH IBT CFFO OFHMFDUFE JO UIF QSFWJPVT
TFDUJPO /BUVSBMMZ UIF BQQSPYJNBUJPO CSFBLT EPXO JG JUT TQJOPSCJU DPVQMJOH CFDPNFT SFMF
WBOU (FOFSBMMZ UIJT TQJOĘJQ TDBUUFSJOH DBOOPU CF USFBUFE JOEFQFOEFOUMZ GSPN UIF &MMJPUU
:BGFU NFDIBOJTN TJODF FWFSZ TQJOĘJQ QSPDFTT JOEVDFE CZ UIF JNQVSJUZ TQJOPSCJU DPVQMJOH
DBO CF SFWFSUFE CZ UIF &MMJPUU:BGFU NFDIBOJTN BOE WJDF WFSTB *O DBMDVMBUJPOT UIJT JOUFS
GFSFODF NVTU CF DPOTJEFSFE CZ BEEJOH VQ UIF BNQMJUVEFT PG CPUI FČFDUT BOE OPU UIF QSPCB
CJMJUJFT
  4QJO SFMBYBUJPO JO OPCMF NFUBMT
TJOHMF JNQVSJUZ UXP JNQVSJUJFT
40$ JO JNQ JO JNQ JO JNQ JO JNQ
POMZ BOE IPTU POMZ BOE IPTU
$V IPTU
(Δτσσ)2 5.1 ⋅ 10−6 2.0 ⋅ 10−3 3.3 ⋅ 10−4 6.7 ⋅ 10−4(Δτσ−σ)2 5.0 ⋅ 10−4 2.0 ⋅ 10−2 3.0 ⋅ 10−2 2.5 ⋅ 10−2
"V IPTU
(Δτσσ)2 9.9 ⋅ 10−4 4.6 ⋅ 10−4 1.3 ⋅ 10−3 1.9 ⋅ 10−3(Δτσ−σ)2 7.9 ⋅ 10−3 1.0 ⋅ 10−2 2.0 ⋅ 10−2 2.7 ⋅ 10−2






k  BWFSBHFE PWFS UIF 'FSNJ
TVSGBDF GPS POF BOE UXP OJDLFM JNQVSJUJFT JO B DPQQFS BOE B HPME IPTU GVMM QPUFO
UJBM DBMDVMBUJPOT Δτσσ BOE Δτσ−σ BSF EFĕOFE JO FRT 	
 *O UIF DBMDVMBUJPO
PG UIF TDBUUFSJOH NBUSJY 	BOE UIFSFGPSF FWJEFOUMZ PG UIF SFMBYBUJPO UJNFT UPP
 BMM
OFBSFTU OFJHICPVST BSF JODMVEFE /PUF UIBU GPS B TJOHMF JNQVSJUZ BOE TJOHMFTJUF
DBMDVMBUJPOT JO UIF BUPNJD TQIFSF BQQSPYJNBUJPO UIF EJČFSFODFT CFDPNF OFHMJHJ
CMF 5P DPNQBSF UIFNFBO TRVBSF FSSPST XJUI UIF BCTPMVUF WBMVFT PG UIF TDBUUFSJOH
UJNFT TFF UBCMF  BOE 
(FOFSBMMZ BMM JNQVSJUJFT BSF DPOTJEFSFE UP TDBUUFS JOEFQFOEFOUMZ GSPN FBDI PUIFS )PX
FWFS DPSSFMBUFETDBUUFSJOH FČFDUT NJHIU CFDPNF JNQPSUBOU JG UIF JNQVSJUZ DPODFOUSBUJPO
CFDPNFT IJHI PS JG JNQVSJUJFT UFOE UP DMVTUFS 8F XJMM JOWFTUJHBUF UIJT BTQFDU BU UIF FOE PG
UIF DVSSFOU DIBQUFS TFDUJPO 
 6OFYQFDUFE EFWJBUJPOT
#FGPSF BOBMZ[JOH PVS OVNFSJDBM SFTVMUT GPS SFMBYBUJPO UJNFT EVF UP JNQVSJUZ TDBUUFSJOH XF
QSFTFOU TPNF PCTFSWBUJPOT NBEF EVSJOH UIF DBMDVMBUJPO QSPDFTT
'SPN UJNFSFWFSTBM TZNNFUSZ POF XPVME JOUVJUJWFMZ FYQFDU UIBU UIF kEFQFOEFOU
TQJODPOTFSWJOH BOJTPUSPQJD TDBUUFSJOH UJNFT τ ↑↑k BOE τ
↓↓
k BT XFMM BT UIF TQJOSFMBYBUJPO UJNFT
τ ↑↓k BOE τ
↓↑
k BT EFĕOFE JO DIBQUFS  FR 	
 CFIBWF BDDPSEJOH UP
τ ↑↓k = τ ↓↑−k BOE 	

τ ↑↑k = τ ↓↓−k 
ćJT JT CFDBVTF UIF UJNFSFWFSTBM PQFSBUJPO DIBOHFT k UP −k BOE UIF TQJO σ UP −σ )PXFWFS
BO FYQMJDJU EFSJWBUJPO TUBSUJOH GSPN UIF FYQSFTTJPO GPS T σσ′kk′  σ,σ′ ∈ (↑, ↓) PDDVST UP CF OPU
USJWJBM ćFSFGPSF XF QSPDFFE XJUI B OVNFSJDBM FWBMVBUJPO PG FR 	
 XIJDI BT XF ĕOE
 6OFYQFDUFE EFWJBUJPOT 




 GPS B (B JNQVSJUZ JO GT QFS 1% JO DPQQFS
CVML 4QJOPSCJU DPVQMJOH JT QSFTFOU CPUI JO UIF IPTU BOE UIF JNQVSJUZ QPUFOUJBM "
TNBMM EJČFSFODF CFUXFFO UIF UXP EJTUSJCVUJPOT DBO CF TFFO NBOJGFTUJOH JO B MJHIU CMVF
h$h JO UIF NJEEMF PG UIF 'FSNJ TVSGBDF JO UIF MFę QBOFM PS BO JOWFSUFE h$h JO UIF SJHIU
QBOFM SFTQFDUJWFMZ "ęFS BWFSBHJOH UIF JOWFSTF PG τ ↑↓k BOE τ
↓↑
k BDDPSEJOH UP FR 	

BOE QMPUUJOH T1k BT JO ĕHVSF  UIF BOJTPUSPQZ WBOJTIFT
JT OPU BMXBZT GVMĕMMFE
&TQFDJBMMZ GPS TZTUFNT XJUI NPSF UIBO POF JNQVSJUZ UIF EJČFSFODFT CFUXFFO τ ↑↑k BOE τ
↓↓
k
	PS τ ↑↓k BOE τ
↓↑
k 
 DBO CF RVJUF MBSHF 5P HJWF BO JNQSFTTJPO PG UIF PSEFS PG NBHOJUVEF PG UIF
EFWJBUJPOT XF EFĕOF UIF SPPU NFBOTRVBSF FSSPSTΔτσσ BOEΔτσ−σ BT
Δτσσ ∶= ( 1
VBZ





Δτσ−σ ∶= ( 1
VBZ




&YFNQMBSJMZ UBCMF  HJWFT (Δτσσ)2 BOE (Δτσ−σ)2 GPS OJDLFM JNQVSJUJFT FNCFEEFE JO B
DPQQFS BOE B HPME IPTU GPS TZTUFNT XJUI POF BOE UXP JNQVSJUJFT *O BMM DBMDVMBUJPOT TDBUUFS
JOH XJUIJO B DMVTUFS DPNQSJTJOH UIF OFBSFTU OFJHICPVST JT JODMVEFE "QBSU GSPN UIBU SFTVMUT
BSF QSFTFOUFE GPS UXP EJČFSFOU TDFOBSJPT 'JSTU TQJOPSCJU DPVQMJOH JT UBLFO JOUP BDDPVOU
JO UIF JNQVSJUZ QPUFOUJBM POMZ BOE TFDPOEMZ TQJOPSCJU DPVQMJOH JT QSFTFOU JO UIF IPTU BT
XFMM BT JO UIF JNQVSJUZ QPUFOUJBM ćF EFWJBUJPOT BQQFBS GPS CPUI DBTFT BOE FYDFQU GPS B
TJOHMF JNQVSJUZ JO B $V IPTU UIFZ BSF BQQSPYJNBUFMZ PG UIF TBNF PSEFS PG NBHOJUVEF "E
EJUJPOBMMZ JO ĕHVSF  UIF EJTUSJCVUJPO PG τ ↑↓k BOE τ
↓↑
k GPS B TJOHMF (B JNQVSJUZ JO DPQQFS
CVML JT QSFTFOUFE ćF TNBMM BOJTPUSPQZ NBOJGFTUT JO B WJTJCMF MJHIU CMVF h$h JO UIF NJEEMF PG
UIF 'FSNJ TVSGBDF JO UIF MFę QBOFM BOE UIF JOWFSUFE h$h JO UIF SJHIU QBOFM XIJDI EJTBQQFBST
  4QJO SFMBYBUJPO JO OPCMF NFUBMT
XIFO DBMDVMBUJOH UIF BWFSBHF TQJO SFMBYBUJPO UJNF
T1k = (1/τ ↑↓k + 1/τ ↓↑k )−1  	

QSFTFOUFE JO ĕHVSF 
"WFSBHJOH UIF NPNFOUVNSFMBYBUJPO UJNFT τ ↑↑k  τ
↓↓





PWFS UIF 'FSNJ TVSGBDF ZJFMET
τ ↑↑ = τ ↓↓ 	

τ ↑↓ = τ ↓↑
VQ UP B SFMBUJWF OVNFSJDBM BDDVSBDZ PG BCPVU 10−12
"ęFS FYUFOTJWF DIFDLJOH XF BDU PO UIF BTTVNQUJPO UIBU UIF EFWJBUJPOT BSF OPU DBVTFE CZ B
OVNFSJDBM QSPCMFN TJODF RVBMJUBUJWFMZ UIF TBNF EFWJBUJPOT BQQFBS XJUIJO UIF GSBNF PG B
TJNQMF UJHIUCJOEJOH NPEFM UPP ćF NPEFM BOE UIF UFTUT BSF EPDVNFOUFE JO "QQFOEJY $
ćF QIZTJDT XIJDI QSPWPLFT UIF BTZNNFUSZ TUJMM IBT UP CF VOEFSTUPPE
 $PNQBSJTPO UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB
*O UIJT TFDUJPO XF DPNQBSF UIF PCUBJOFE SFMBYBUJPO UJNFT GPS TPNF PG UIF DBMDVMBUFE TZTUFNT
UP PUIFS DBMDVMBUJPOT <  > BOE FYQFSJNFOUBM EBUB PCUBJOFE XJUI DPOEVDUJPO FMFDUSPO
TQJO SFTPOBODF 	$&43
 <>
"T B ĕSTU TUFQ UIF EJTUSJCVUJPOT PG UIFNPNFOUVN SFMBYBUJPO UJNF τk BOE UIF TQJO SFMBYBUJPO
UJNF T1k GPS /J ;O BOE (B JNQVSJUJFT JO DPQQFS CVML PO UIF 'FSNJ TVSGBDF BSF DPOTJEFSFE
ćF SFTVMUT TIPXO JO ĕHVSFT  BHSFF WFSZ XFMM XJUI UIF EJTUSJCVUJPOT TIPXO JO < >
4NBMM EFWJBUJPOT DBO CF FYQMBJOFE CZ EJČFSFODFT JO UIF NFUIPET "MUIPVHI UIF DBMDVMBUJPOT
JO SFGFSFODFT < > IBWF CFFO QFSGPSNFE XJUIJO UIF ,,3 GPSNBMJTN UPP B GVMMZ SFMB
UJWJTUJD BQQSPBDI TPMWJOH UIF %JSBD FRVBUJPO IBT CFFO DIPTFO UIFSF 0O UIF PUIFS IBOE JO
PVS DBMDVMBUJPOT UIF GVMM QPUFOUJBM JT JODMVEFE XIJMF UIF DBMDVMBUJPOT PG SFGFSFODFT < >
IBWF CFFO QFSGPSNFE XJUIJO UIF BUPNJD TQIFSF BQQSPYJNBUJPO OFHMFDUJOH UIF OPOTQIFSJDBM
DPNQPOFOUT PG UIF QPUFOUJBM 'VSUIFSNPSF B EJČFSFOU TJ[F PG UIF SFHJPO XIFSF DIBSHF SF
MBYBUJPO JT BMMPXFE IBT CFFO DIPTFO *O DPOUSBTU UP < > XIFSF GPVS OFBSFTUOFJHICPS
TIFMMT IFODF 55 BUPNT BSPVOE UIF JOUFSTUJUJBM JNQVSJUZ IBWF CFFO JODMVEFE JO UIF DBMDVMB
UJPOT XF IBWF SFTUSJDUFE UIJT SFHJPO UP B DMVTUFS PG 13 BUPNT DPSSFTQPOEJOH UP BMM OFBSFTU
OFJHICPST ćF DVUPČ PG UIF PSCJUBM NPNFOUVN lmax JO UIF FYQBOTJPO PG UIF XBWFGVODUJPOT
BOE UIF (SFFO GVODUJPO BT XFMM BT UIF MBUUJDF DPOTUBOU NJHIU QMBZ B SPMF UPP ćFTF UXP
WBMVFT BSF OPU TQFDJĕFE JO UIF SFTQFDUJWF SFGFSFODFT *O PVS DBMDVMBUJPOT XF IBWF VTFE UIF
DVUPČ lmax = 3 BOE UIF FYQFSJNFOUBM MBUUJDF DPOTUBOUT a = 3.62 A˚ GPS DPQQFS BOE a = 4.08 A˚
GPS HPME
&YBNJOJOH UIF EJTUSJCVUJPOT PG UIF NPNFOUVN SFMBYBUJPO UJNFT GPS UIF UISFF JNQVSJUJFT /J
(B BOE ;O PO UIF 'FSNJ TVSGBDF PG DPQQFS JO UIF UISFF ĕHVSFT JO UIF MFę DPMVNO PG ĕHVSF
 XF PCTFSWF UIBU τk IBT UIF GVMM TZNNFUSZ PG UIF #SJMMPVJO [POF 	GPME Oh
 XIJMF T1k
IBT B SFEVDFE TZNNFUSZ 	C4v SPUBUJPOT BSPVOE UIF zBYJT BOE SFĘFDUJPOT
 ćJT JT EVF UP
 $PNQBSJTPO UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB 
'JHVSF  %JTUSJCVUJPO PG UIFNPNFOUVN SFMBYBUJPO UJNFT τk GPS TQJODPOTFSWJOH TDBUUFSJOH 	MFę






JNQVSJUJFT JO GT BU B DPODFOUSBUJPO PG 1% JNQVSJUJFT FNCFEEFE JO B GDD DPQQFS IPTU
DSZTUBM ćF UISFF ĕHVSFT JO UIF TFDPOE DPMVNO SFQSFTFOU UIF TJUVBUJPO PG TQJOPSCJU
DPVQMJOH JODMVEFE JO UIF JNQVSJUZ QPUFOUJBM POMZ XIJMF UIF UISFF ĕHVSFT JO UIF UIJSE
DPMVNO BSF SFTVMUT GPS TQJOPSCJU DPVQMJOH JO UIF IPTU BOE UIF JNQVSJUZ 'PS τk POMZ
WFSZ TNBMM EJČFSFODFT BSF GPVOE JG TQJOPSCJU DPVQMJOH JT JODMVEFE JO UIF IPTU PS OPU
  4QJO SFMBYBUJPO JO OPCMF NFUBMT
JNQVSJUZ 40$ JO 40$ JO PUIFS DBMDVMBUJPOT <>
UZQF JNQ POMZ JNQ BOE IPTU
, 1.0 ⋅ 10−2 1.0 ⋅ 10−2
$B 1.3 ⋅ 10−2 1.3 ⋅ 10−2
4D 1.0 ⋅ 10−2 1.0 ⋅ 10−2
5J 5.1 ⋅ 10−3 5.1 ⋅ 10−3
7 3.6 ⋅ 10−3 3.6 ⋅ 10−3
$S 3.3 ⋅ 10−3 3.3 ⋅ 10−3
.O 3.8 ⋅ 10−3 3.9 ⋅ 10−3
'F 5.8 ⋅ 10−3 5.9 ⋅ 10−3
$P 1.3 ⋅ 10−2 1.3 ⋅ 10−2
/J 5.7 ⋅ 10−2 5.6 ⋅ 10−2 5.7 ⋅ 10−2
;O 7.6 ⋅ 10−2 7.6 ⋅ 10−2 7.8 ⋅ 10−2
(B 1.7 ⋅ 10−2 1.7 ⋅ 10−2 1.7 ⋅ 10−2
(F 7.4 ⋅ 10−2 7.5 ⋅ 10−3 7.2 ⋅ 10−3
"T 3.3 ⋅ 10−3 3.3 ⋅ 10−3 4.3 ⋅ 10−3




5BCMF  .PNFOUVN SFMBYBUJPO UJNFT τ = 2 (1/τ ↑↑ + 1/τ ↓↓) JO QT GPS 3d BOE 4sp JNQVSJUJFT
JO B GDD DPQQFS IPTU BTTVNJOH BO JNQVSJUZ DPODFOUSBUJPO PG 1% "MM DBMDVMBUJPOT
BSF OPO TQJOQPMBSJ[FE BOE IBWF CFFO QFSGPSNFE JODMVEJOH B DMVTUFS PG  BUPNT
DPSSFTQPOEJOH UP UIF OFBSFTU OFJHICPST ćFNPNFOUVN SFMBYBUJPO UJNFTNFSFMZ
DIBOHF XIFO TQJOPSCJU DPVQMJOH JO UIF DMVTUFS JT OFHMFDUFE PS OPU ćF PUIFS
DBMDVMBUJPOT BSF EPOF CZ . (SBEIBOE FU BM <>
UIF BTTVNQUJPO UIBU UIF JODPNJOH TUBUF JT QSFQBSFE XJUI B TQJO BMPOH UIF zBYJT
'VSUIFSNPSF EJČFSFODFT CFUXFFO UIF UISFF JNQVSJUJFT /J (B BOE ;O CFDPNF PCWJPVT ćF
SFBTPO GPS UIJT EJTDSFQBODZ DBO CF GPVOE JO UIF EJČFSFOU TDBUUFSJOH QSPQFSUJFT PG UIF UISFF
FMFNFOUT 8IJMF /J JT B UZQJDBM dTDBUUFSFS ;O BOE (B BSF spTDBUUFSFST BNPOH XIJDI ;O
sTDBUUFSJOH JT EPNJOBOU BOE GPS (B TDBUUFSJOH NPTUMZ PDDVST JO UIF pDIBOOFM 'PS /J UIF
NPNFOUVN TDBUUFSJOH SBUF JT PCTFSWFE UP CF MPXFTU JO <> EJSFDUJPO 	UIF NPNFOUVN SF
MBYBUJPO UJNF JT MPOHFTU
 *O DPOUSBTU GPS ;O BOE (B TDBUUFSJOH JO UIJT EJSFDUJPO JT NBYJNBM
BOE UIFSFGPSF MFBET UP TIPSU NPNFOUVN SFMBYBUJPO UJNFT 'PS ;O NPNFOUVN SFMBYBUJPO
UJNFT BSF IJHIFTU JO SFHJPOT DMPTF UP UIF OFDLT XIFSFBT (B TIPXT UIF MPOHFTU NPNFOUVN
SFMBYBUJPO UJNFT CFUXFFO UIF OFDLT JO UIF <> EJSFDUJPOT
$POTJEFSJOH UIF TQJOSFMBYBUJPO UJNFT GPS TQJOPSCJU DPVQMJOH CFJOH JODMVEFE JO UIF JNQV
SJUZ QPUFOUJBM POMZ 	TFDPOE DPMVNO PG UIF TBNF ĕHVSF 
 UIF RVBMJUBUJWF EJTUSJCVUJPO PG
 $PNQBSJTPO UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB 
JNQVSJUZ PVS DBMDVMBUJPOT PUIFS DBMD <> FYQFSJNFOUBM
UZQF EBUB <>
40$ JO 40$ JO










/J 2.0 3.1 1.6 3.9 2.2 ± 0.2
;O 48.2 34.6 49 41 64 ± 9
(B 21.0 16.7 22 16 30 ± 4
(F 9.0 8.6 10 7.1 14 ± 2
"T 4.7 2.2 5.7 4.6 8.6 ± 0.7
4F 2.8 1.8
"V 0.35 0.45 0.56 0.47 0.62 ± 0.21
	"4"
 0.47
5BCMF  4QJO SFMBYBUJPO UJNFT T1 = (1/τ ↑↓ + 1/τ ↓↑)−1 JO QT QFS BUPNJD QFSDFOU GPS 3d BOE
4sp JNQVSJUJFT JO GDD DPQQFS CVML OPO TQJOQPMBSJ[FE DBMDVMBUJPOT
T1k JT TJNJMBS UP UIBU PG τk GPS /J JNQVSJUJFT *O DPOUSBTU UIF TQJOSFMBYBUJPO UJNF T1k GPS ;O
BOE (B JNQVSJUJFT TIPXT B DPNQMFUFMZ EJČFSFOU CFIBWJPS 0CWJPVTMZ UIF QBSUT PG UIF 'FSNJ
TVSGBDF XIFSF PSEJOBSZ NPNFOUVN TDBUUFSJOH JT TUSPOH BSF OPU UIF TBNF BT GPS TQJOĘJQ
TDBUUFSJOH ćJT JT SFBTPOBCMF GPS sTDBUUFSJOH TJODF sPSCJUBMT 	l = 0
 EP OPU QBSUJDJQBUF JO
UIF TQJOPSCJU DPVQMJOH 'PS pTDBUUFSJOH IPXFWFS TQJOPSCJU DPVQMJOH FČFDUT BSF FYQFDUFE
UP CF TUSPOHFS UIBO JO UIF dDIBOOFM TJODF pFMFDUSPOT BSF HFOFSBMMZ MPDBUFE DMPTFS UP UIF
OVDMFVT BOE UIFSFGPSF hGFFMh UIF OVDMFBS QPUFOUJBM NPSF TUSPOHMZ 	TFF DIBQUFS 
 ćBU UIJT
OPU UIF DBTF BMTP NBOJGFTUT JO UIF DPNQBSJTPO PG UIF NPNFOUVN SFMBYBUJPO UJNF BOE UIF
TQJOSFMBYBUJPO UJNF GPS UIF XIPMF TFSJFT PG 3d BOE 4sp JNQVSJUJFT JO ĕHVSF  8IJMF UIF
JOWFSTF NPNFOUVNSFMBYBUJPO UJNF GPS UIF 4sp JNQVSJUJFT JODSFBTFT VQ UP UIF NBYJNVN PG
UIF 3d TFSJFT UIF TQJOĘJQ TDBUUFSJOH SBUF SFNBJOT WFSZ XFBL ćJT BQQBSFOU QBSBEPY QFS
TJTUT BT XF XJMM TFF JO UIF DBTF PG 4d BOE 5sp BT XFMMT BT 5d BOE 6sp JNQVSJUJFT 8F XJMM TFF
IPX JU JT SFTPMWFE JO TFDUJPOT  BOE 
ćF EJTUSJCVUJPO PG UIF TQJOSFMBYBUJPO UJNF JT TIPXO JO UIF UIJSE DPMVNO PG ĕHVSF 


































SOC in host + imp

































Au host SOC in host + imp
SOC in imp only
'JHVSF  *OWFSTFNPNFOUVNSFMBYBUJPO UJNFT τ−1 GPS TQJODPOTFSWJOH TDBUUFSJOH 	MFę
 BOE TQJO
SFMBYBUJPO UJNFT T−11 	SJHIU
 JO ps
−1 QFS BUPNJD QFSDFOU GPS B DPQQFS 	VQQFS QBOFMT
 BOE
B HPME 	MPXFS QBOFMT
 IPTU CVML DSZTUBM ćF CMVF DVSWFT SFQSFTFOU UIF TDBUUFSJOH SBUF
VOEFS UIF QSFTFODF PG TQJOPSCJU DPVQMJOH JO UIF JNQVSJUZ POMZ XIFSFBT UIF SFE DVSWFT
BSF MJGFUJNF DBMDVMBUJPOT GPS TQJOPSCJU DPVQMJOH JO UIF IPTU BOE JO UIF DMVTUFS 'PS CPUI
DVSWFT TDBUUFSJOHXJUIJO B DMVTUFS JODMVEJOH UIF UIJSUFFO OFBSFTU OFJHICPVST JT UBLFO JOUP
BDDPVOU
ćFSF TQJOPSCJU DPVQMJOH JT JODMVEFE JO UIF XIPMF TZTUFN UIVT JO UIF JNQVSJUZ BOE UIF
IPTU &TQFDJBMMZ GPS UIF ;O BOE UIF (B JNQVSJUJFT UIF EJTUSJCVUJPOT TUSPOHMZ EJČFS GSPN
UIPTF PG UIF TJUVBUJPO XIFO TQJOPSCJU DPVQMJOH FČFDUT BSF JODMVEFE JO UIF IPTU POMZ $PN
QBSJOH UIF MBUUFS UXP DPOUSJCVUJPOT XJUI UIF TQJO FYQFDUBUJPO WBMVFT PG UIF DPQQFS IPTU 	TFF
ĕHVSFT  BOE  JO DIBQUFS 
 JU CFDPNFT PCWJPVT UIBU UIJT DIBOHF JT EVF UP UIF TQJOPSCJU
FČFDUT PG UIF IPTU *O <> EJSFDUJPO XIFSF UIF TQJO FYQFDUBUJPO WBMVFT BSF MPXFTU TQJO
PSCJU DPVQMJOH FČFDUT PG UIF IPTU BSF UIF MBSHFTU BOE UIFSFGPSF TQJOĘJQ TDBUUFSJOH JO UIJT
EJSFDUJPO JT FOIBODFE 0O UIF PUIFS IBOE JO B TUSJQF CFUXFFO UIF OFDLT TQJOPSCJU DPVQMJOH
PG UIF IPTU JT MPXFTU BOE UIF DIBSBDUFSJTUJDT PG UIF EJTUSJCVUJPO PG T1k PO UIF 'FSNJ TVSGBDF
BSF EFUFSNJOFE CZ UIF QSPQFSUJFT PG UIF JNQVSJUZ
)BWJOH BOBMZ[FE UIF EJTUSJCVUJPO PG UIFNPNFOUVN BOE TQJOSFMBYBUJPO UJNFT PO UIF 'FSNJ
 $PNQBSJTPO UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB 
TVSGBDF FYFNQMBSJMZ GPS UISFF JNQVSJUJFT XF DPOUJOVF UIF DPNQBSJTPO PG PVS SFTVMUT UP UIPTF
PG SFGFSFODFT <> <> BOE <> "EEJUJPOBMMZ JO UBCMF  BOE ĕHVSF  UIF SFTVMUT PG EJG
GFSFOU DBMDVMBUJPOT GPS BOJTPUSPQJD NPNFOUVNSFMBYBUJPO UJNFT GPS 3d BOE 4sp JNQVSJUJFT
BSF QSFTFOUFE 0CWJPVTMZ GPS B DPQQFS IPTU UIF NPNFOUVNSFMBYBUJPO UJNFT IBSEMZ EJČFS
XIFO TQJOPSCJU DPVQMJOH JT JODMVEFE JO UIF DPQQFS IPTU PS OPU $PNQBSJOH PVS SFTVMUT XJUI
UIPTF GSPN SFGFSFODF <> POF OPUJDFT UIBU UIF BHSFFNFOU JT WFSZ HPPE GPS/J ;O (B BOE(F
JNQVSJUJFT XIJMF GPS "V UIF EFWJBUJPO JT DPOTJEFSBCMF ćF SFBTPO GPS UIBU EFWJBUJPO NJHIU
CF EVF UP UIF IJHI SFMBYBUJPO UJNF JF XFBL TDBUUFSJOH *O TVDI B DBTF TNBMM EJČFSFODFT DBO
MFBE UP MBSHF EJTDSFQBODJFT *O PSEFS UP DIFDL XIFUIFS UIJT JT EVF UP UIF EJČFSFODF PG GVMM
QPUFOUJBM BOE BUPNJD TQIFSF BQQSPYJNBUJPO XF IBWF SFQFBUFE PVS DBMDVMBUJPOT JO UIF MBUUFS
BQQSPYJNBUJPO "T DBO CF TFFO JO UBCMF  UIJT UVSOT PVU OPU UP CF UIF SFBTPO TJODF PVS SF
TVMU JO "4" IBSEMZ EJČFS "T FYQFDUFE GPS UIFNPNFOUVNSFMBYBUJPO UJNFT UIF USFBUNFOU PG
TQJOPSCJU DPVQMJOH FČFDUT JO UIF IPTU EPFT OPU EFUFSNJOF UIF NPNFOUVNSFMBYBUJPO UJNF
0O UIF DPOUSBSZ GPS B HPME IPTU XIFSF TQJOPSCJU DPVQMJOH FČFDUT BSF NVDI MBSHFS B TNBMM
EJČFSFODF DBO CF PCTFSWFE 	DPNQBSF MFę QBOFM PG ĕHVSF 

3FHBSEJOH UIF TQJOSFMBYBUJPO UJNFT 	TFF UBCMF  BOE ĕHVSF 
 FWFO GPS B DPQQFS IPTU UIF
EJČFSFODFT CFUXFFO UIF DBMDVMBUJPOT XJUI BOE XJUIPVU TQJOPSCJU DPVQMJOH JO UIF IPTU BSF
NPSF QSPOPVODFE &TQFDJBMMZ GPS UIF FBSMZ 4sp3d FMFNFOUT TVDI BT , $B 4D BOE 5J XIJDI
BSF NBJOMZ sTDBUUFSFST BOE UIFSFGPSF IBWF B WFSZ MPX TQJOPSCJU DPVQMJOH TQJOSFMBYBUJPO
UJNFT BSF FTTFOUJBMMZ EFUFSNJOFE CZ UIF IPTU TQJOPSCJU DPVQMJOH
*U JT JOUFSFTUJOH UP DPNQBSF UIF FČFDUT PG TQJOPSCJU DPVQMJOH JO UIF IPTU GPS UIF UISFF FMF
NFOUT /J ;O BOE (B 8IJMF JO UIF QSFTFODF PG TQJOPSCJU DPVQMJOH JO UIF IPTU UIF TQJO
SFMBYBUJPO UJNF GPS B/J JNQVSJUZ JT JODSFBTFE JU JT SFEVDFE GPS ;O BOE(B JNQVSJUJFT )FODF
BQQBSFOUMZ GPS /J JNQVSJUJFT TQJOPSCJU DPVQMJOH FČFDUT PG UIF IPTU JOUFSGFSF EFTUSVDUJWFMZ
XJUI UIF POFT PG UIF JNQVSJUZ *O UIF QJDUVSF PG UIF &MMJPUU:BGFU NFDIBOJTN B TQJOĘJQ JO
EVDFE CZ UIF JNQVSJUZ DBO CF SFWFSUFE CZ B TQJOĘJQ PG UIF IPTU BOE WJDF WFSTB ćBU UIJT
IBQQFOT GPS /J JNQVSJUJFT CVU OPU GPS ;O BOE (B JNQVSJUJFT NJHIU CF EVF UP UIF EJTUSJ
CVUJPO PG UIF NPNFOUVNSFMBYBUJPO UJNFT BOE UIF TQJOPSCJU FČFDUT PO UIF 'FSNJ TVSGBDF
8IJMF GPS /J JNQVSJUJFT NPNFOUVN TDBUUFSJOH JT IJHIFTU JO UIF TBNF QBSU PG UIF 'FSNJ TVS
GBDF XIFSF UIF TQJOPSCJU DPVQMJOH FČFDU PG UIF IPTU JT NBYJNBM GBWPSJOH UIF JOUFSGFSFODF JO
UIPTF SFHJPOT GPS ;O BOE (B JNQVSJUJFT UIFTF UXP FČFDUT EPNJOBUF JO EJČFSFOU QBSUT PG UIF
'FSNJ TVSGBDF BOE UIVT DBO CF DPOTJEFSFE BT OPOJOUFSGFSJOH TP UIBU UIF SFMBYBUJPO SBUFT
BSF BEEJUJWF
'PS B HPME IPTU 	TFF UIF MPXFS QBOFMT PG ĕHVSF 
 UIF EJČFSFODFT JO UIF TQJOSFMBYBUJPO
UJNFT CFUXFFO DBMDVMBUJPOT XIFSF TQJOPSCJU DPVQMJOH JT QSFTFOU JO UIF JNQVSJUZ POMZ BOE
UIPTF XIFSF JU JT QSFTFOU BMTP JO UIF IPTU BSF NVDI NPSF QSPOPVODFE ćF FČFDU PG UIF IPTU
JT NPTU EJTUJODU GPS UIF spTDBUUFSFST ćF NBYJNVN PG UIF TDBUUFSJOH SBUF JT TIJęFE GSPN
'F XIFO UIF TQJOPSCJU DPVQMJOH PG UIF IPTU JT OFHMFDUFE UP 7 XIFO TQJOPSCJU DPVQMJOH JT
SFHBSEFE CPUI JO UIF IPTU BOE UIF JNQVSJUZ ćF SFBTPO JT UIBU UIF TQJOĘJQ JO B HPME IPTU
XJUI TQJOPSCJU DPVQMJOH JT MBSHFMZ EFUFSNJOFE CZ UIF NPNFOUVN TDBUUFSJOH 	JF JU IBQQFOT
EVF UP UIF &MMJPUU:BGFU NFDIBOJTN
 BOE GPS 7 BOE $S UIF TUSPOHFTU NPNFOUVN SFMBYBUJPO
"MM DBMDVMBUJPOT BSF QFSGPSNFE XJUIJO B TIFMM PG UIF  OFBSFTU OFJHICPST ćJT JT BTTVNFE UP CF FOPVHI TJODF
FWFO TJOHMFTJUF DBMDVMBUJPOT – XIJDI BSF OPU TIPXO IFSF – BMNPTU MFBE UP UIF TBNF SFTVMUT
  4QJO SFMBYBUJPO JO OPCMF NFUBMT
JT PCTFSWFE
$PNQBSJOH UIF BCTPMVUF TDBUUFSJOH SBUFT PGNPNFOUVN TDBUUFSJOH BOE TQJOSFMBYBUJPO JO UIF
UXP EJČFSFOU IPTUT UIF FYQFDUFE TUSFOHUI PG UIF TQJOPSCJU DPVQMJOH PG "V CFDPNFT PCWJPVT
8IJMF UIF NPNFOUVNSFMBYBUJPO SBUF JT BMNPTU UIF TBNF UIF TQJOSFMBYBUJPO SBUF GPS "V JT
NVDI MBSHFS 	BQQSPYJNBUFMZ CZ B GBDUPS PG 4
 TJODF TQJOĘJQ QSPDFTTFT PDDVS NPSF PęFO
 3FMBUJPO PG T1 UP 8JHOFS EFMBZ UJNFT tD
8FXJMM OPX DPNF CBDL UP UIF QBSBEPY UIBU UIF TQJOSFMBYBUJPO SBUF GPS UIF 4sp JNQVSJUJFT JT
WFSZ MPX BMUIPVHI UIFNPNFOUVN TDBUUFSJOH SBUF JT IJHI BOE UIF TQJOPSCJU DPVQMJOH FČFDUT
BSF FYQFDUFE UP CF TUSPOHFS GPS pFMFDUSPOT UIBO GPS dFMFDUSPOT
*O PSEFS UP FYQMBJO UIJT QBSBEPY XF VTF BO BQQSPYJNBUJWF GPSNVMB GPS UIF JOWFSTF TQJO
SFMBYBUJPO UJNF T1
T −11 = 2vFcV0 23 4πEF∑l>0 l (l + 1)2l + 1 sin2 [δl+1/2 − δl−1/2]  	

HJWJOH UIF TQJO SFMBYBUJPO SBUF JO UFSNT PG UIF HFOFSBMJ[FE QIBTF TIJęT δj  XIFSF j = l±1/2 JT
UIF UPUBM NPNFOUVN RVBOUVN OVNCFS ćF BCPWF GPSNVMB JT FYBDU GPS B GSFF FMFDUSPO IPTU
BOE FYDMVTJWFMZ BDDPVOUT GPS UIF TQJOPSCJU JOEVDFE TDBUUFSJOH GSPN UIF JNQVSJUZ QPUFOUJBM
)FODF TQJOPSCJU FČFDUT PG UIF IPTU BSF OPU JODMVEFE &RVBUJPO 	
 JT PCUBJOFE CZ SFMBUJOH







l (l + 1)
2l + 1 sin2 [δl+1/2 − δl−1/2] 	

XJUI UIF TQJO SFMBYBUJPO UJNF T1 WJB <>
σSF = V0
2vFc
T −11  	

ćF EJČFSFODF PG UIF QIBTF TIJęT δl+1/2 − δl−1/2 FOUFSJOH JO FR 	
 DBO CF SFXSJUUFO JO
UFSNT PG UIF FOFSHZTQMJUUJOH PG UIF (l+1/2) BOE UIF (l−1/2)PSCJUBM BOE UIF8JHOFS EFMBZ
UJNFT tD EFĕOFE JO TFDUJPO  FR 	





ΔEl+1/2,l−1/2 tD  	

)FSF JU JT BTTVNFE UIBU δl+1/2(E) BOE δl−1/2(E) IBWF UIF TBNF GVODUJPOBM GPSN δl(E)
CVU NVUVBMMZ EJTQMBDFE JO UIF FOFSHZ BYJT CZ ΔEl+1/2,l−1/2 $BMDVMBUJPOT TIPX UIJT UP CF
BQQSPYJNBUFMZ DPSSFDU
6TJOH UIF JEFOUJUZ sinx2 = 1/2 (1 − cos 2x) XF PCUBJO
T −11 ≈ 2vFcV0 23 4πEF∑l>0 l (l + 1)2l + 1 12 [1 − cosΔEtD]  	

'PS UIF 4d 5sp BOE UIF 5d 6sp JNQVSJUJFT B TJNJMBS CFIBWJPS JT PCTFSWFE BT DBO CF TFFO JO ĕHVSFT  BOE 


















'JHVSF  8JHOFS EFMBZ UJNF tD JO BUPNJD VOJUT 	Ryd−1
 GPS 3d BOE 4sp JNQVSJUJFT JO DPQQFS CVML
DBMDVMBUFE GSPN s p BOE d PSCJUBMNPNFOUB ćF EFMBZUJNFT GPS UIF dPSCJUBMT BSFNVDI
MBSHFS UIBO UIPTF GPS UIF s BOE pPSCJUBMT GPS XIJDI FWFO OFHBUJWF EFMBZ UJNFT IBWF
CFFO DBMDVMBUFE ćFTF OFHBUJWF UJNFT DBO CF JOUFSQSFUFE TVDI UIBU UIF ĕSTU XBWFT PG B
XBWFQBDLFU IBWF BMSFBEZ MFę UIF JNQVSJUZ TJUF XIJMF UIF MBTU POFT IBWF OPU ZFU FOUFSFE
ćJT FRVBUJPO BMMPXT UIF GPMMPXJOH QIZTJDBM JOUFSQSFUBUJPO PG UIF TQJOĘJQ TDBUUFSJOH QSPDFTT
JOEVDFE CZ NPNFOUVN TDBUUFSJOH ćF FMFDUSPO XBWFQBDLFU FOUFST UIF JNQVSJUZ BOE hGFFMTh
UIF TQJOPSCJU JOEVDFE TQMJUUJOH PG UIF FOFSHZ MFWFMT l + 1/2 BOE l − 1/2 EVF UP UIF TQJOPSCJU
DPVQMJOH PG UIF JNQVSJUZ QPUFOUJBM UIJT FOFSHZ TQMJUUJOH DBVTFT B QSFDFTTJPO PG UIF FMFDUSPO
TQJO ćF TFDPOE RVBOUJUZ FOUFSJOH JO FR 	
 JT UIF 8JHOFS EFMBZ UJNF tD *U EFOPUFT
UIF UJNF UIF FMFDUSPO SFRVJSFT GPS UIF 	NPNFOUVN
 TDBUUFSJOH QSPDFTT BOE SFNBJOT BU UIF
JNQVSJUZ TJUF )FODF JG UIF EFMBZUJNF JT MPOH UIF FMFDUSPO JT FYQPTFE UP UIF JNQVSJUZ TQJO
PSCJU DPVQMJOH ćF UFSN 1 − cosΔE tD JT UZQJDBM GPS B CFBUJOH FČFDU CFUXFFO UXP TUBUFT
– IFSF l − 1/2 BOE l + 1/2 – TQMJU CZ BO FOFSHZ ΔE GPS B UJNF JOUFSWBM tD *U JT PCWJPVT
UIBU JO UIF QSFTFODF PG SFTPOBOU TDBUUFSJOH XIFO tD CFDPNFT MPOH UIF QSFDFTTJPO XJMM CF
TJHOJĕDBOU
" DBMDVMBUJPO PG UIF 8JHOFS EFMBZ UJNFT tD GPS UIF s p BOE dQBSUJBM XBWFT PG UIF 3d BOE
4sp JNQVSJUJFT JO DPQQFS CVML ĕHVSF  TIPXT UIBU UIF EFMBZ UJNFT GPS UIF dQBSUJBM XBWFT
BSF NVDI MPOHFS UIBO UIPTF PG UIF s BOE pPSCJUBMT ćJT JT CFDBVTF USBOTJUJPO FMFNFOUT
DBVTF SFTPOBOU dXBWF TDBUUFSJOH BT JT XFMM LOPXO BOE FYQMBJOT XIZ TQJOSFMBYBUJPO EVF UP
dTDBUUFSJOH JTNVDI TUSPOHFS DPNQBSFE UP UIBU PG pTDBUUFSJOH 'PS B RVBMJUBUJWF FYQMBOBUJPO








































'JHVSF  8JHOFS EFMBZ UJNFT tD JO eV−1 BOE TQMJUUJOH PG UIF UXP FOFSHZ MFWFMT E5/2 BOE E3/2
JO eV JOEVDFE CZ TQJOPSCJU DPVQMJOH BU UIF 'FSNJ MFWFM EF 8IJMF UIF TQMJUUJOHT Δω
JODSFBTF XJUI UIF ĕMMJOH PG UIF dTIFMM BT XFMM BT UIF QSJODJQBM RVBOUVN OVNCFS UIF
EFMBZ UJNFT IBWF B QFBL GPS BMNPTU IBMGĕMMFE dTIFMMT 5P DPOWFSU UIF WBMVFT PG tD HJWFO
JO eV−1 UP 4*VOJUT OPUF UIBU 1eV−1 ≈ 0.66fs
JU JT TVďDJFOU UP BQQSPYJNBUF UIF $V IPTU CZ B GSFF FMFDUSPO HBT BOE VTF UIF QIBTF TIJęT δl
PCUBJOFE GPS UIF TQIFSJDBM QBSU PG UIF QPUFOUJBM 'PS TPNF FMFNFOUT tD DBMDVMBUFE GSPN UIF
s BOE pPSCJUBMT CFDPNFT OFHBUJWF "DDPSEJOH UP /FXUPO <> TNBMM OFHBUJWF EFMBZ UJNFT
GPS XBWF QBDLFUT BSF QPTTJCMF "O JOUFSQSFUBUJPO JT UIBU UIF GSPOU QBSU PG UIF XBWF QBDLFU
BMSFBEZ MFBWFT UIF JNQVSJUZ XIJMF UIF SFBS QBSU IBT OPU ZFU BSSJWFE *O UIJT DBTF UIF BCTPMVUF
WBMVF PG UIF EFMBZ UJNF JT BMTP DBMMFE BEWBODFNFOU UJNF
*O PSEFS UP BUUFTU PVS JOUFSQSFUBUJPO XF IBWF BQQMJFE UIJT TJNQMF NPEFM UP UIF 3d 4d BOE
5d JNQVSJUJFT JO DPQQFS CVML ćFSFGPSF XF IBWF POMZ UBLFO JOUP BDDPVOU UIF TQMJUUJOH PG
UIF dQBSUJBM XBWF JF ΔE = (Ed5/2 −Ed3/2) CFDBVTF GPS UIF d JNQVSJUJFT JU JT FYQFDUFE UP































'JHVSF  *OWFSTF TQJO SFMBYBUJPO UJNFT T−11 GPS UIF 3d 4d BOE 5d JNQVSJUJFT JO B DPQQFS IPTU
/VNFSJDBM EBUB 	JO ps−1
 BSF DPNQBSFE UP UIPTF PCUBJOFE XJUIJO UIF BQQSPYJNBUJPO
VTJOH UIF 8JHOFS EFMBZ UJNFT tD BOE UIF TQJOPSCJU JOEVDFE TQMJUUJOHT PG UIF FOFSHZ
MFWFM d5/2 BOE d3/2 TIPXO JO ĕHVSF 
QSPWJEF UIF NBJO DPOUSJCVUJPO UP UIF TDBUUFSJOH SBUF ćVT
T −11 ∝ sin2 [δ5/2 − δ3/2]∝1 − cosΔE tD  	

8IFSFBT UIF TQMJUUJOHTΔE BOE UIF8JHOFS EFMBZ UJNFT tD GPS UIF 3d 4d BOE 5d JNQVSJUJFT JO
DPQQFS CVML BSF TIPXO JO ĕHVSF  UIF BQQSPYJNBUFE SFTVMUT VTJOH FR 	
 BSF DPNQBSFE
UP PVS OVNFSJDBM EBUB JO ĕHVSF  ćF TQMJUUJOH PG UIF FOFSHZ MFWFMT JODSFBTFT CPUI XJUI
UIF ĕMMJOH PG UIF dTIFMM BT UIF dXBWFGVODUJPOT BSF SFUSBDUFE UPXBSET UIF OVDMFVT BOE UIF
QSJODJQBM RVBOUVN OVNCFS BT UIF JNQVSJUZ BUPNT BSF IFBWJFS *O DPOUSBTU UIF USFOET PG UIF
8JHOFS EFMBZ UJNFT IBWF B QFBLFE TUSVDUVSF XJUI NBYJNB GPS 7 /C BOE 5B XIJDI BSF JO UIF
TBNF DPMVNO PG UIF QFSJPEJD UBCMF ćF USFOET PCUBJOFE GPS UIF BQQSPYJNBUFE JOWFSTF TQJO
SFMBYBUJPO UJNFT T −11  ĕHVSF  RVBMJUBUJWFMZ BHSFF XJUI UIF OVNFSJDBM SFTVMUT BMUIPVHI UIF
NBYJNVN PG UIF UISFF USFOET IBT TIJęFE UP JNQVSJUJFT XJUI B MPXFS BUPNJD OVNCFS 	GSPN
'F UP .O GPS UIF 3d JNQVSJUJFT 5D UP /C GPS UIF 4d JNQVSJUJFT BOE GSPN 3F UP 5B GPS UIF
  4QJO SFMBYBUJPO JO OPCMF NFUBMT
5d JNQVSJUJFT
 ćJT NJHIU CF EVF UP UIF BQQSPYJNBUJPOT NBEF JO UIJT NPEFM TVDI BT UIF
BTTVNQUJPO PG B GSFF FMFDUSPO IPTU BOE UIF VTF PG UIF QIBTF TIJęT PG UIF TQIFSJDBM QBSU PG UIF
QPUFOUJBM BOE OPU UIF HFOFSBMJ[FE POFT )PXFWFS RVBMJUBUJWFMZ UIF NPEFM FYQMBJOT WFSZ XFMM
UIF EJČFSFOU CFIBWJPS PG UIF d BOE UIF spTDBUUFSFST BOE TIPXT UIF HFOFSBM JNQPSUBODF PG
SFTPOBOU TDBUUFSJOH GPS TQJO SFMBYBUJPO
 .PNFOUVN BOE TQJOSFMBYBUJPO UJNFT GPS 3d 4sp 4d
5sp 5d BOE 6sp JNQVSJUJFT JO DPQQFS BOE HPME GDD CVML
 4DBUUFSJOH BU TJOHMF JNQVSJUJFT
"ęFS IBWJOH DPNQBSFE BOE EJTDVTTFE UIF NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT GPS UIF 3d
BOE 4sp FMFNFOUT JO DPQQFS BOE HPME IPTUT GPS TJOHMF JNQVSJUJFT XF XJMM UBLF B MPPL BU UIF
4d 5sp 5d BOE 6sp FMFNFOUT 	TFF UIF SFE DVSWFT PG ĕHVSFT  BOE 
 #BTJDBMMZ UIF USFOET
GPS UIF 4d BOE 5d TFSJFT BSF TJNJMBS UP UIF DVSWFT PG UIF 3d BOE 4sp TFSJFT #PUI NPNFOUVN
BOE TQJOĘJQ TDBUUFSJOH SBUFT IBWF B QFBL JO UIF NJEEMF PG UIF d TFSJFT BEEJUJPOBMMZ NP
NFOUVN TDBUUFSJOH JT TUSPOH GPS UIF MBUF sp FMFNFOUT XIJMF UIF TQJOĘJQ TDBUUFSJOH SBUF JT
MPX 'PS B HPME IPTU BO JODSFBTF PG T −11 GPS UIF MBUF FMFNFOUT JT PCTFSWFE PSJHJOBUJOH GSPN
UIF TQJOPSCJU FČFDUT PG UIF IPTU 	TFF UIF UXP DVSWFT JO ĕHVSF 
 ćJT JT BHBJO B NBOJGFTUB
UJPO PG UIF &MMJPUU:BGFU NFDIBOJTN  JF NPNFOUVN TDBUUFSJOH CFDPNFT JNQPSUBOU BHBJO
EVF UP UIF TUSPOH TQJO NJYJOH PG UIF "V 'FSNJ TVSGBDF $PNQBSJOH UIF PSEFS PG NBHOJUVEF
PG UIF UISFF SPXT GPS UIF DPQQFS IPTU BMNPTU OP EJČFSFODF DBO CF OPUJDFE CFUXFFO UIF 3d
BOE 4d JNQVSJUJFT PS UIF 4sp BOE 5sp JNQVSJUJFT SFTQFDUJWFMZ )PXFWFS GPS UIF 5d BOE
6sp FMFNFOUT UIF TQJOSFMBYBUJPO SBUF JT NVDI IJHIFS XIJMF UIF NPNFOUVN TDBUUFSJOH SBUF
EPFT OPU JODSFBTF ćJT JT EVF UP UIF IJHIFS BUPNJD OVNCFST PG UIFTF FMFNFOUT XIJDI ZJFME B
IJHIFS TQJOPSCJU DPVQMJOH TJODFHSO ∝ Z  'PS B HPME IPTU RVBMJUBUJWFMZ UIF TBNF CFIBWJPS
JT PCTFSWFE XIJMF RVBOUJUBUJWFMZ UIF WBMVFT PG UIF TQJOĘJQ TDBUUFSJOH SBUFT BSF MBSHFS
*U JT JOTUSVDUJWF UP BOBMZ[F UIF SBUJP T1/τ  XIJDI DPSSFTQPOET UP UIF OVNCFS PG NPNFOUVN
TDBUUFSJOH FWFOUT QFS TQJOĘJQ FWFOU ćF SFTVMUT BSF QSFTFOUFE JO ĕHVSF  GPS DPQQFS BOE
HPME IPTUT *O B DPQQFS IPTU UIF SBUJP T1/τ DPWFST B XJEF SBOHF 8IJMF GPS TPNF PG UIF
spTDBUUFSFS NPSF UIBO 1100 TDBUUFSJOH FWFOUT PDDVS CFGPSF POF TQJO ĘJQT UISPVHIPVU UIF
3d TFSJFT UIF SBUJP TUSPOHMZ EFDSFBTFT FOEJOH VQ XJUI B NJOJNVN GPS $P GPS B $P JNQVSJUZ
POF ĘJQ PDDVST BQQSPYJNBUFMZ FWFSZ 55NPNFOUVN TDBUUFSJOH FWFOUT 'PS UIF 4sp FMFNFOUT
T1/τ JODSFBTFT BHBJO JF UIF TQJOĘJQ TDBUUFSJOH SBUF JT MPX JO DPNQBSJTPO UP UIF NPNFO
UVN TDBUUFSJOH SBUF ćJT GPMMPXT GSPN PVS DPOTJEFSBUJPOT JO UIF MBTU TFDUJPO XIFSF XF IBWF
GPVOE UIBU UIF 4sp JNQVSJUJFT FYIJCJU B TUSPOH NPNFOUVN TDBUUFSJOH CVU B XFBL TQJOĘJQ
TDBUUFSJOH BT UIF s BOE pXBWF TDBUUFSJOH JT OPU SFTPOBOU
$PNQBSJOH UIF USFOET GPS JNQVSJUJFT PG UIF UISFF QFSJPET JO DPQQFS B RVBMJUBUJWF TJNJMBSJUZ
JT PCTFSWFE )PXFWFS RVBOUJUBUJWFMZ MBSHF EJČFSFODFT DBO CF OPUJDFE BT POF NPWFT MPXFS
JO UIF QFSJPEJD UBCMF JF DPOTJEFS JNQVSJUJFT XJUI IJHIFS BUPNJD OVNCFST UIF SBUJP T1/τ
EFDSFBTFT )FODF UIF SFMBUJWF OVNCFS PG TQJOĘJQ TDBUUFSJOH FWFOUT SJTFT "HBJO UIJT CF
IBWJPS JT EVF UP UIF TQJOPSCJU )BNJMUPOJBO CFJOH QSPQPSUJPOBM Z 



























































































































'JHVSF  *OWFSTF NPNFOUVNSFMBYBUJPO UJNF τ−1 GPS TQJODPOTFSWJOH TDBUUFSJOH 	MFę
 BOE TQJO
ĘJQ TDBUUFSJOH SFMBYBUJPO SBUFT T−11 	SJHIU
 JO ps
−1 QFS 1% JNQVSJUZ DPODFOUSBUJPO JO B
DPQQFS IPTU DSZTUBM ćF TQJOPSCJU QPUFOUJBM IBT CFFO JODMVEFE JO UIF JNQVSJUZ QPUFOUJBM
POMZ 8IJMF UIF SFE DVSWFT SFQSFTFOU DBMDVMBUJPOT GPS TJOHMF JNQVSJUJFT BMM PUIFS WBMVFT
	τ−1dimer/2 BOE T−11 dimer/2
 IBWF CFFO PCUBJOFE GPS UXP DPSSFMBUFE JNQVSJUJFT QMBDFE BU
OFBSFTU OFJHICPSJOH 	NBHFOUB DVSWF
 BOE TFDPOE 	CMBDL DVSWF
 UIJSE 	HSFFO DVSWF
 BOE
GPSUI 	CMVF DVSWF
 OFBSFTU OFJHICPSJOH TJUFT ćF HSFBUFTU EFWJBUJPO GSPN UIF SFTVMU PG B
TJOHMF JNQVSJUZ 	JF τ−1dimer/2 − τ−1 PS T −11 dimer/2 − T−11  SFTQFDUJWFMZ
 DBO CF PCTFSWFE
GPS UXP JNQVSJUJFT CFJOH OFBSFTU OFJHICPST ćF QPTJUJPOT PG OFBSFTU OFJHICPST TFDPOE
UIJSE BOE GPSUI OFBSFTU OFJHICPST BSF EFNPOTUSBUFE JO ĕHVSF 





















































































































'JHVSF  *OWFSTF NPNFOUVN SFMBYBUJPO UJNF τ−1 GPS TQJODPOTFSWJOH TDBUUFSJOH 	MFę
 BOE TQJO
ĘJQ TDBUUFSJOH SFMBYBUJPO SBUFT T−11 	SJHIU
 JO ps
−1 QFS 1% JO B HPME IPTU DSZTUBM "T
GPS B DPQQFS IPTU TIPXO JO ĕHVSF  FČFDUT PG JOUFSBDUJPO CFUXFFO UXP JNQVSJUJFT BSF
TUVEJFE
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'JHVSF  3BUJP PG UIF TQJOSFMBYBUJPO UJNF WFSTVT UIFNPNFOUVN SFMBYBUJPO UJNF T1/τ  JF OVN
CFS PG TQJODPOTFSWJOH TDBUUFSJOH QSPDFTTFT QFS POF TQJOĘJQ FWFOU GPS DPQQFS 	VQQFS
QBOFM
 BOE HPME 	MPXFS QBOFM
 8IJMF JO B DPQQFS IPTU T1/τ TUSPOHMZ EFQFOET PO UIF
UZQF PG JNQVSJUZ BOE FTQFDJBMMZ GPS UIF MJHIU sTDBUUFSFS NPSF UIBO 103 TDBUUFSJOH QSP
DFTTFT BSF OFDFTTBSZ CFGPSF POF TQJOĘJQ PDDVST JO HPMENBYJNBMMZ 30NPNFOUVN TDBU
UFSJOH FWFOUT QFS POF TQJOĘJQ FWFOU UBLF QMBDF ćJT SFĘFDUT UIF EPNJOBUJOH SPMF PG UIF
"V IPTU JO TQJO SFMBYBUJPO
  4QJO SFMBYBUJPO JO OPCMF NFUBMT
'JHVSF  1PTJUJPO PG UIF TJOHMF JNQVSJUZ JO UIF GDD TUSVDUVSF BT XFMM BT UIF QPTJUJPO PG UXP JN
QVSJUJFT BU OFBSFTU OFJHICPSJOH TJUFT TFDPOE UIJSE BOE GPSUI OFBSFTU OFJHICPSJOH TJUFT
	GSPN MFę UP SJHIU

$POTJEFSJOH UIF MPXFS QBOFM PG ĕHVSF  XIJDI TIPXT UIF SBUJP T1/τ GPS JNQVSJUJFT JO B
HPME IPTU UIF QJDUVSF TUSPOHMZ EJČFST GSPN UIBU PG UIF DPQQFS IPTU DPNQBSFE UP DPQQFS
UIF USFOET UISPVHIPVU UIF UISFF TFSJFT BSF SBUIFS ĘBU UIF SBUJP T1/τ POMZ SBOHFT GSPN BQ
QSPYJNBUFMZ 30 	GPS "T 4C 1C
 EPXO UP UISFF TDBUUFSJOH FWFOUT QFS POF TQJOĘJQ GPS $V
"H 0T *S JNQVSJUJFT *O DPOUSBTU UP UIF CFIBWJPS XJUIJO B DPQQFS IPTU JO B HPME DSZTUBM UIF
SBUJP T1/τ JT PG UIF TBNF PSEFS PG NBHOJUVEF GPS UIF JNQVSJUJFT PG UIF UISFF EJČFSFOU SPXT
PG UIF QFSJPEJD UBCMF ćF UXP MBUUFS PCTFSWBUJPOT 	UIF MPX SBUJP JO HFOFSBM BT XFMM BT UIF
SBUIFS TNBMM EJČFSFODF CFUXFFO EJČFSFOU JNQVSJUJFT
 MFU VT DPODMVEF UIBU UIF SBUJP JT NBJOMZ
EFUFSNJOFE CZ UIF TQJOPSCJU DPVQMJOH FČFDUT JOEVDFE CZ UIF HPME IPTU 	&MMJPUU:BGFU NFDI
BOJTN
 BQQBSFOUMZ UIF FČFDUT PG JNQVSJUZ TQJOPSCJU DPVQMJOH QMBZ B NJOPS SPMF
'VSUIFSNPSF DPOTJEFSJOH UIF USFOET JO ĕHVSF  B LJOL JO UIF DVSWF GPS TJMWFS BOE HPME
JNQVSJUJFT JO UIF DPQQFS IPTU BOE GPS DPQQFS BOE TJMWFS JNQVSJUJFT JO UIF HPME IPTU BSF PC
TFSWFE ćJT JNNFEJBUF EFDSFBTF PG UIF T1/τ JT EVF UP UIF GBDU UIBU DPQQFS TJMWFS BOE HPME
CFMPOH UP UIF TBNF DPMVNO PG UIF QFSJPEJD UBCMF BOE UIFSFGPSF IBWF B TJNJMBS FMFDUSPO DPO
ĕHVSBUJPO ZJFMEJOH B WFSZ MPX 	NPNFOUVN
 TDBUUFSJOH SBUF )FODF BMNPTU BMM TDBUUFSJOH
QSPDFTTFT BSF EVF UP UIF EJČFSFOU TUSFOHUI PG TQJOPSCJU DPVQMJOH PG UIF UISFF OPCMF NFUBMT
TDBMJOH XJUI UIF BUPNJD OVNCFS ćFSFGPSF GPS UIFTF JNQVSJUJFT B WFSZ TNBMM OVNCFS PG
NPNFOUVN TDBUUFSJOH QSPDFTTFT PDDVS CFGPSF POF TQJO ĘJQT
"ęFS IBWJOH BOBMZ[FE TDBUUFSJOH QSPDFTTFT BU TJOHMF JNQVSJUJFT XF XJMM QSPDFFE XJUI UIF JO
WFTUJHBUJPO PG DPSSFMBUFE TDBUUFSJOH QSPDFTTFT XIJDI XJMM CF UIF TVCKFDU PG UIF OFYU TFDUJPO
 $PSSFMBUJPO CFUXFFO QSPYJNJUZ PG JNQVSJUJFT BOE TDBUUFSJOH
*O UIF QSFWJPVT TFDUJPO UIF NPNFOUVN BOE TQJO SFMBYBUJPO UJNFT BU MPX JNQVSJUZ DPODFO
USBUJPOT PG 1% JO DPQQFS BOE HPME IPTU DSZTUBMT IBWF CFFO EJTDVTTFE BTTVNJOH UIBU FBDI
JNQVSJUZ TDBUUFST JOEFQFOEFOUMZ )PXFWFS JG UIF JNQVSJUZ DPODFOUSBUJPO JODSFBTFT TJHOJĕ
DBOUMZ PS UIF JNQVSJUJFT UFOE UP DMVTUFS UIJT BQQSPYJNBUJPO CSFBLT EPXO BOE B DPSSFMBUJPO
CFUXFFO JNQVSJUZ QPTJUJPOJOH BOE TDBUUFSJOH SBUFT NVTU CF JOWFTUJHBUFE *O UIF QJDUVSF PG
JODPNJOH BOE TDBUUFSFE XBWFT DPSSFMBUFE TDBUUFSJOH QSPDFTTFT DBO CF VOEFSTUPPE BT GPMMPXT
*G TFWFSBM JNQVSJUJFT BSF DMPTF UP FBDI PUIFS JOUFSGFSFODF CFUXFFO XBWFT TDBUUFSFE BU UIFTF
JNQVSJUJFT BT XFMM BT NVMUJQMF TDBUUFSJOH FWFOUT CFDPNF QPTTJCMF 4VDI FČFDUT NJHIU MFBE UP
DIBOHFT JO UIF NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT
ćFSFGPSF XF IBWF TUVEJFE NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT GPS UXP JNQVSJUJFT TJUV
 $PODMVTJPO 
BUFE BU DMPTFCZ TJUFT JF BU OFBSFTU OFJHICPSJOH QPTJUJPOT TFDPOE UIJSE BOE GPSUIOFBSFTU
OFJHICPSJOH TJUFT 	TFF ĕHVSF 
 8F JODMVEFE JO PVS TFMGDPOTJTUFOU DBMDVMBUJPOT UIF OFBS
FTU OFJHICPSJOH IPTU TJUFT PG CPUI JNQVSJUJFT MFBEJOH UP DBMDVMBUJPOT XJUI 20 TJUFT GPS UXP
JNQVSJUJFT CFJOH OFBSFTU OFJHICPST BOE 22 24 BOE 25 TJUFT GPS 2OE 3SE BOE 4UI OFBSFTU
OFJHICPST SFTQFDUJWFMZ
ćF SFTVMUT GPS UIF DPSSFMBUFE TDBUUFSJOH SBUFT QFS JNQVSJUZ DPODFOUSBUJPO GPS UXP JNQVSJUJFT
	JF τ−1dimer/2 PS T −11 dimer/2
 BSF QSFTFOUFE JO ĕHVSF  GPS B DPQQFS IPTU BOE ĕHVSF  GPS B
HPME IPTU BOE DPNQBSFE UP UIF TDBUUFSJOH SBUFT τ−1 BOE T −11 GPS TJOHMF JNQVSJUJFT "QQBS
FOUMZ GPS NPTU FMFNFOUT τ−1dimer/2 ≈ τ−1 	PS T −11 dimer/2 ≈ T −11  SFTQFDUJWFMZ
 JT WBMJE IFODF
OP DPSSFMBUFE TDBUUFSJOH CFUXFFO UXP JNQVSJUJFT JT PCTFSWFE ćF HSFBUFTU EJČFSFODF DBO
CF TFFO GPS UIF 3d 4d BOE 5d TDBUUFSFST XIFO JNQVSJUJFT BSF QMBDFE BU OFBSFTU OFJHICPSJOH
QPTJUJPOT
"O FYQMBOBUJPO DBO CF HJWFO XJUI UIF IFMQ PG UIF EFOTJUZ PG TUBUFT "T UZQJDBM FYBNQMFT GPS
dTDBUUFSFST BOE spTDBUUFSFST JO ĕHVSF  XF QSFTFOU UIF EFOTJUZ PG TUBUFT PG $S /J BOE
;O JNQVSJUJFT JO B DPQQFS IPTU GPS B TJOHMF JNQVSJUZ BT XFMM BT OFBSFTU OFJHICPST TFDPOE
BOE UIJSE OFBSFTU OFJHICPST 'PS 	TJOHMF
 $S BOE /J JNQVSJUJFT XF PCTFSWF B TIBSQ QFBL JO
UIF EFOTJUZ PG TUBUFT DPNJOH GSPN UIF dTUBUF XIJMF GPS UIF 4F JNQVSJUZ B CSPBEFS UIPVHI
MFTT JOUFOTF QFBL JT PCTFSWFE *U NPTUMZ PSJHJOBUFT GSPN B pCBOE ćF QPTJUJPO PG UIF QFBL
SFMBUJWF UP UIF 'FSNJ MFWFM EF 	PS UIF BCTPMVUF WBMVF PG UIF EFOTJUZ PG TUBUFT BU E = EF
SFTQFDUJWFMZ
 EFUFSNJOFT UIF TDBUUFSJOH QSPQFSUJFT PG UIF TZTUFN JODMVEJOH UIF JNQVSJUJFT
TJODF POMZ FMFDUSPOT BU UIF 'FSNJ MFWFM DBO QBSUJDJQBUF BU TDBUUFSJOH QSPDFTTFT ćF IJHIFS
UIF EFOTJUZ PG TUBUFT UIF MBSHFS JT UIF OVNCFS PG FMFDUSPOT XIJDI DBO QBSUJDJQBUF JO UIF TDBU
UFSJOH QSPDFTT ćFSFGPSF UIF $S JNQVSJUZ DBVTFT B NVDI TUSPOHFS TDBUUFSJOH UIBO FH B /J
JNQVSJUZ
8F GPDVT OPX PO UIF EFOTJUZ PG TUBUFT GPS UIF TZTUFNT XJUI UXP JNQVSJUJFT 'PS BMM UISFF
UZQFT PG JNQVSJUJFT B TQMJUUJOH PG UIF QFBL DBO CF OPUJDFE XIJDI JT NPTU QSPOPVODFE GPS UIF
TZTUFN GPS XIJDI UIF UXP JNQVSJUJFT BSF QMBDFE BU OFBSFTU OFJHICPSJOH TJUFT ćJT TQMJUUJOH
DPSSFTQPOET UP B IZCSJEJ[BUJPO PG UIF dTUBUFT PG UIF UXP OFJHICPSJOH JNQVSJUJFT GPS $S BOE
/J BOE UIF pTUBUFT GPS 4F )PXFWFS UIF IZCSJEJ[BUJPO PDDVST NPTUMZ DMPTF UP UIF DFOUFS PG
UIF QFBL 'PS FMBTUJD TDBUUFSJOH QSPDFTTFT NBJOMZ UIF TJUVBUJPO BU UIF 'FSNJ FOFSHZ QMBZT B
SPMF ćJT FYQMBJOT UIF GBDU UIBU POMZ GPS UIF $S JNQVSJUJFT DPOTJEFSBCMF DPSSFMBUJPO FČFDUT
DBO CF PCTFSWFE TJODF POMZ GPS $S JNQVSJUJFT UIF IZCSJEJ[BUJPO UBLFT QMBDF BU UIF 'FSNJ
MFWFM "MUIPVHI XF IBWF TIPXO UIF EFOTJUZ PG TUBUFT PG UISFF UZQFT PG JNQVSJUJFT POMZ UIFJS
CFIBWJPS JT UZQJDBM BMTP GPS UIF PUIFST
 $PODMVTJPO
*O UIF DVSSFOU DIBQUFS B TZTUFNBUJD TUVEZ PG NPNFOUVNSFMBYBUJPO BOE TQJOSFMBYBUJPO
UJNFT GPS 3d 4sp 4d 5sp 5d BOE 6sp JNQVSJUJFT JO UIF OPCMF NFUBMT DPQQFS BOE HPME XBT
QSFTFOUFE 8F TUBSUFE HJWJOH B TIPSU JOUSPEVDUJPO JOUP UIF UXP EPNJOBOU TQJOSFMBYBUJPO
NFDIBOJTNT BU MPX UFNQFSBUVSFT OBNFMZ UIF &MMJPUU:BGFU NFDIBOJTN BOE TQJOSFMBYBUJPO
EVF UP JNQVSJUZ TQJOPSCJU DPVQMJOH "ęFS UIBU TPNF VOFYQFDUFE ĕOEJOHT IBWF CFFO DPN














































'JHVSF  %FOTJUZ PG TUBUFT GPS $S 	UPQ
 /J 	NJEEMF
 BOE 4F 	CPUUPN
 JNQVSJUJFT JO DPQQFS CVML
GPS B TJOHMF JNQVSJUZ 	SFE DVSWF
 UXP JNQVSJUJFT QMBDFE BU OFBSFTU OFJHICPSJOH QPTJ
UJPOT 	NBHFOUB DVSWF
 TFDPOE 	CMBDL DVSWF
 BOE UIJSE 	HSFFO DVSWF
 OFBSFTU OFJHICPS
TJUFT
NFOUFE PO 8F DPNQBSFE TPNF PG PVS SFTVMUT GPS UIF NPNFOUVNSFMBYBUJPO BOE TQJO
SFMBYBUJPO UJNFT UP PUIFS OVNFSJDBM BOE FYQFSJNFOUBM EBUB ćF BHSFFNFOU XBT RVJUF HPPE
"OBMZ[JOH UIF EJTUSJCVUJPO PG UIF NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT GPS /J ;O BOE (B
JNQVSJUJFT PO UIF 'FSNJ TVSGBDF PG DPQQFS MBSHF EJČFSFODFT IBWF CFFO PCTFSWFE ćFZ XFSF
USBDFE CBDL UP UIF EJČFSFOU TDBUUFSJOH QSPQFSUJFT PG UIF UISFF FMFNFOUT
" DPNQBSJTPOPG UIF USFOET GPS UIFNPNFOUVNSFMBYBUJPO SBUFXJUI UIBU PG UIF TQJOSFMBYBUJPO
SBUF GPS UIF XIPMF TFSJFT PG 3d BOE 4sp FMFNFOUT 	BT XFMM 4d BOE 5sp 5d BOE 6sp
 MFE UP UIF
DPODMVTJPO UIBU TUSPOH NPNFOUVN TDBUUFSJOH EPFT OPU OFDFTTBSJMZ FOUBJM TUSPOH TQJOĘJQ
 $PODMVTJPO 
TDBUUFSJOH 8IFSFBT GPS UIF dTDBUUFSJOH FMFNFOUT CPUI NPNFOUVN BOE TQJO SFMBYBUJPO BSF
MBSHF GPS UIF spTDBUUFSFST IBWJOH B MBSHF NPNFOUVNSFMBYBUJPO SBUF TQJO SFMBYBUJPO JT WFSZ
MPX "O FYQMBOBUJPO GPS UIBU EJČFSFOU CFIBWJPS XBT HJWFO CZ B DPOTJEFSBUJPO PG UIF 8JHOFS
EFMBZ UJNFT GPS UIPTF JNQVSJUJFT XIFSF SFTPOBOU dTDBUUFSJOH JT EPNJOBOU UIF 8JHOFS EF
MBZ UJNF PDDVST UP CF BO PSEFS PG NBHOJUVEF MPOHFS UIBO UIBU GPS UIF spTDBUUFSFST )FODF
FMFDUSPOT TDBUUFSJOH BU UIF 3d 4d BOE 5d JNQVSJUJFT IBWF NVDI NPSF UJNF UP hGFFMh UIF JN
QVSJUZ TQJOPSCJU DPVQMJOH BOE UIFSFGPSF FYIJCJU B NVDI TUSPOHFS TQJO SFMBYBUJPO ćJT IBT
DPOTFRVFODFT FTQFDJBMMZ JO B DPQQFS IPTU CFDBVTF UIF TQJOPSCJU DPVQMJOH PG UIF DPQQFS IPTU
JT XFBL )PXFWFS GPS UIF MBUF spTDBUUFSFST JO B HPME IPTU UIF TQJOĘJQ TDBUUFSJOH SBUF BMTP
JODSFBTFT EVF UP UIF TQJOPSCJU DPVQMJOH PG UIF HPME IPTU 'VSUIFSNPSF XF IBWF TIPXO UIBU
UIF BQQSPYJNBUF GPSNVMB GPS UIF TQJO SFMBYBUJPO BT B GVODUJPO PG UIF 8JHOFS EFMBZ UJNF BOE
UIF TQJOPSCJU JOEVDFE TQMJUUJOH PG UIF FOFSHZMFWFMT GPS UIF 3d 4d BOE 5d JNQVSJUJFT JO UIF
DPQQFS IPTU MFBET UP SFTVMUT XIJDI RVBMJUBUJWFMZ BHSFF XFMM XJUI PVS OVNFSJDBM EBUB
ćF USFOET GPS 3d 4sp 4d 5sp 5d BOE 6sp JNQVSJUJFT RVBMJUBUJWFMZ TIPXFE UIF TBNF CF
IBWJPS JO DPQQFS BOE HPME IPTUT )PXFWFS XIJMF UIF PSEJOBSZ NPNFOUVN TDBUUFSJOH SBUF
JT PG UIF TBNF PSEFS PG NBHOJUVEF TQJO SFMBYBUJPO JT TJHOJĕDBOUMZ FOIBODFE JO UIF DBTF PG B
HPME IPTU
ćF EPNJOBUJOH SPMF GPS TQJO SFMBYBUJPO PG UIF HPME IPTU BMTP NBOJGFTUT JO UIF SBUJP T1/τk
8IJMF GPS DPQQFS T1/τk TUSPOHMZ EFQFOET PO UIF UZQF PG UIF JNQVSJUZ 	BOE JUT TUSFOHUI PG
TQJOPSCJU DPVQMJOH
 SBOHJOH GSPN 3 UP NPSF UIBO 104 NPNFOUVN TDBUUFSJOH QSPDFTTFT QFS
POF TQJOĘJQ JO HPME FWFO GPS UIF MJHIU JNQVSJUJFT XJUI WFSZ MPX TQJOĘJQ TDBUUFSJOH SBUF
POMZ 30 NPNFOUVN TDBUUFSJOH QSPDFTTFT PDDVS CFGPSF POF TQJO ĘJQT 'PS DPQQFS B DMFBS
NJOJNVN PG UIF RVPUJFOU JT SFBDIFE GPS UIF MBUF dTDBUUFSFST XIJMF UIF FBSMZ sTDBUUFSFST
	FTQFDJBMMZ , $B BOE 4D
 FYIJCJU UIF MBSHFTU WBMVFT PG T1/τk JF UIF MPXFTU SFMBUJWF TQJOĘJQ
TDBUUFSJOH
'JOBMMZ B DPSSFMBUJPO CFUXFFO UIF QSPYJNJUZ PG JNQVSJUJFT BOE TDBUUFSJOH IBT CFFO JOWFT
UJHBUFE 4JHOJĕDBOU DIBOHFT JO UIF TQJODPOTFSWJOH BOE UIF TQJOĘJQ TDBUUFSJOH IBWF CFFO
PCTFSWFE GPS UIF d JNQVSJUJFT XJUI BQQSPYJNBUFMZ IBMGĕMMFE dTIFMMT XIFO UIF UXP JNQV
SJUJFT BSF OFBSFTU OFJHICPST "O BOBMZTJT PG UIF EFOTJUZ PG TUBUFT PG UISFF JNQVSJUJFT DIPTFO
FYFNQMBSJMZ MFU VT DPODMVEF UIBU DPSSFMBUJPO FČFDUT BSF EVF UP SFTPOBODFTQMJUUJOH BOE DBO
CF TFFO POMZ GPS UIPTF JNQVSJUJFT XIPTF dSFTPOBODF JT DMPTF UP UIF 'FSNJ FOFSHZ
8F IBWF EFNPOTUSBUFE UIJT CFIBWJPS GPS UIF FYBNQMF PG UIF 3d BOE UIF 4sp JNQVSJUJFT JO UIF DPQQFS IPTU

$)"15&3 
-JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ
JNQVSJUZ TDBUUFSJOH JO TJNQMF NFUBMT
*O PSEFS UP EFTDSJCF UIF EZOBNJDT PG DIBSHF USBOTQPSU MPDBMJ[BUJPO BOE RVBOUVN JOGPSNB
UJPO PO NFUBM TVSGBDFT JU JT PG DSVDJBM JNQPSUBODF UP VOEFSTUBOE UIF UFNQPSBM FWPMVUJPO
PG RVBTJQBSUJDMFT 	FMFDUSPOT BOE IPMFT
 JO TVSGBDF TUBUFT DIBSBDUFSJ[FE CZ B NPNFOUVN
EFQFOEFOU MJGFUJNF τk 6OEFSTUBOEJOH UIFTF MJGFUJNFT JT RVJUF DPNQMJDBUFE CFDBVTF UIFZ
SFĘFDU UIF QSPQFSUJFT PG UIF DPSSFMBUFE NBOZFMFDUSPO TZTUFN BOE EFQFOE PO B WBSJFUZ PG
QBSBNFUFST CPUI PG JOUSJOTJD BOE FYUSJOTJD OBUVSF ćF ĕFME PG SFTFBSDI JT WFSZ XJEF CFDBVTF
PG UIF HSFBU WBSJFUZ PG NFDIBOJTNT BOE NBUFSJBMT XIJDI DBO CF JOWFTUJHBUFE BT XFMM BT UIF
OVNCFS PG FYQFSJNFOUBM BOE UIFPSFUJDBM UFDIOJRVFT XIJDI DBO CF FNQMPZFE ćFSFGPSF JO
UIF MBTU ZFBST NVDI UIFPSFUJDBM BOE FYQFSJNFOUBM FČPSU IBT CFFO TQFOU GPS B CFUUFS VOEFS
TUBOEJOH BOE UIPVHI B MPU PG RVFTUJPOT BSF TUJMM PQFO USFNFOEPVT QSPHSFTT IBT CFFO NBEF
<>
ćF MJGFUJNF PG TVSGBDF TUBUFT JT MJNJUFE CFDBVTF UIF RVBTJQBSUJDMFT BSF TDBUUFSFE PČ UIFNBOZ
QBSUJDMF TZTUFN MPPTJOH FOFSHZ BOE DIBOHJOH UIFJS NPNFOUVN *ONFUBMMJD TZTUFNT NBJOMZ
UISFF EJČFSFOU UZQFT PG TDBUUFSJOH QSPDFTTFT EPNJOBUF 	BTTVNJOH UIF RVBTJQBSUJDMFT UP CF
FMFDUSPOT
 FMFDUSPOFMFDUSPO TDBUUFSJOH FMFDUSPOQIPOPO TDBUUFSJOH BOE TDBUUFSJOH PG RVBTJ
QBSUJDMFT BU EFGFDUT JNQVSJUJFT BOE HSBJO CPVOEBSJFT 8IJDI POF PG UIF UISFF QSPDFTTFT JT
NPTU JNQPSUBOU EFQFOET PO NBOZ DSJUFSJB TVDI BT UIF UFNQFSBUVSF UIF DSZTUBM BOE FMFD
USPOJD TUSVDUVSF PG UIF NBUFSJBM UIF DIBSBDUFSJTUJD PG UIF DPOTJEFSFE TVSGBDF TUBUF BOE UIF
QSFTFODF PG EJTPSEFS JO UIF NBUFSJBM JF UIF DPODFOUSBUJPO PG EFGFDUT BOE JNQVSJUJFT
&YQFSJNFOUBMMZ TVSGBDFTUBUF MJGFUJNFT DBO CFNFBTVSFE CZ UISFF EJČFSFOU UFDIOJRVFT "OHMF
SFTPMWFE QIPUPFNJTTJPO BOE TDBOOJOH UVOOFMJOH NJDSPTDPQZ BOE TQFDUSPTDPQZ UIBU QSP
WJEF JOEJSFDU NFBTVSFNFOUT WJB UIF CSPBEFOJOH PG MJOFXJEUI BOE UXPQIPUPO QIPUPFNJT
TJPO UIBU BMMPXT B EJSFDU NFBTVSFNFOU PG MJGFUJNFT JO UIF UJNF EPNBJO ćF BEWBOUBHF PG
TDBOOJOH UVOOFMJOH NJDSPTDPQZ BOE TQFDUSPTDPQZ JT UIF QPTTJCJMJUZ UP BWPJE JNQVSJUJFT PS UP
QSPCF UIFN PO BO BUPNJD TDBMF XIFSFBT QIPUPFNJTTJPO FYQFSJNFOUT JOUFHSBUF PWFS B DPN

  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
QBSBUJWFMZ MBSHF TBNQMF BSFB XJUI BMM JUT EFGFDUT JNQVSJUJFT BOE PUIFS JNQFSGFDUJPOT PG UIF
TVSGBDF ćJT NJHIU CF UIF SFBTPO GPS UIF PCTFSWFE EJTDSFQBODJFT JO UIF MJOFXJEUI PG UIF
OPCMF NFUBM TVSGBDF TUBUFT PCUBJOFE JO UIFTF UXP FYQFSJNFOUBM TFUVQT <>
ćF ĕSTU UZQF PG JOUFSBDUJPO JF FMFDUSPOFMFDUSPO TDBUUFSJOH SFĘFDUT UIF JOUSJOTJD QSPQFS
UJFT PG UIF DPOTJEFSFE TVSGBDF TUBUF $MPTF UP UIF 'FSNJ FOFSHZ FMFDUSPOFMFDUSPO TDBUUFSJOH
JT TNBMM EVF UP UIF MJNJUFE QIBTF TQBDF PG UIF FOE TUBUFT XIFSFBT JU CFDPNFT JNQPSUBOU BU
IJHIFS FOFSHJFT "O JOWFTUJHBUJPO PG UIF FMFDUSPOFMFDUSPO DPSSFMBUJPO PG UIF 	
 TVSGBDF
TUBUF PG OPCMF NFUBMT XJUI QIPUPFNJTTJPO FYQFSJNFOUT DBO CF GPVOE JO <>
&MFDUSPOQIPOPO JOUFSBDUJPO SFTVMUT JO FMBTUJD PS BMNPTU FMBTUJD TDBUUFSJOH CFDBVTF QIPOPOT
DBSSZ SFMBUJWFMZ MPX FOFSHZ ćF TUSFOHUI PG QIPOPOTDBUUFSJOH TUSPOHMZ EFQFOET PO UIF
UFNQFSBUVSF BU MPX UFNQFSBUVSFT UIF DPOUSJCVUJPO PG QIPOPOT DBO CF OFHMFDUFE TJODF UIFZ
BSF BMNPTU GSP[FO *O PSEFS UP FTUJNBUF UIF DPOUSJCVUJPO PG FMFDUSPOQIPOPO TDBUUFSJOH UP
UIF UPUBM MJGFUJNF SFEVDUJPO PG B TQFDJĕD NBUFSJBM FYQFSJNFOUBM TUVEJFT BSF EPOF BU EJČFS
FOU UFNQFSBUVSFT CVU JO B HJWFO UFNQFSBUVSF SBOHF XIFSF FMFDUSPOQIPOPO TDBUUFSJOH JT BT
TVNFE UP CF EPNJOBUJOH UIFO B MJOFBS EFQFOEFODF PG UIF MJOFXJEUI PO UIF UFNQFSBUVSF
JT BTTVNFE XIJDI BMMPXT GPS BO FYUSBQPMBUJPO PG UIF QIPOPODPOUSJCVUJPO UP B HJWFO UFN
QFSBUVSF < > -JGFUJNF SFEVDUJPO PG UIF OPCMF NFUBM TVSGBDF TUBUFT EVF UP TDBUUFSJOH
BU QIPOPOT IBT CFFO CPUI TUVEJFE JO QIPUPFNJTTJPO TQFDUSPTDPQZ <  > BT XFMM BT
XJUI TDBOOJOH UVOOFMJOH NJDSPTDPQZ 	45.
 BOE TQFDUSPTDPQZ 	454
 <  > " HFOFSBM
PWFSWJFX BCPVU UIF JOWFTUJHBUJPO PG TVSGBDFTUBUF MJGFUJNFT XJUI 45. BOE 454 JT QSPWJEFE
CZ <> XIJMF JO <> BMM UIFPSFUJDBM BOE FYQFSJNFOUBM JOWFTUJHBUJPOT PG UIF MBTU GFX ZFBST BSF
USFBUFE 'JOBMMZ B MJGFUJNF NFBTVSFNFOU GPS EJČFSFOU DPODFOUSBUJPOT PG $P BEBUPNT PO UIF
$V 	
 TVSGBDF XJUI UXPQIPUPO QIPUPFNJTTJPO DBO CF GPVOE JO <>
"T B DPOTFRVFODF PG UIF BCPWF DPOTJEFSBUJPOT BCPVU UIF DPOUSJCVUJPOT PG FMFDUSPOFMFDUSPO
BOE FMFDUSPOQIPOPO TDBUUFSJOH UP MJGFUJNF SFEVDUJPO XF DBO DPODMVEF UIBU BU MPX UFNQFSB
UVSFT BOE FOFSHJFT DMPTF UP UIF 'FSNJ MFWFM CPUI BSF OFHMJHJCMF IPXFWFS TDBUUFSJOH BU EFGFDUT
BOE JNQVSJUJFT PęFO JT UIF MJNJUJOH GBDUPS CFDBVTF UIF DSFBUJPO PG B TNBMM OVNCFS PG TVSGBDF
EFGFDUT DBOOPU CF BWPJEFE *U JT UIFSFGPSF XPSUIXIJMF UP QSPWJEF B TZTUFNBUJD UIFPSFUJDBM
TUVEZ PG MJGFUJNF SFEVDUJPO EVF UP JNQVSJUZ TDBUUFSJOH XIJDI JT UIF UPQJD PG UIJT DIBQUFS
ćF TZTUFNT JOWFTUJHBUFE BSF UIF 	
 TVSGBDFT PG UIF OPCMF NFUBMT $V "H BOE "V XIFSF
UIF TVSGBDF TUBUFT BQQFBS JO UIF QSPKFDUFE FOFSHZ HBQ PG UIF CVML CBOET -JGFUJNF SFEVDUJPO
EVF UP TDBUUFSJOH BU 3d BOE 4sp JNQVSJUJFT CFMPX JO BOE PO UPQ PG UIF ĕSTU TVSGBDF MBZFS BSF
JOWFTUJHBUFE
*O UIF ĕSTU QBSU PG UIF DIBQUFS XF XJMM EJTDVTT TPNF OVNFSJDBM BTQFDUT PG UIF DBMDVMBUJPO CF
GPSF BOBMZ[JOH UIF DPOTJEFSFE $V "H BOE "V 	
 TVSGBDFT BOE UIFJS DPSSFTQPOEJOH 'FSNJ
TVSGBDFT ćFO XF QSPDFFE DPNQBSJOH TVSGBDFTUBUF MJGFUJNFT GPS TDBUUFSJOH BU 3d BOE 4sp
JNQVSJUJFT JO UIF TVSGBDF BOE BU BEBUPNT GPS DPQQFS TVSGBDFT ćF MBUUFS USFOE JF TDBUUFSJOH
BU BEBUPNT JT JOWFTUJHBUFE JO NPSF EFUBJM CFGPSF B TZTUFNBUJD TUVEZ PG MJGFUJNF SFEVDUJPO JO
$V "H BOE "V ĕMNT GPS EJČFSFOU UIJDLOFTTFT JT QSPWJEFE
'PS UIF TBLF PG DPNQMFUFOFTT USFOET PG TDBUUFSJOH SBUFT BU NBHOFUJD JNQVSJUJFT XJMM CF EJT
"U UIF OPCMF NFUBM TVSGBDFT B 'FSNJ MJRVJE CFIBWJPS JT FYQFDUFE IFODF UIF FMFDUSPOFMFDUSPO TDBUUFSJOH SBUF
TDBMFT BT (E −EF)2
ćF %FCZF UFNQFSBUVSF VTVBMMZ EPFT OPU FYDFFE B GFX IVOESFE ,FMWJO DPSSFTQPOEJOH UP B GFX UFOT PG NF7
 $PNQVUBUJPOBM BOE OVNFSJDBM BTQFDUT PG UIF DBMDVMBUJPOT 
'JHVSF  'FSNJ TVSGBDFT PG $V ĕMNT PSJFOUFE JO <> EJSFDUJPO GPS    BOE  MBZFST
	GSPN MFę UP SJHIU
 'PS UIF DBMDVMBUJPOT UISFF hWBDVVN MBZFSTh IBWF CFFO BEEFE
PO FBDI TJEF ćF DBMDVMBUJPOT IBWF CFFO QFSGPSNFE XJUIJO UIF BUPNJD TQIFSF
BQQSPYJNBUJPO 	"4"
ćF TQMJUUJOH CFUXFFO UIF UXP TVSGBDF TUBUFT 	SFQSFTFOUFE
CZ UIF UXP JOOFSNPTU SJOHT
 EFDSFBTFT XJUI UIF OVNCFS PG MBZFST "CTPMVUF WBM
VFT GPS UIF TQMJUUJOHT BSF HJWFO JO UBCMF 
DVTTFE
'JOBMMZ GPS DPQQFS ĕMNT TVSGBDF SFTJTUJWJUJFT BSF JOWFTUJHBUFE CFJOH DMPTFMZ SFMBUFE UP UIF
UPQJD PG TVSGBDFTUBUF MJGFUJNFT 5SFOET GPS EJČFSFOU ĕMN UIJDLOFTTFT BSF DPNQBSFE UP FBDI
PUIFS BT XFMM BT UP UIF USFOET PCUBJOFE GPS TVSGBDFTUBUF MJGFUJNFT
 $PNQVUBUJPOBM BOEOVNFSJDBM BTQFDUT PG UIF DBMDVMBUJPOT
$PNQBSBCMF DBMDVMBUJPOT GPS SFTJEVBM SFTJTUJWJUJFT BOE NPNFOUVN TDBUUFSJOH UJNFT JO CVML
TZTUFNT < > IBWF CFFO QFSGPSNFE XJUIJO UIF TQIFSJDBM QPUFOUJBM BQQSPYJNBUJPO "T
EFNPOTUSBUFE JO DIBQUFS  UIF GPSNBMJTN BT XFMM BT UIF DPNQVUBUJPOBM FČPSU JO "4" JT
NVDI MPXFS UIBO GPS GVMM QPUFOUJBM 	'1
 DBMDVMBUJPOT )PXFWFS BU TVSGBDFT XIFSF UIF TZN
NFUSZ JT CSPLFO JU JT SFBTPOBCMF UIBU OPOTQIFSJDBM DPNQPOFOUT PG UIF QPUFOUJBM NJHIU QMBZ
BO JNQPSUBOU SPMF &TQFDJBMMZ TDBUUFSJOH BU BEBUPNT BSF FYQFDUFE UP CF TFOTJUJWF PO UIF
'1"4" USFBUNFOU ćFSFGPSF UIF ĕSTU QBSU PG UIF DVSSFOU DIBQUFS EFBMT XJUI UIF DPNQBSJ
TPO PG TVSGBDFTUBUF MJGFUJNFT GPS "4" BOE '1 DBMDVMBUJPOT
*O PVS DBMDVMBUJPOT B ĕOJUFUIJDLOFTT ĕMN JT BMXBZT DPOTJEFSFE ćF TJUVBUJPO PG B IBMG
JOĕOJUF DSZTUBM XJUI B TJOHMF TVSGBDF JT BQQSPYJNBUFE CZ JODSFBTJOH UIF ĕMN UIJDLOFTT 'VS
UIFSNPSF UIF WBDVVN SFHJPO JT EFTDSJCFE CZ FNQUZ BUPNJD TJUFT BU  	PS JO TPNF DBMDVMBUJPOT

 MBZFST BCPWF UIF TVSGBDF UIFTF BSF DBMMFE hWBDVVN MBZFSTh
 'FSNJ TVSGBDFT PG DPQQFS TJMWFS BOE HPME 	
 ĕMNT
#FGPSF JOWFTUJHBUJOH TVSGBDFTUBUF MJGFUJNFT XF TIPSUMZ QSFTFOU UIF 'FSNJ TVSGBDFT PG UIF DPO
TJEFSFE ĕMNT XIJDI BSF BMM DSZTUBMMJ[FE JO UIF GDD TUSVDUVSF BOE PSJFOUFE JO <> EJSFDUJPO
ćF JOWFTUJHBUFE NBUFSJBMT BSF UIF UISFF OPCMF NFUBMT DPQQFS TJMWFS BOE HPME XIPTF FMFD
  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
OVNCFS PG MBZFST Δk[2π/a](a.u.)] ΔE[Ryd]
 1.1 ⋅ 10−1 4.9 ⋅ 10−2
 2.8 ⋅ 10−2 1.3 ⋅ 10−2
 4.4 ⋅ 10−3 2.3 ⋅ 10−3
 4.5 ⋅ 10−5 2.4 ⋅ 10−5
5BCMF  4QMJUUJOHT PG UIF UXP TVSGBDF TUBUFT GPS TZNNFUSJD $V ĕMNT BT B GVODUJPO PG UIF
OVNCFS PG MBZFST JO BUPNJD VOJUT ćF TQMJUUJOH Δk PO UIF 'FSNJ TVSGBDF DPSSF
TQPOET UP B TQMJUUJOH JO FOFSHZ HJWFO CZ ΔE(k) = (∂Ek/∂k) ⋅Δk "MM SFTVMUT
IBWF CFFO PCUBJOFE XJUIJO UIF BUPNJD TQIFSF BQQSPYJNBUJPO
USPOJD TUSVDUVSF BOE 'FSNJ TVSGBDFT BSF WFSZ TJNJMBS UP FBDI PUIFS "T UIFTF TZTUFNT BSF DIBS
BDUFSJ[FE CZ B UXPEJNFOTJPOBM QFSJPEJDJUZ UIF 'FSNJ TVSGBDF DPOTJTUT PG POFEJNFOTJPOBM
DVSWFT UIBU JO UIJT DBTF GPSNT SJOHMJLF TUSVDUVSFT ćF OVNCFS PG SJOHT PO UIF 'FSNJ TVSGBDF
TDBMFT MJOFBSMZ XJUI UIF OVNCFS PG MBZFST XIJDI DBO CF TFFO JO ĕHVSF  GPS UIF FYBNQMF
PG B DPQQFS 	
 'FSNJ TVSGBDF GPS ĕMNT XJUI    BOE  DPQQFS MBZFST 	GSPN MFę UP
SJHIU
 ćF UXP JOOFSNPTU SJOHT SFQSFTFOU UIF TPDBMMFE TVSGBDF TUBUFT XIJDI BSF GPSNFE JO
UIF HBQ PG UIF TVSGBDFQSPKFDUFE CBOETUSVDUVSF EVF UP UIF CPVOEBSZ DPOEJUJPO PG B TVS
GBDF <> 4VSGBDF TUBUFT BSF MPDBMJ[FE BU UIF BUPN MBZFST DMPTF UP UIF TVSGBDF BT DBO CF TFFO
JO ĕHVSFT  BOE  BOE EFDBZ FYQPOFOUJBMMZ JOUP UIF CVML BOE JOUP UIF WBDVVN 4JODF
JO B ĕOJUF ĕMN UIFSF BSF UXP TVSGBDFT BMTP UXP TVSGBDF TUBUFT BQQFBS 'PS ĕOJUF ĕMNT UIFZ
GPSN B CPOEJOH BOE BO BOUJCPOEJOH TUBUF ćF DPVQMJOH PG UIFTF UXP TUBUFT NBOJGFTUT JO B
TQMJUUJOH CFUXFFO UIF UXP JOOFS SJOHT PG UIF 'FSNJ TVSGBDFT EFDSFBTJOH XJUI JODSFBTJOH ĕMN
UIJDLOFTT TJODF UIF PWFSMBQ PG UIF UXP TVSGBDF TUBUFT EFDSFBTFT FYQPOFOUJBMMZ 'PS  MBZFST
UIF TQMJUUJOH PG UIF UXP TUBUFT BMNPTU WBOJTIFT "CTPMVUF WBMVFT PG UIF TQMJUUJOHT GPS DPQQFS
TVSGBDFT PCUBJOFE XJUIJO UIF BUPNJD TQIFSF BQQSPYJNBUJPO BSF HJWFO JO UBCMF 
*O ĕHVSF  UIF DIBSHF QFS BUPN GPS UXP kQPJOUT CFMPOHJOH UP UIF UXP EJČFSFOU TVSGBDF
TUBUFT JT TIPXO BT GVODUJPO PG UIF MBZFS GPS ĕMNT XJUI  	MFę QBOFM
 BOE  	SJHIU QBOFM
 MBZFST
PG DPQQFS 8IFSFBT GPS  MBZFST UIF DIBSHF EFOTJUZ PG UIF TVSGBDF TUBUFT JT TUJMM IJHI JO UIF
DFOUFS PG UIF ĕMN JU JT SFDFEFE UP B WFSZ MPX WBMVF BU UIF DFOUFS PG UIF ĕMN DPOTJTUJOH PG 
DPQQFS MBZFST ćF IJHIFTU DIBSHF EFOTJUZ PG UIF TVSGBDF TUBUFT DBO CF PCTFSWFE JO UIF ĕSTU
TVSGBDF MBZFS BQBSU GSPN UIBU JU JT TUJMM WFSZ IJHI JO UIF TFDPOE TVSGBDF MBZFS BT XFMM BT JO UIF
ĕSTU WBDVVN MBZFS
$POTJEFSJOH UIF 'FSNJ TVSGBDFT PG TJMWFS BOE HPME ĕMNT 	TFF ĕHVSF 
 B QFDVMJBSJUZ GPS TJM
WFS DBO CF OPUJDFE *O UIF DBTF PG UIF TJMWFS ĕMNT UIF CPUUPN PG UIF CBOE PG UIF TVSGBDF TUBUF
JT MPDBUFE POMZ TMJHIUMZ CFMPX UIF 'FSNJ FOFSHZ TVDI UIBU UIF DPVQMJOH PG UIF UXP TVSGBDF
TUBUFT GPS UIJO ĕMNT QVTIFT POF PG UIF UIFN BCPWF UIF 'FSNJ MFWFM ćFSFGPSF GPS TJMWFS ĕMNT
XJUI  BOE  MBZFST POMZ POF TVSGBDF TUBUF BQQFBST BT B SJOH PO UIF 'FSNJ TVSGBDF "T JU XJMM
CF TIPXO JO TFDUJPO  UIJT IBT DPOTFRVFODFT GPS UIF SFTVMUJOH TVSGBDF TUBUF MJGFUJNFT UPP
ćF UXP kQPJOUT BSF DIPTFO JO <> EJSFDUJPO PO UIF 'FSNJ TVSGBDF CVU CFDBVTF UIF JOOFS QBSU PG UIF 'FSNJ
TVSGBDF JT JTPUSPQJD UIJT DIPJDF EPFT OPU BČFDU UIF SFTVMUT
 $PNQVUBUJPOBM BOE OVNFSJDBM BTQFDUT PG UIF DBMDVMBUJPOT 
'JHVSF  $IBSHF QFS MBZFS BU UIF 'FSNJ FOFSHZ EF PG UIF UXP TVSGBDF TUBUFT BT B GVODUJPO
PG UIF MBZFS JOEFY GPS ĕMNT XJUI TJY MBZFST 	MFę
 BOE GPSUZ MBZFST 	SJHIU
 PG DPQQFS
ćF UXP TFMFDUFE kQPJOUT PO UIF JOOFSNPTU SJOH PS UIF TFDPOE JOOFS SJOH SF
TQFDUJWFMZ BSF SFQSFTFOUBUJWF GPS UIF XIPMF SJOH BOE DIPTFO JO <> EJSFDUJPO
ćF WFSUJDBM CMBDL MJOFT JO UIF ĕHVSFT JOEJDBUF UIF QPTJUJPO PG UIF TVSGBDFT /PUF
UIF EJČFSFOU TDBMFT PG UIF UXP EJBHSBNT 8IFSFBT GPS UIF ĕMN XJUI TJY DPQQFS
MBZFST UIF EFOTJUZ PG TUBUFT GPS UIF UXP TVSGBDF TUBUFT JO UIF DFOUFS PG UIF ĕMN JT
TUJMM MBSHF JO UIF DBTF PG  MBZFST JU JT BMNPTU [FSP UIFSFGPSF UIF DPVQMJOH PG
UIF UXP TVSGBDF TUBUFT JT XFBL BOE BMNPTU OP TQMJUUJOH PO UIF 'FSNJ TVSGBDF JT
PCTFSWFE ćF TVN PWFS BMM MBZFST GPS FBDI kQPJOUT FRVBMT POF EVF UP OPSNBM
J[BUJPO PG XBWFGVODUJPOT E> BOE E< SFTQFDUJWFMZ EFOPUF UIF JOOFSNPTU BOE
UIF TFDPOEJOOFSNPTU 'FSNJSJOH
 ćF PQUJDBM UIFPSFN
"ęFS IBWJOH DBMDVMBUFE UIF 'FSNJ TVSGBDFT XF DBO OPX QSPDFFE XJUI UIF JOWFTUJHBUJPO PG
MJGFUJNF SFEVDUJPO EVF UP JNQVSJUZ TDBUUFSJOH ćFSFGPSF XF QMBDF JNQVSJUJFT JO UIF TVSGBDF
MBZFS POF MBZFS CFMPX UIF TVSGBDF BT XFMM BT JO BEBUPN QPTJUJPOT PO UPQ PG UIF TVSGBDF BU
UIF GDD UISFFGPMEIPMMPX TJUF 5P DBMDVMBUF UIF TVSGBDFTUBUF MJGFUJNFT BT EFTDSJCFE JO DIBQUFS
 XF VTF UIF TBNF TDIFNF XIJDI XF IBWF BMSFBEZ BQQMJFE UP CVML TZTUFNT UP DBMDVMBUF UIF
NPNFOUVN SFMBYBUJPO UJNFT τk ćF QFSUVSCFE SFHJPO XIFSF DIBSHF SFMBYBUJPO JT BMMPXFE
HFOFSBMMZ JT SFTUSJDUFE JO PVS DBMDVMBUJPOT UP B DMVTUFS PG  TJUFT UIVT UIF TIFMM PG OFBSFTU
OFJHICPST "MM TDBUUFSJOH SBUFT JF JOWFSTF MJGFUJNFT τ−1k  BSF HJWFO JO VOJUT PG QT QFS BUPNJD
QFSDFOU PG JNQVSJUJFT BEBUPNT PS EFGFDUT
$POUSBSZ UP UIF DBTF PG UIF CVML TZTUFNT JOWFTUJHBUFE JO DIBQUFS  UIFSF BSF OP OVNFSJ
DBM PS FYQFSJNFOUBM SFGFSFODFT UP DPNQBSF PVS SFTVMUT "MUIPVHI JO QSJODJQMF TVSGBDFTUBUF
MJGFUJNFT PG DPQQFS TJMWFS BOE HPME 	
 TVSGBDFT IBWF CFFO NFBTVSFE UIFZ IBWF OPU CFFO
*O TFDUJPO  JU XJMM CF TIPXO UIBU UIJT DIPJDF JT TVďDJFOU UP PCUBJO SFBTPOBCMF SFTVMUT
  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
'JHVSF  'FSNJ TVSGBDFT PG ĕMNTXJUI TJY MBZFST 	VQQFS QBOFMT
 BOE  MBZFST 	MPXFS QBOFMT

PG TJMWFS 	MFę
 BOE HPME 	SJHIU
 PSJFOUFE JO <> EJSFDUJPO 'PS UIF 'FSNJ TVSGBDF
PG UIF ĕMN DPOTJTUJOH PG TJY MBZFST PG TJMWFS POMZ POF TVSGBDF TUBUF BQQFBST UIJT JT
EVF UP UIF MPDBMJ[BUJPO PG UIF TVSGBDF TUBUF POMZ TMJHIUMZ CFMPX UIF 'FSNJ FOFSHZ
BOE UIF MBSHF DPVQMJOH PG UIF UXP TUBUFT GPS UIJO ĕMNT 'PS  MBZFST UIF TQMJUUJOH
JT NVDI TNBMMFS BOE UIF TVSGBDF TUBUF XJUI UIF IJHIFS FOFSHZ BHBJO BQQFBST PO
UIF 'FSNJ TVSGBDF
JOWFTUJHBUFE VOEFS UIF BTQFDU PG JNQVSJUZ TDBUUFSJOH *NQVSJUZ TDBUUFSJOH IBT CFFO QSFGFS
BCMZ BWPJEFE
)PXFWFS BOPUIFS QPTTJCJMJUZ UP BUUFTU UIF OVNFSJDBM DPSSFDUOFTT PG UIF SFTVMUT JT HJWFO CZ UIF
PQUJDBM UIFPSFN "DDPSEJOH UP UIF PQUJDBM UIFPSFN 	TFF TFDUJPO  FR 	

 UIF JNBHJ
 $PNQVUBUJPOBM BOE OVNFSJDBM BTQFDUT PG UIF DBMDVMBUJPOT 
OBSZ QBSU PG UIF EJBHPOBM FMFNFOUT PG UIF TDBUUFSJOH NBUSJY NVTU PCFZ
− 2Nc
h̵
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#PUI TJEFT PG UIF BCPWF FRVBUJPO BSF TIPXO JO ĕHVSF  GPS B OPO TQJOQPMBSJ[FE DBMDVMBUJPO
PG 'F JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS 	MFę QBOFM
 BOE 'F BEBUPNT 	SJHIU QBOFM
 PO UPQ PG
B ĕMN DPOTJTUJOH PG TJY MBZFST PG DPQQFS "EEJUJPOBMMZ JO UIF TBNF ĕHVSF SFTVMUT PCUBJOFE
XJUIJO UIF BUPNJD TQIFSF BQQSPYJNBUJPO 	VQQFS QBOFMT
 BT XFMM BT GPS UBLJOH UIF GVMM QPUFO
UJBM 	MPXFS QBOFMT
 JOUP BDDPVOU BSF QSFTFOUFE 'PS B CFUUFS WJFX UIF JOWFSTF MJGFUJNFT τ−1k BSF
QSFTFOUFE GPS BMM kQPJOUT JO UIF JSSFEVDJCMF QBSU PG UIF 'FSNJ TVSGBDF 	XIJDI JT 1/12 PG UIF
GVMM #SJMMPVJO [POF GPS TZTUFNT XJUIPVU TQJOPSCJU DPVQMJOH
 BT B GVODUJPO PG B kQPJOU JOEFY
GPMMPXJOH DJSDMF CZ DJSDMF TUBSUJOH GSPN UIF JOOFSNPTU SJOH UP UIF PVUFS CPVOEBSZ PG UIF #SJM
MPVJO [POF ćVT UIF UXP TVSGBDF TUBUFT BSF UIPTF XJUI UIF TNBMMFTU JOEJDFT ćF BHSFFNFOU
PG UIF UXP TJEFT JT WFSZ HPPE BMUIPVHI GPS UIF UXP TVSGBDF TUBUFT JO UIF DBTF PG 'F BEBUPNT
DBMDVMBUFE XJUIJO GVMM QPUFOUJBM DBMDVMBUJPOT B TNBMM EJČFSFODF DBO CF PCTFSWFE 5P PCUBJO
UIF BCPWF BDDVSBDZ FTQFDJBMMZ GPS UIF MBUUFS DBTF 	BEBUPN BOE GVMM QPUFOUJBM DBMDVMBUJPOT
 B
NFUJDVMPVT DPOWFSHFODF PG OVNFSJDBM QBSBNFUFST IBT CFFO OFDFTTBSZ 'PS FYBNQMF JU PD
DVST UIBU GPVS WBDVVN MBZFST PO FBDI TJEF PG UIF ĕMN BSF SFRVJSFE JOTUFBE PG UISFF XIJDI
MFBE UP HPPE SFTVMUT GPS DBMDVMBUJPOT QFSGPSNFE XJUIJO UIF BUPNJD TQIFSF BQQSPYJNBUJPO
"EEJUJPOBMMZ B WFSZ MBSHF OVNCFS PG kQPJOUT GPS UIF DBMDVMBUJPO PG UIF TUSVDUVSBM (SFFO
GVODUJPO FR 	
 JT SFRVJSFE 'VSUIFS DPNQBSJTPOT PG TDBUUFSJOH SBUFT PCUBJOFE XJUIJO
"4" BOE '1 DBMDVMBUJPOT GPMMPX JO B MBUFS QBSU PG UIJT TFDUJPO BOE PG TVSGBDF SFTJTUJWJUJFT JO
TFDUJPO 
" TVQQMFNFOUBSZ DIFDL PG UIF SFTVMUT IBT CFFO EPOF CZ DBMDVMBUJOH UIF BWFSBHF PG UIF JOWFSTF
MJGFUJNFT ⟨τ−1k ⟩ PWFS UIF CVML TUBUFT GPS 'F JNQVSJUJFT JO UIF TVSGBDF MBZFS BT XFMM BT POF MBZFS
CFMPX UIF TVSGBDF TDBMJOH JU XJUI UIF OVNCFS PG MBZFSTN  UIF BWFSBHFN ⋅ ⟨τ−1k ⟩ SFTVMUT JO B
WBMVF DPNQBSBCMF UP UIBU PCUBJOFE GPS BO 'F JNQVSJUZ JO DPQQFS CVML
 $PNQBSJTPO PG "4" BOE '1 DBMDVMBUJPOT
/PX XF SFUVSO UP UIF RVFTUJPO XIFUIFS UIFSF BSF EFWJBUJPOT CFUXFFO JOWFSTF TVSGBDFTUBUF
MJGFUJNFT τ−1k PCUBJOFEXJUIJO"4" BOE'1 DBMDVMBUJPOT "TXF IBWF TFFO JO DIBQUFS  TFDUJPO
 GPS JNQVSJUJFT JO CVML TZTUFNT UIF DBMDVMBUFE TDBUUFSJOH SBUFT BHSFF WFSZ XFMM IPXFWFS
UIJT NJHIU CF EJČFSFOU GPS TZTUFNT XJUI CSPLFO TZNNFUSZ TVDI BT TVSGBDFT XIFSF OPO
TQIFSJDBM DPNQPOFOUT PG UIF QPUFOUJBM CFDPNF NPSF JNQPSUBOU
*O PSEFS UP DPNQBSF UIF UXP DBMDVMBUJPO TDIFNFT JOWFSTF TVSGBDFTUBUF MJGFUJNFT GPS UIF
XIPMF TFSJFT PG 3d FMFNFOUT GPS BEBUPNT BOE JNQVSJUJFT JO UIF TVSGBDF PG B DPQQFS ĕMN DPO
TJTUJOH PG  MBZFST BSF JOWFTUJHBUFE 'PS TJNQMJDJUZ POMZ POF TVSGBDF TUBUF 	UIF JOOFSNPTU
SJOH
 XJMM CF DPOTJEFSFE ćF SFTVMUT BSF QSFTFOUFE JO ĕHVSF  *O UIF UXP QBOFMT PG UIF
MFę DPMVNO UIF TDBUUFSJOH SBUFT GPS TJOHMFTJUF DBMDVMBUJPOT BSF QSFTFOUFE XIJMF JO UIF UXP
ĕHVSFT PG UIF SJHIU DPMVNO UIF TIFMM DPOTJTUJOH PG UIF OFBSFTU OFJHICPST 	IFODF  BUPNT

IBT CFFO JODMVEFE 'PS JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS 	UIF SFTVMUT BSF TIPXO JO UIF
  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
'JHVSF  4DBUUFSJOH SBUFT τ−1k GPS 'F JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS 	MFę QBOFMT
 BOE
'F BEBUPNT 	SJHIU QBOFMT
 JOPO B ĕMN PG  MBZFST PG DPQQFS BT B GVODUJPO PG UIF
JOEFY PG UIF kQPJOU PO UIF 'FSNJ TVSGBDF JO 1/12 PG UIF #SJMMPVJO [POF SFQSF
TFOUJOH UIF JSSFEVDJCMF QBSU GPS TZTUFNT XJUIPVU TQJOPSCJU DPVQMJOH *O PSEFS
UP DIFDL UIF DPSSFDUOFTT PG UIF DBMDVMBUJPOT CPUI TJEFT PG UIF PQUJDBMUIFPSFN
FRVBUJPO BSF TIPXO ćF BHSFFNFOU JT WFSZ HPPE POMZ GPS UIF DBTF PG 'F BEBUPNT
BOE GVMM QPUFOUJBM DBMDVMBUJPOT B TNBMM EFWJBUJPO GPS UIF UXP TVSGBDF TUBUFT DBO
CF PCTFSWFE *O UIJT DBTF UIF PCUBJOFE SFTVMUT BSF WFSZ TFOTJUJWF UP UIF DIPTFO
OVNFSJDBM QBSBNFUFST BOE B DBSFGVM DPOWFSHFODF IBT CFFO OFDFTTBSZ
UXP VQQFS QBOFMT
 UIF BHSFFNFOU PG UIF UXP EJČFSFOU DBMDVMBUJPO TDIFNFT JT WFSZ HPPE
CPUI GPS TJOHMFTJUF DBMDVMBUJPOT BOE DBMDVMBUJPOT XIFSF UIF OFBSFTU OFJHICPST IBWF CFFO JO
DMVEFE ćJT JT OPU UIF DBTF GPS BEBUPNT BT DBO CF PCTFSWFE JO UIF UXP MPXFS QBOFMT PG ĕHVSF
 B DPOTJEFSBCMF EFWJBUJPO JT WJTJCMF FWFO XIFO B DMVTUFS JODMVEJOH BMM OFBSFTU OFJHICPST
JT UBLFO JOUP BDDPVOU )PXFWFS BMUIPVHI B RVBOUJUBUJWF EJČFSFODF DBO CF PCTFSWFE UIF
USFOET BSF TJNJMBS
$PNQBSJOH UIF TDBUUFSJOH SBUF BU JNQVSJUJFT JO UIF TVSGBDF MBZFS 	TIPXO JO UIF VQQFS QBOFMT
 $PNQVUBUJPOBM BOE OVNFSJDBM BTQFDUT PG UIF DBMDVMBUJPOT 
'JHVSF  4DBUUFSJOH SBUFT τ−1k GPS JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS 	VQQFS QBOFMT
 BOE
BEBUPNT 	MPXFS QBOFMT
 PCUBJOFE XJUIJO UIF BUPNJD TQIFSF BQQSPYJNBUJPO BOE
GVMMQPUFOUJBM DBMDVMBUJPOT 8IJMF UIF BHSFFNFOU CFUXFFO UIF UXP DBMDVMBUJPOT
JT WFSZ HPPE GPS JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS GPS BEBUPNT UIF UXP DBMDV
MBUJPO TDIFNFT MFBE UP RVBMJUBUJWFMZ TJNJMBS CVU RVBOUJUBUJWFMZ EJČFSFOU SFTVMUT
"EEJUJPOBMMZ JO UIF MFę QBOFMT UIF DPNQBSJTPO IBT CFFO EPOF GPS TJOHMFTJUF DBM
DVMBUJPOT XIJMF JO UIF SJHIU QBOFMT SFTVMUT GPS DBMDVMBUJPOT BSF TIPXO GPS XIJDI
B DMVTUFS PG UIF OFBSFTU OFJHICPST IBT CFFO JODMVEFE
PG ĕHVSF 
 UP UIF TDBUUFSJOH BU BEBUPNT 	MPXFS QBOFMT PG UIF TBNF ĕHVSF
 B TJHOJĕDBOU
RVBMJUBUJWF EJČFSFODF JT FWJEFOU 8IJMF UIF USFOE GPS JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS SF
TFNCMFT UIBU XIJDI XF IBWF GPVOE GPS TDBUUFSJOH BU JNQVSJUJFT JO CVML ĕHVSF  JO DIBQUFS
 UIF USFOE GPS UIF TDBUUFSJOH SBUF BU BEBUPNT EPFT OPU "EEJUJPOBMMZ GPS UIF MBUUFS DBTF B
MBSHF EJČFSFODF CFUXFFO TJOHMFTJUF DBMDVMBUJPOT 	MFę QBOFMT
 BOE UIPTF JODMVEJOH OFBSFTU
OFJHICPST 	SJHIU QBOFMT
 DBO CF PCTFSWFE "O BOBMZTJT PG UIFTF BTQFDUT GPMMPXT JO B MBUFS QBSU
PG UIJT DIBQUFS
8F DPODMVEF UIBU RVBOUJUBUJWF EJČFSFODFT CFUXFFO GVMM QPUFOUJBM DBMDVMBUJPOT BOE DBMDVMB
UJPOT QFSGPSNFE XJUIJO UIF BUPNJD TQIFSF BQQSPYJNBUJPO BSF PCTFSWFE )PXFWFS JO UIF
GPMMPXJOH RVBMJUBUJWF BOBMZTJT XF XJMM SFTUSJDU PVSTFMWFT UP "4" DBMDVMBUJPOT ćJT DBO CF
KVTUJĕFE CZ UIF GBDU UIBU UIF PCTFSWFE USFOET RVBMJUBUJWFMZ BSF UIF TBNF GPS CPUI DBMDVMBUJPOT
  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
'JHVSF  -Fę 4DBUUFSJOH SBUFT τ−1k GPS BEBUPNT JO B ĕMN PG  DPQQFS MBZFST GPS EJČFSFOU
DMVTUFS TJ[FT 	"4" DBMDVMBUJPOT
 8IJMF B MBSHF EJČFSFODF CFUXFFO TJOHMFTJUF
DBMDVMBUJPOT BOE UIPTF JODMVEJOH OFBSFTU OFJHICPST DBO CF PCTFSWFE MBSHFS DMVT
UFS TJ[FT IBSEMZ DIBOHF UIF PCUBJOFE TDBUUFSJOH SBUFT 3JHIU 4DBUUFSJOH SBUFT τ−1k
GPS BEBUPNT PO B ĕMN PG  DPQQFS MBZFST 1SFTFOUFE BSF TJOHMFTJUF DBMDVMBUJPOT
DBMDVMBUJPOT JODMVEJOH UIF BEBUPN XJUI UIF OFJHICPSJOH TJUFT 	h BUPNTh
 DBM
DVMBUJPOT JODMVEJOH UIF BEBUPN BOE UIF TVSSPVOEJOH WBDVVN TJUFT POMZ BOE DBM
DVMBUJPOT JODMVEJOH UIF BEBUPN BOE UIF TVSGBDF OFBSFTU OFJHICPST POMZ 8F PC
TFSWF UIBU FTQFDJBMMZ GPS UIF FBSMZ 3d FMFNFOUT UIF TVSSPVOEJOH WBDVVN TUSPOHMZ
JOĘVFODFT UIF TDBUUFSJOH SBUF
 $POWFSHFODF XJUI DMVTUFS TJ[F
*O UIF QSFWJPVT TFDUJPO XF IBWF BMSFBEZ TFFO UIBU GPS BEBUPNT MBSHF EJČFSFODFT CFUXFFO
TJOHMFTJUF DBMDVMBUJPOT BOE UIPTF JODMVEJOH B DMVTUFS PG OFBSFTU OFJHICPST BSF PCTFSWFE ćF
BCPWF ĕOEJOH SBJTFT UIF RVFTUJPO XIFUIFS UIF DMVTUFS DPOTJTUJOH PG OFBSFTU OFJHICPST POMZ
JT MBSHF FOPVHI UP PCUBJO DPOWFSHFE SFTVMUT ćFSFGPSF DBMDVMBUJPOT JODMVEJOH BEEJUJPOBMMZ
UIF TIFMMT PG UIF TFDPOE OFBSFTU OFJHICPST BOE UIF UIJSEOFBSFTU OFJHICPSJOH TJUFT JO UIF ĕSTU
WBDVVN MBZFS 	 BUPNT
 BOE UIJSE OFBSFTU OFJHICPST 	 BUPNT
 BSF QFSGPSNFE ćF SFTVMUT
BSF QSFTFOUFE JO UIF MFę QBOFM PG ĕHVSF  XIFO JODMVEJOH NPSF UIBO OFBSFTU OFJHICPST
TDBUUFSJOH SBUFT IBSEMZ DIBOHF ćFSFGPSF JO UIF GPMMPXJOH XF SFTUSJDU PVSTFMWFT UP UIF TIFMM
PG OFBSFTU OFJHICPST
 "OBMZTJT PG TVSGBDFTUBUF MJGFUJNFT GPS BEBUPNT
$POTJEFSJOH UIF USFOE PG UIF JOWFSTF TVSGBDFTUBUF MJGFUJNFT GPS TDBUUFSJOH BU BEBUPNT 	TFF
FH ĕHVSF 
 JU DBUDIFT POFhT FZF UIBU UIF PCTFSWFE USFOE SFNBSLBCMZ EJČFST GSPN UIF POF
PCUBJOFE GPS JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS BT XFMM BT GSPN UIF USFOET GPS UIF TDBUUFSJOH
SBUFT BU JNQVSJUJFT JO CVML TZTUFNT 	TFF DIBQUFS  FH ĕHVSF 
 ćF NBJO SFBTPO GPS UIJT
 "OBMZTJT PG TVSGBDFTUBUF MJGFUJNFT GPS BEBUPNT 
'JHVSF  %FOTJUZ PG TUBUFT QFS TQJO GPS QBSBNBHOFUJD 	MFę QBOFMT
 BOE NBHOFUJD 	SJHIU QBOFMT
 5J
$S BOE $P BEBUPNT PO B DPQQFS ĕMN DPOTJTUJOH PG  MBZFST PG DPQQFS *O UIF DBTF PG
QBSBNBHOFUJD BEBUPNT GPS 5J 	BOE BMM FMFNFOUT XJUI TNBMMFS BUPNJD OVNCFST UIBO $S

UIF dSFTPOBODF JT BCPWF UIF 'FSNJ FOFSHZ XIJMF GPS BMM FMFNFOUT XJUI MBSHFS BUPNJD
OVNCFST UIBO $S UIF dSFTPOBODF JT CFMPX EF 'PS JNQVSJUJFT JO UIF TVSGBDF UIJT
FYQMBJOT XIZ TDBUUFSJOH IBT B NBYJNVN GPS B $S JNQVSJUZ *O DPOUSBTU GPS NBHOFUJD
BEBUPNT UXP NBYJNB BSF PCTFSWFE DPSSFTQPOEJOH UP UIF dSFTPOBODFT PG UIF UXP TQJO
DIBOOFMT DSPTTJOH UIF 'FSNJ FOFSHZ
EJČFSFOU CFIBWJPS JT UIBU UIF QFSUVSCBUJPO DBVTFE CZ BO BEBUPN JT UPUBMMZ EJČFSFOU GSPN UIF
TJUVBUJPO PG BO JNQVSJUZ JO UIF TVSGBDF MBZFS PS JO B CVML MBUUJDF 8IJMF JO UIF MBUUFS DBTF POMZ
B DPQQFS BUPN JT SFQMBDFE CZ B EJČFSFOU GPSFJHO BUPN UIF BEEJUJPO PG BO BEBUPN PO UPQ
PG UIF TVSGBDF DIBOHFT UIF HFPNFUSZ PG UIF UPUBM TZTUFN ćFO UIF TUSFOHUI PG TDBUUFSJOH
EFQFOET PO QBSBNFUFST TVDI BT UIF TJ[F BOE UIF EFMPDBMJ[BUJPO PG UIF BEBUPN 	CFDBVTF PG
UIF MBDL PG TVSSPVOEJOH BUPNT JO UIF WBDVVN MBZFS
 BT XFMM BT PO UIF SFEVDFE PWFSMBQ XJUI
UIF CVML TUBUFT
ćF EJČFSFODF CFUXFFO UIF USFOET GPS BEBUPNT BOE JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS JT
  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
NPTU TUSJLJOH GPS UIF ĕSTU FMFNFOUT PG UIF SPX 	TVDI BT 4D 5J 7
 BOE UIF sp TDBUUFSFST (B
BOE "T 'PS UIF MBUUFS POFT UIF TDBUUFSJOH SBUF JT NBYJNBM JG UIFZ BSF QMBDFE JO UIF TVSGBDF
CVU NJOJNBM XIFO QPTJUJPOFE BT BEBUPNT
*O DPOUSBTU XIJMF UIF TDBUUFSJOH SBUF GPS 4D 5J BOE 7 JT MPX GPS JNQVSJUJFT JO UIF TVSGBDF
BOE JO UIF CVML UIF JOWFSTF TDBUUFSJOH SBUF GPS TVSGBDF TUBUFT JT BU UIF TBNF MFWFM BT GPS UIF d
TDBUUFSFS XJUI IBMGĕMMFE dTIFMMT "EEJUJPOBMMZ BT BMSFBEZ TUBUFE JO UIF QSFWJPVT TFDUJPO GPS
UIFTF MJHIU FMFNFOUT UIF EFWJBUJPO CFUXFFO TJOHMFTJUF DBMDVMBUJPOT BOE UIPTF XIFSF OFBSFTU
OFJHICPST BSF JODMVEFE JT SFMBUJWFMZ MBSHF "QQBSFOUMZ GPS UIFTF FMFNFOUT UIF TDBUUFSJOH SBUF
DBOOPU CF FYQMBJOFE XJUI UIFJS EFOTJUZ PG TUBUFT XIJDI JT TIPXO 	GPS 5J $S BOE $P BEBUPNT

JO UIF MFę QBOFMT PG ĕHVSF 
)PXFWFS UIF EFOTJUJFT PG TUBUFT IFMQ UP FYQMBJO UIF SFTVMUT PCUBJOFE GPS JNQVSJUJFT JO UIF TVS
GBDF BOE – BU MFBTU QBSUMZ – UIF SFTVMUT PG UIF TJOHMFTJUF DBMDVMBUJPOT ćF USFOE DBMDVMBUFE GPS
JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS SFTFNCMFT UIF USFOE PG UIF NPNFOUVN TDBUUFSJOH UJNFT
JO CVML TZTUFNT BOE JT UIFSFGPSF XIBU JT FYQFDUFE 'PS UIF d TDBUUFSFS UIF TDBUUFSJOH SBUF JT
EFUFSNJOFE CZ UIF QPTJUJPO 	JO FOFSHZ
 PG UIF dSFTPOBODF SFMBUJWF UP UIF 'FSNJ FOFSHZ ćF
NBYJNBM TDBUUFSJOH SBUF JT PCUBJOFE GPS 7 BOE $S JNQVSJUJFT GPS XIJDI UIF dSFTPOBODF JT
DFOUFSFE BU UIF 'FSNJ MFWFM 	TFF ĕHVSF 
 GPS UIF FBSMJFS FMFNFOUT UIF QFBL JT BU IJHIFS FO
FSHJFT XIFSFBT GPS FMFNFOUT XJUI IJHIFS BUPNJD OVNCFST UIF SFTPOBODF JT CFMPX UIF 'FSNJ
FOFSHZ BOE UIF TDBUUFSJOH SBUF EFDSFBTFT BOE PCWJPVTMZ WBOJTIFT GPS $V 'PS UIF sp TDBUUFSFS
JU JODSFBTFT BHBJO BDDPSEJOH UP -JOEFhT SVMF < >
*O PSEFS UP VOEFSTUBOE UIF USFOE PG τ−1k DBMDVMBUFE GPS TDBUUFSJOH BU BEBUPNT XF TUBSU GSPN
UIF PCTFSWBUJPO BMSFBEZ NBEF JO UIF QSFWJPVT TFDUJPO UIBU UIF TJOHMFTJUF SFTVMUT SFNBSLBCMZ
EJČFS GSPN UIPTF PCUBJOFE XJUIJO B DMVTUFS PG OFBSFTU OFJHICPST ćJT MFBE VT UP UIF RVFT
UJPO XIJDI TJUFT PG UIF DMVTUFS DPOUSJCVUF NPTU UP UIF TDBUUFSJOH SBUF ćFSFGPSF XF IBWF
QFSGPSNFE DBMDVMBUJPOT XIFSF XF IBWF JODMVEFE – BQBSU GSPN UIF BEBUPN – UIF TVSSPVOEJOH
WBDVVN TJUFT POMZ PS UIF TVSGBDF OFBSFTU OFJHICPST POMZ SFTQFDUJWFMZ ćF SFTVMUT BSF QSF
TFOUFE JO UIF MFę QBOFM PG ĕHVSF  8IJMF UIF TVSGBDFTUBUF TDBUUFSJOH SBUFT BU UIF BEBUPN
UPHFUIFS XJUI UIF DPQQFS BUPNT JO UIF ĕSTU TVSGBDF MBZFS IBSEMZ EJČFS GSPN UIF TJOHMFTJUF
SFTVMUT UIF JODMVTJPO PG UIF TVSSPVOEJOH WBDVVN TJUFT MFBET UP TDBUUFSJOH SBUFT XIJDI BSF
BMSFBEZ DMPTF UP UIPTF PCUBJOFE GPS TDBUUFSJOH XJUIJO UIF XIPMF TIFMM DPOTJTUJOH PG BMM OFBSFTU
OFJHICPST )FODF UIF MBSHFTU DPOUSJCVUJPO BSJTFT GSPN UIF TVSSPVOEJOH WBDVVN QPUFOUJBMT
ćJT FČFDU JT SFMBUJWFMZ MBSHF GPS UIF FBSMZ 3d TDBUUFSFST BOE MPX GPS BMM PUIFS FMFNFOUT "
QPTTJCMF SFBTPO GPS UIJT CFIBWJPS JT UIBU UIFTF FMFNFOUT IBWF B SFMBUJWFMZ MBSHF BUPNJD SBEJVT
	XIJDI JT rat = 1.62 A˚ GPS 4D 1.45 A˚ GPS 5J 1.34 A˚ GPS 7
 <> BOE UIFSFGPSF FYUFOE NPSF
JOUP UIF WBDVVN UIBO GPS FYBNQMF B (B BEBUPN XJUI rat = 1.22 A˚ BQQBSFOUMZ UIF MBSHF
FYUFOU FOUBJMT TUSPOHFS TDBUUFSJOH SBUFT CFDBVTF PG UIF MBSHFS PWFSMBQ PG UIF QFSUVSCFE SFHJPO
XJUI UIF IPTU XBWFGVODUJPOT
*O PSEFS UP BOBMZ[F BOE VOEFSTUBOE UIF TJOHMFTJUF SFTVMUT GPS TDBUUFSJOH BU BEBUPNT PSCJUBM
NPNFOUVN SFTPMWFE TDBUUFSJOH SBUFT BSF JOWFTUJHBUFE ćFSFGPSF XF EFĕOF UIF TDBUUFSJOH
"MUIPVHI UIF EFOTJUJFT PG TUBUFT BSF TIPXO GPS BEBUPNT UIF RVBMJUBUJWF QJDUVSF JF UIF QPTJUJPO PG UIF SFTPOBODFT
SFMBUJWF UP UIF 'FSNJ MFWFM EPFT OPU DIBOHF GPS JNQVSJUJFT JO UIF TVSGBDF
 "OBMZTJT PG TVSGBDFTUBUF MJGFUJNFT GPS BEBUPNT 
'JHVSF  "OHVMBSNPNFOUVN SFTPMWFE TDBUUFSJOH SBUFT GPS BEBUPNT PO B ĕMN DPOTJTUJOH
PG  MBZFST PG DPQQFS ćF JODMVTJPO PG UIF s pz BOE UIF dz2 DIBOOFM JO UIF
TJOHMFTJUF TDBUUFSJOH NBUSJY T 00LL′ 	DPNQBSF FR 	

 EFTDSJCFT UIF UPUBM TDBU
UFSJOH SBUF BMSFBEZ XFMM 'PS UIF FBSMZ FMFNFOUT sTDBUUFSJOH JT EPNJOBOU XIJMF
UIF DPOTJEFSBUJPO PG POMZ UIF sDIBOOFM GPS UIF sp TDBUUFSFST ;O"T CZ GBS PWFS
FTUJNBUFT UIF UPUBM TDBUUFSJOH ćJT CFIBWJPS DBO CF VOEFSTUPPE CZ UIF JOWFTUJ
HBUJPO PG 'SJFEFMPTDJMMBUJPOT 	TFF ĕHVSF 
 XIJDI WFSJGZ UIF BTTVNQUJPO PG B
DPOTUSVDUJWF JOUFSGFSFODF GPS B $P BEBUPN BOE EFTUSVDUJWF JOUFSGFSFODF GPS (B
BOE (F BEBUPNT
























ćFO UIF TJOHMFTJUF DPOUSJCVUJPO n = n′ = 0 JT SFTPMWFE UP EJČFSFOU LDIBOOFMT ćF SFTVMUT
BSF QSFTFOUFE JO ĕHVSF  GPS T 00ss  T 00pp  T 00dz2dz2  T
00
dd BOE T 00spzdz2 ,spzdz2 UPHFUIFS XJUI UIF UPUBM
'PS B CFUUFS VOEFSTUBOEJOH PG FYQSFTTJPOT  BOE  DPNQBSF UIF EFĕOJUJPO PG Tkk′ JO TFDUJPO 
  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
TJOHMFTJUF DPOUSJCVUJPO %VF UP UIF QSFTFODF PG UIF TVSGBDF XIJDI CSFBLT UIF TZNNFUSZ UP
TPNF FYUFOU XF FYQFDU UIBU JOUFSGFSFODF JT QPTTJCMF BNPOH s pz BOE dz2 XBWFT "T DBO CF
PCTFSWFE UIF JODMVTJPO PG UIF s pz BOE dz2DIBOOFM BMSFBEZ MFBET UP B DVSWF TJNJMBS UP UIF
UPUBM TJOHMFTJUF SFTVMU 'PS UIF ĕSTU FMFNFOUT PG UIF SPX TDBUUFSJOH JO UIF sDIBOOFM JT EPN
JOBOU XIJMF GPS UIF sp TDBUUFSFS 	TUBSUJOH GSPN ;O
 UIF SFTUSJDUJPO PG T 00 UP UIF sDIBOOFM
POMZ PWFSFTUJNBUFT UIF XIPMF TDBUUFSJOH SBUF UIVT BQQBSFOUMZ EFTUSVDUJWF JOUFSGFSFODF PD
DVST
*O PSEFS UP BOBMZ[F JOUFSGFSFODF FČFDUT XF IBWF DBMDVMBUFE UIF 'SJFEFM PTDJMMBUJPOT GPS $P
(B BOE (F BEBUPNT JF UIF EJČFSFODF PG UIF MPDBM EFOTJUZ PG TUBUFT JOUFHSBUFE PWFS UIF "4"
TQIFSF JO UIF WBDVVN PO BO BYJT QBSBMMFM UP UIF TVSGBDF DPNQBSFE UP UIBU PG UIF IPTU WBDVVN
TJUF JF nl(EF)−nvacl (EF) *U JT QSFTFOUFE JO ĕHVSF  BT GVODUJPO PG UIF EJTUBODF GSPN UIF
BEBUPN TJUF 'PS B $P BEBUPN UIF s pz 	UIPVHI CFJOH WFSZ TNBMM
 BOE dz2DPNQPOFOUT PG
UIF XBWFT BSF JO QIBTF BOE JO BHSFFNFOU XJUI UIF PSCJUBMSFTPMWFE TDBUUFSJOH SBUF JO ĕHVSF
 B DPOTUSVDUJWF JOUFSGFSFODF DBO CF PCTFSWFE *O DPOUSBTU GPS (B BOE (F BEBUPNT UIF PT
DJMMBUJPOT JO UIF s BOE pDIBOOFM BSF OPU JO QIBTF BOE JOUFSGFSF EFTUSVDUJWFMZ ćJT FYQMBJOT
XIZ GPS UIFTF FMFNFOUT UIF IJHI TDBUUFSJOH PCTFSWFE JO UIF sDIBOOFM EPFT OPU MFBE UP IJHI
UPUBM TDBUUFSJOH SBUFT
 4DBUUFSJOH UP CVML BOE TVSGBDF TUBUFT
ćF NFUIPE VTFE UP DBMDVMBUF UIF TVSGBDFTUBUF MJGFUJNFT HJWFO JO TFDUJPO  FR 	

BMMPXT UP EJTUJOHVJTI CFUXFFO TDBUUFSJOH UP CVML BOE UP TVSGBDF TUBUFT ćF UPUBM TDBUUFSJOH
SBUF PG B 	TVSGBDF










∣Tkk′ ∣2  	

XIFSF UIF JOUFHSBUJPO JT QFSGPSNFE POMZ PWFS UIF TVSGBDF TUBUFT BOE BOBMPHPVTMZ B DPOUSJ
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ćF UXP DPOUSJCVUJPOT IBWF CFFO DBMDVMBUFE GPS ĕMNT DPOTJTUJOH PG  BOE  MBZFST PG DPQQFS
GPS JNQVSJUJFT JO UIF MBZFS CFMPX UIF TVSGBDF JO UIF TVSGBDF MBZFS BT XFMM BT GPS BEBUPNT
BOE BSF QSFTFOUFE JO ĕHVSF  'PS JNQVSJUJFT JO UIF TVSGBDF MBZFS BOE CFMPX UIF TVSGBDF
TDBUUFSJOH UP CVML TUBUFT JT FYQFDUFE UP CF NVDI MBSHFS UIBO TDBUUFSJOH UP TVSGBDF TUBUFT ćJT
JT GVMĕMMFE WFSZ XFMM GPS UIF 3d TDBUUFSFST CVU OPU GPS UIF sp TDBUUFSFST &WFO JO UIF DBTF PG
JNQVSJUJFT CFMPX UIF TVSGBDF GPS UIF ĕMN XJUI TJY DPQQFS MBZFST 	DPNQBSF UIF QBOFM BU UIF

























































'JHVSF  'SJFEFMPTDJMMBUJPOT DBMDVMBUFE GPS $P (B BOE (F BEBUPNT ćF NPNFOUVN
SFTPMWFE EJČFSFODF PG UIF MPDBM EFOTJUZ PG TUBUFT BT B GVODUJPO PG EJTUBODF UP UIF
BEBUPN TJUF JT DBMDVMBUFE JF nl(EF) −nvacl (EF) XJUI nvacl (EF) CFJOH UIF EFO
TJUZ PG TUBUFT PG UIF WBDVVN TJUF PG UIF IPTU BOE nl(EF) UIF EFOTJUZ PG TUBUFT
QFSUVSCFE CZ UIF BEBUPN 8IJMF GPS B $P BEBUPN UIF s pz BOE dDIBOOFM PT
DJMMBUF JO QIBTF GPS (B BOE (F BEBUPNT B EFTUSVDUJWF JOUFSGFSFODF PG UIF s BOE
pzDIBOOFM JT PCTFSWFE 'PS (B BOE (F BEBUPNT dTDBUUFSJOH JT WFSZ TNBMM BOE
DBO CF OFHMFDUFE






















'JHVSF  $IBSHF QFS BUPN JO MBZFS GPS UIF UXP TVSGBDF TUBUFT PG B DPQQFS ĕMN XJUI TJY MBZFST BOE
GPS POF PG UIF UXP TVSGBDF TUBUFT PG B ĕMN XJUI  DPQQFS MBZFST 'PS UIF UIJOOFS ĕMN
UIF DIBSHF JO FBDI MBZFS JT MBSHFS UIBO GPS UIF  MBZFSTĕMN CFDBVTF UIF OVNCFS PG
MBZFST JO XIJDI UIF TVSGBDF TUBUFT DBO QFOFUSBUF JT MJNJUFE ćJT NJHIU CF UIF SFBTPO
GPS XIJDI TDBUUFSJOH SBUFT 	GPS TDBUUFSJOH BU BEBUPNT
 JODSFBTF XJUI EFDSFBTJOH OVNCFS
PG MBZFST 	DPNQBSF ĕHVSF 

MFę CPUUPN PG ĕHVSF 
 UIF TDBUUFSJOH SBUF UP TVSGBDF TUBUFT BU (B (F BOE "T JNQVSJUJFT
JT IJHIFS UIBO UIF TDBUUFSJOH SBUF UP CVML TUBUFT *OUFSFTUJOHMZ UIJT JT PQQPTJUF UP UIF ĕMN
PG  DPQQFS MBZFST XIFSF TDBUUFSJOH UP CVML TUBUFT QSFWBJMT 'PS UIF DBTF PG BEBUPNT UIF
UXP DPOUSJCVUJPOT CFIBWF SFWFSTFE XIJMF UIF TDBUUFSJOH BU 3d BEBUPNT JT DMFBSMZ EPNJOBUFE
CZ TDBUUFSJOH UP PUIFS TVSGBDF TUBUFT GPS spBEBUPNT TDBUUFSJOH UP CVML TUBUFT JT MPXFS UIBO
TDBUUFSJOH UP UIF UXP PUIFS TVSGBDF TUBUFT
ćF SFBTPO GPS UIF EJČFSFOU CFIBWJPS PG UIF TDBUUFSJOH JO  BOE  MBZFST PG DPQQFS JT OPU
GVMMZ VOEFSTUPPE )PXFWFS TDBUUFSJOH UP TVSGBDF TUBUFT JO UIF UIJOOFS ĕMNT NJHIU CF IJHIFS
UIBO JO UIF UIJDLFS ĕMNT CFDBVTF UIF MPDBMJ[BUJPO PG TVSGBDF XBWFGVODUJPOT JO UIF WBDVVN
TVSGBDF BOE TVCTVSGBDF MBZFS XIFSF UIF JNQVSJUZ JT QMBDFE JT MBSHFS JO UIF UIJO ĕMNT 	TFF
ĕHVSF 

'JOBMMZ XIJMF UIF MJGFUJNFT τk PG UIF CVML TUBUFT TDBMF JOWFSTFMZ XJUI UIF OVNCFS PG MBZFST UIF
TVSGBDFTUBUF MJGFUJNFT τk XJUI JODSFBTJOH OVNCFS DPOWFSHF UP B DPOTUBOU WBMVF 	TFF ĕHVSF

 XIJDI JT DPOTJEFSBCMZ TNBMMFS UIBO UIF NPNFOUVN TDBUUFSJOH SBUF τ−1 GPS JNQVSJUJFT
JO CVML " QPTTJCMF SFBTPO GPS UIJT EFDSFBTF NJHIU CF UIF EFMPDBMJ[BUJPO PG UIF TVSGBDF TUBUF
 "OBMZTJT PG TVSGBDFTUBUF MJGFUJNFT GPS BEBUPNT 
'JHVSF  5PUBM JOWFSTF TVSGBDFTUBUF MJGFUJNFT τ−1k GPS UIF JOOFSNPTU TVSGBDF TUBUF UPHFUIFS XJUI
UIF DPOUSJCVUJPOT PG TDBUUFSJOH SBUFT UP CVML BOE TVSGBDF TUBUFT 1/τbulkk BOE 1/τ surfk
GPS ĕMNT XJUI  MBZFST PG DPQQFS 	MFę QBOFMT
 BOE  DPQQFS MBZFST 	SJHIU QBOFMT
 GPS
BEBUPNT 	UPQ
 JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS 	DFOUFS
 BOE JNQVSJUJFT JO UIF MBZFS
CFMPX UIF TVSGBDF 	CPUUPN

NBJOMZ PWFS UISFF MBZFST UIF ĕSTU UXP TVSGBDF MBZFST BOE UIF ĕSTU WBDVVN MBZFS "TTVNJOH
  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
UIBU JO UIF CVML UIFSF BSF N BUPNT BNPOH UIFN POF JNQVSJUZ UIFO UIF PWFSMBQ PG B CVML
TUBUF XJUI UIF JNQVSJUZ JT HJWFO CZ 1/N  *O DPOUSBTU JGN BUPNT BSF JO UIF TVSGBDF UIF TVSGBDF
TUBUF FYQBOET PWFS B WPMVNF PG 3N BUPNT BOE UIFSFGPSF IBT BO PWFSMBQ PG 1/3N XJUI UIF
BEBUPN MFBEJOH UP TNBMMFS TDBUUFSJOH SBUFT
 4VSGBDFTUBUF MJGFUJNFT GPS $V "H BOE "V ĕMNT
)BWJOH BOBMZ[FE UIF TVSGBDFTUBUF MJGFUJNFT GPS JNQVSJUJFT JO BOE PO DPQQFS ĕMNT XF JOWFT
UJHBUF TDBUUFSJOH SBUFT GPS 3d BOE 4sp JNQVSJUJFT BOE BEBUPNT JOPO TJMWFS BOE HPME ĕMNT
"EEJUJPOBMMZ XF DPNQBSF JOWFSTF TVSGBDFTUBUF MJGFUJNFT GPS EJČFSFOU OVNCFST PG MBZFST
ćF DBMDVMBUFE EBUB TIPXO JO ĕHVSF  BSF RVBMJUBUJWFMZ TJNJMBS GPS BMM UISFF IPTUT 4DBUUFS
JOH SBUFT PČ BEBUPNT BSF MBSHFTU GPS UIF ĕSTU FMFNFOUT PG UIF SPX BOE SFNBJO BMNPTU DPOTUBOU
VOUJM .O KVTU BT JO UIF DBTF PG UIF DPQQFS ĕMN 	TFF QSFWJPVT TFDUJPO
 UIJT TIPVME CF EVF UP
UIF MBSHFS BUPNJD SBEJVT FOUBJMJOH B MBSHFS FYUFOU PG UIFTF FMFNFOUT JOUP UIF WBDVVN 'VS
UIFSNPSF BMM UISFF IPTU NBUFSJBMT TIPX B DMFBS USFOE UIBU TDBUUFSJOH BU BEBUPNT PO B ĕMN PG
TJY MBZFST JT FOIBODFE DPNQBSFE UP UIBU PG MBSHFS OVNCFST PG MBZFST "HBJO UIF SFBTPO JT UIF
IJHIFS MPDBMJ[BUJPO PG UIF TVSGBDF TUBUF GPS UIJO ĕMNT UIF TVSGBDF TUBUFT FYUFOE PWFS B TNBMMFS
OVNCFS PG MBZFST FOUBJMJOH B MBSHFS PWFSMBQ XJUI UIF JNQVSJUJFT BOE UIFSFGPSF IJHIFS TDBU
UFSJOH SBUFT
$PODFSOJOH TDBUUFSJOH BU JNQVSJUJFT JO UIF TVSGBDF UIF TJUVBUJPO JT NPSF DPNQMJDBUFE 2VBM
JUBUJWFMZ GPS BMM UISFF IPTU NBUFSJBMT B DMFBS NBYJNBM TDBUUFSJOH SBUF GPS UIF 3d FMFNFOUT XJUI
IBMGĕMMFE TIFMMT 	7 $S
 JT PCTFSWFE BT XFMM BT IJHI JOWFSTF MJGFUJNFT GPS UIF sp TDBUUFSFS
)FODF BT FYQFDUFE UIF HMPCBM USFOE SFĘFDUT UIF TJUVBUJPO PG TDBUUFSJOH BU JNQVSJUJFT JO UIF
CVML XIJDI IBT CFFO BMSFBEZ EJTDVTTFE JO DIBQUFS  BOE JO UIF QSFWJPVT TFDUJPO  )PX
FWFS MBSHF RVBOUJUBUJWF EJČFSFODFT BNPOH UIF UISFF IPTU NBUFSJBMT BSF PCTFSWFE XIFO DPO
TJEFSJOH UIF UIJDLOFTTEFQFOEFODZ BT XFMM BT UIF DPNQBSBUJWF TDBUUFSJOH TUSFOHUI PG 3d BOE
4sp JNQVSJUJFT 8IJMF GPS B DPQQFS IPTU UIF TDBUUFSJOH SBUF EPFT OPU EFQFOE NVDI PO UIF
ĕMN UIJDLOFTT GPS TJMWFS ĕMNT UIF UIJDLOFTT NBLFT B CJH EJČFSFODF "DUVBMMZ UIF TJMWFS IPTU
JT FYQFDUFE UP TIPX B TUSPOH UIJDLOFTT EFQFOEFODF CFDBVTF PG UIF SFMBUJWFMZ TIBMMPX QPTJUJPO
PG UIF TVSGBDF TUBUF 	TUBSUJOH CFMPX UIF 'FSNJ FOFSHZ
 *O UIJO ĕMNT RVBOUVNDPOĕOFNFOU
FČFDUT QVTI POF PG UIF UXP TVSGBDF TUBUFT BCPWF EF SFTVMUJOH JO B TJHOJĕDBOU DIBOHF PG UIF
BWBJMBCMF QIBTF TQBDF GPS TDBUUFSJOH
" DPNQBSJTPO UP PUIFS UIFPSFUJDBM PS FYQFSJNFOUBM SFTVMUT JT OPU QPTTJCMF CFDBVTF PG UIF
MBDL PG EBUB BMUIPVHI UIF JOWFTUJHBUFE TVSGBDFT BOE FWFO TVSGBDF TUBUFT IBWF CFFO TVCKFDU UP
B MPU PG FYQFSJNFOUT BDDPSEJOH UP PVS LOPXMFEHF OP FYQFSJNFOUT IBWF CFFO QFSGPSNFE JO
XIJDI UIF TVSGBDFTUBUF MJGFUJNFT EVF UP TDBUUFSJOH BU UIF TQFDJĕD JNQVSJUJFT BU UIF 'FSNJ MFWFM
IBWF CFFO NFBTVSFE )PXFWFS UIF PSEFS PG NBHOJUVEF PG TDBUUFSJOH SBUFT DBMDVMBUFE JO UIF
QSFTFOU UIFTJT TIPVME BMMPX GPS BO FYQFSJNFOUBM EFUFDUJPO UP DPNQBSF JO JOWFSTF QIPUPF
NJTTJPO TQFDUSPTDPQZ B MJOFXJEUI PG BCPVU 23 meV ≈ 35 ps−1h̵ GPS $V 6 meV ≈ 9 ps−1h̵ GPS
"H BOE 21 meV ≈ 33 ps−1h̵ GPS "V GPS FMFDUSPOFMFDUSPO TDBUUFSJOH QSPDFTTFT JT NFBTVSFE
" NFBTVSFNFOU GPS 1 % PG EFGFDUT TIPVME CF UIFSFGPSF XJUIJO UIF FYQFSJNFOUBM SFTPMVUJPO
4JNJMBS BT JO UIF QSFWJPVT TFDUJPO GPS B RVBMJUBUJWF BOBMZTJT XF SFTUSJDU UP "4" DBMDVMBUJPOT
 4VSGBDFTUBUF MJGFUJNFT GPS $V "H BOE "V ĕMNT 
'JHVSF  *OWFSTF TVSGBDFTUBUF MJGFUJNFT τ−1k GPS BEBUPNT 	MFę QBOFMT
 BOE JNQVSJUJFT JO
UIF ĕSTU TVSGBDF MBZFS 	SJHIU QBOFMT
 GPS $V "H BOE"V ĕMNTXJUI EJČFSFOU OVN
CFS PG MBZFST 'PS BMM UISFF IPTU NBUFSJBMT UIF USFOE GPS TDBUUFSJOH BU JNQVSJUJFT
JO UIF TVSGBDF DPSSFTQPOE UP UIBU BMSFBEZ PCTFSWFE GPS TDBUUFSJOH JO UIF DPS
SFTQPOEJOH CVML NFUBMT IPXFWFS UIF EFQFOEFODZ PO UIF OVNCFS PG MBZFST
IJHIMZ EJČFS GPS TJMWFS ĕMNT 8IJMF GPS DPQQFS BOE HPME ĕMNT B TMJHIU JODSFBTF
PG τ−1k XJUI JODSFBTJOH ĕMN UIJDLOFTT JT PCTFSWFE GPS TJMWFS ĕMNT UIF JOWFSTF
TDBUUFSJOH SBUF EFDSFBTFT ćJT EJČFSFOU CFIBWJPS NJHIU CF SFMBUFE UP UIF GBDU
UIBU GPS TJMWFS ĕMNT XJUI  BOE  MBZFST POMZ POF TVSGBDF TUBUF BDDPVOUT GPS
TDBUUFSJOH TJODF UIF PUIFS POF JT BCPWF UIF 'FSNJ FOFSHZ ćF TDBUUFSJOH SBUFT
GPS TDBUUFSJOH BU BEBUPNT PO TJMWFS BOE HPME ĕMNT TIPX UIF TBNF USFOE BT PO
DPQQFS ĕMNT
  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
 4DBUUFSJOH BU NBHOFUJD JNQVSJUJFT
4P GBS POMZ TDBUUFSJOH BU OPONBHOFUJD JNQVSJUJFT BOE BEBUPNT IBT CFFO DPOTJEFSFE )PX
FWFS BCPWF UIF ,POEP UFNQFSBUVSF TPNF PG UIF 3d JNQVSJUJFT CFDPNF NBHOFUJD BOE TDBU
UFSJOH BU UIF UXP TQJO DIBOOFMT IBT UP CF USFBUFE TFQBSBUFMZ ćF SFTVMUJOH MJGFUJNFT BSF TIPXO
JO ĕHVSF  "T BEBUPNT UIF 3d NFUBMT TUBSUJOH GSPN 5J UP /J BSF NBHOFUJD XIJMF GPS
JNQVSJUJFT JO UIF TVSGBDF 5J BOE /J BSF TUJMM QBSBNBHOFUJD ćF 4sp FMFNFOUT BSF QBSBNBH
OFUJD ćFNBHOFUJTN PG UIF 3d FMFNFOUT MFBET UP B EPVCMFQFBL TUSVDUVSF JO UIF USFOE PG UIF
TVSGBDFTUBUF MJGFUJNFT XIJDI JT BMSFBEZ LOPXO FH GPS SFTJEVBM SFTJTUJWJUZ JO CVML BOE PSJHJ
OBUFT GSPN UIF PČTFU PG UIF dSFTPOBODF PG UIF UXP TQJO DIBOOFMT XIJDI JT NVUVBMMZ TIJęFE
EVF UP UIF FYDIBOHF JOUFSBDUJPO ćJT CFDPNFT PCWJPVT XIFO DPOTJEFSJOH UIF EFOTJUZ PG
TUBUFT TIPXO JO ĕHVSF  "T BMSFBEZ TUBUFE GPS JNQVSJUJFT JO CVML BOE JO UIF TVSGBDF MBZFS
TDBUUFSJOH SBUFT CFDPNF MBSHF XIFO UIF dSFTPOBODF DSPTTFT UIF 'FSNJ FOFSHZ )PXFWFS GPS
NBHOFUJD JNQVSJUJFT UIF dSFTPOBODF JT TIJęFE GPS UIF UXP TQJO DIBOOFMT TVDI UIBU TDBUUFS
JOH CFDPNFT MBSHF UXJDF JF GPS FBDI TQJO DIBOOFM DSPTTJOH UIF 'FSNJ FOFSHZ ćFSFGPSF B
ĕSTU QFBL PG UIF JOWFSTF MJGFUJNFT JT PCTFSWFE GPS 5J XIFSF UIF dSFTPOBODF PG UIF TQJOVQ
DIBOOFM JT DFOUFSFE BU UIF 'FSNJ MFWFM XIJMF B TFDPOE QFBL BQQFBST GPS 'F$P XIFSF UIJT
JT UIF DBTF GPS UIF TQJOEPXO DIBOOFM 'PS $S JNQVSJUJFT XIFSF TDBUUFSJOH SBUFT BSF MBSHF
JO UIF DBTF PG QBSBNBHOFUJD JNQVSJUJFT UIF JOWFSTF MJGFUJNF JT MPX TJODF EF JT CFUXFFO UIF
dSFTPOBODFT PG UIF UXP TQJO DIBOOFMT
"T BMSFBEZNFOUJPOFE UIF DPOTJEFSBUJPO PGNBHOFUJD JNQVSJUJFTBEBUPNT JT WBMJE POMZ BCPWF
UIF ,POEP UFNQFSBUVSF )PXFWFS BU IJHI UFNQFSBUVSFT UIF QIPOPO DPOUSJCVUJPO CFDPNFT
JNQPSUBOU BOE TDBMJOH MJOFBSMZ XJUI UFNQFSBUVSF <> BU SPPN UFNQFSBUVSF 	GPS OPU UPP
IJHI JNQVSJUZ DPODFOUSBUJPOT
 EPNJOBUFT UIF SFEVDUJPO PG MJGFUJNFT ćFSFGPSF MJGFUJNF SF
EVDUJPO DBVTFE CZ JNQVSJUZ TDBUUFSJOH DBO CF CFUUFS PCTFSWFE BU MPXFS UFNQFSBUVSFT XIFSF
NPTU JNQVSJUJFT BSF OPONBHOFUJD ćF ,POEP UFNQFSBUVSF WBSJFT PWFS PSEFST PG NBHOJ
UVEF EFQFOEJOH FYQPOFOUJBMMZ PO UIF QPTJUJPO PG UIF dSFTPOBODF BOE PO UIF IZCSJEJ[BUJPO
ćFSFGPSF UIFSF JT OP hVOJRVFh UFNQFSBUVSF BCPWF XIJDI BMM 3d JNQVSJUJFT CFDPNF TJNVMUB
OFPVTMZ NBHOFUJD "U MPX UFNQFSBUVSF IPXFWFS UIFZ TIPVME BMM CF OPONBHOFUJD *O UIJT
DBTF UIF OPONBHOFUJD EFOTJUZ PG TUBUFT JO UIF MPDBMEFOTJUZ BQQSPYJNBUJPO 	TFF TFDUJPO

 EPFT OPU SFQSFTFOU UIF QIZTJDBM EFOTJUZ PG TUBUFT FYDFQU FYBDUMZ BU UIF 'FSNJ FOFSHZEF
XIFSF JU JT QSPCBCMZ B HPPE BQQSPYJNBUJPO ćJT GPMMPXT GSPN UIF GBDU UIBU BT JU IBT CFFO
TIPXO JO NPEFM DBMDVMBUJPOT <> UIF QIBTF TIJę BOE EFOTJUZ PG TUBUFT BU EF JO UIF ,POEP
QIBTF BU T = 0 DPJODJEF XJUI UIF DPSSFTQPOEJOH RVBOUJUJFT DBMDVMBUFE JO UIF NFBOĕFME
BQQSPYJNBUJPO XIFO UIF FMFDUSPO DPSSFMBUJPO JT JHOPSFE
 3FTJEVBM SFTJTUJWJUZ
4VSGBDFTUBUF MJGFUJNFT BSF TUSPOHMZ SFMBUFE UP UIF DPODFQU PG TVSGBDF SFTJTUJWJUZ ρsurf  EFĕOFE
BT UIF SBUJP PG B WPMUBHF ESPQ QFS VOJU MFOHUI UP UIF TVSGBDF DVSSFOU QFS VOJU XJEUI ćFSFGPSF
ρsurf JT B QSPQFSUZ PG UIF NBUFSJBM BOE EPFT OPU 	PS BU MFBTU TIPVME OPU
 EFQFOE PO UIF TJ[F
PG UIF TBNQMF



























































'JHVSF  *OWFSTF MJGFUJNFT GPS TDBUUFSJOH BU NBHOFUJD BEBUPNT 	UPQ
 BOE JNQVSJUJFT JO UIF
TVSGBDF MBZFS 	CPUUPN
 PG B DPQQFS ĕMN PG  MBZFST ćF NBHOFUJTN PG UIF 3d
FMFNFOUT 	GSPN 5J UP /J GPS BEBUPNT BOE 7 UP $P GPS JNQVSJUJFT JO UIF TVSGBDF
MBZFS
 MFBET UP B EPVCMFQFBL TUSVDUVSF PG UIF JOWFSTF TVSGBDFTUBUF MJGFUJNFT τ−1k
CFDBVTF PG UIF PČTFU JO UIF EFOTJUZ PG TUBUFT PG UIF UXP TQJO DIBOOFMT 	TFF ĕHVSF

 ćF ĕSTU NBYJNVN JT SFBDIFE GPS 5J XIFO UIF dSFTPOBODF PG UIF TQJO
VQ DIBOOFM DSPTTFT UIF 'FSNJ MFWFM XIJMF UIF TFDPOE NBYJNVN DPSSFTQPOET
UP UIF MPDBMJ[BUJPO PG UIF dSFTPOBODF PG UIF TQJO EPXO DIBOOFM BU EF
4VSGBDF SFTJTUJWJUJFT DBO CF DBMDVMBUFE JO BOBMPHZ UP SFTJEVBM SFTJTUJWJUJFT JO CVML NBUFSJBMT
ρbulk BT FYQMBJOFE JO TFDUJPO  VTJOH UIF #PMU[NBOO FRVBUJPO 	
 BOE FR 	
 PS
FR 	
 SFTQFDUJWFMZ *O PSEFS UP BUUFTU UIF DPSSFDUOFTT PG PVS DBMDVMBUJPOT PG TVSGBDF SFTJT
UJWJUJFT BOE UP DPNQBSF ρsurf XJUI UIF WBMVFT PCUBJOFE GPS SFTJEVBM SFTJTUJWJUJFT JO CVML ρbulk
XF TUBSU XJUI B QSFTFOUBUJPO PG ρbulk DBMDVMBUFE GPS UIF 3d JNQVSJUJFT JO DPQQFS CVML
























'JHVSF  3FTJEVBM SFTJTUJWJUJFT ρ [μΩ cm] QFS POF BUPNJD QFSDFOU PG 3d BOE 4sp JNQVSJUJFT JO
DPQQFS CVML 0VS SFTVMUT GPS GVMM QPUFOUJBM DBMDVMBUJPOT 	'1
 BSF DPNQBSFE UP OVNFSJDBM
SFTVMUT PG SFGFSFODF < > PCUBJOFEXJUIJO UIF TQIFSJDBM QPUFOUJBM BQQSPYJNBUJPO BOE
FYQFSJNFOUBM SFTVMUT GSPN <  >
 3FTJEVBM SFTJTUJWJUZ JO DPQQFS CVML
*O DPOUSBTU UP NPNFOUVN SFMBYBUJPO UJNFT τk SFTJEVBM SFTJTUJWJUJFT EVF UP TDBUUFSJOH BU 3d
JNQVSJUJFT JO DPQQFS CVML IBWF CFFO NFBTVSFE BOE DBMDVMBUFE XJUIJO BC JOJUJP DBMDVMBUJPOT
BMSFBEZ  ZFBST BHP ćFSFGPSF JO ĕHVSF  XF QSFTFOU PVS SFTVMUT PG ρbulk[μΩ cm]/1%
UPHFUIFS XJUI OVNFSJDBM < > BOE FYQFSJNFOUBM <  > EBUB ćF BHSFFNFOU PG PVS
SFTVMUT XJUI UIPTF PG UIF SFGFSFODFT JT SFBTPOBCMF 8IFSFBT XF IBWF CFFO QFSGPSNFE GVMM QP
UFOUJBM DBMDVMBUJPOT UIF OVNFSJDBM SFTVMUT PG < > IBWF CFFO PCUBJOFE XJUIJO B TQIFSJDBM
QPUFOUJBM BQQSPYJNBUJPO
$PNQBSJOH UIF SFTJEVBM SFTJTUJWJUJFT XJUI UIF JOWFSTF NPNFOUVN SFMBYBUJPO UJNFT τ−1k 	TFF
ĕHVSF  JO TFDUJPO 
 B EJČFSFODF JO UIF DVSWFT DBO CF PCTFSWFE 8IJMF UIF SFTJTUJWJUZ PG
UIF 4sp FMFNFOUT JODSFBTFT POMZ UP BQQSPYJNBUFMZ IBMG PG UIFNBYJNVNPG UIF 3dNFUBMT UIF
NBYJNBM JOWFSTF NPNFOUVN SFMBYBUJPO UJNF JT PG UIF TBNF PSEFS GPS 3d BOE 4sp JNQVSJUJFT
ćJT JT DBVTFE CZ UIF EJČFSFOU SFMBYBUJPO UJNFT FOUFSJOH JO ρ BOE τ−1 8IJMF τk JT UIF NP
NFOUVN SFMBYBUJPO UJNF GPS UIF DBMDVMBUJPO PG ρ UIF USBOTQPSU SFMBYBUJPO UJNF JT SFRVJSFE





















Ca Sc Ti V Cr Mn Fe Co Ni Cu Zn Ga Ge As Se





























'JHVSF  $PNQBSJTPO PG TVSGBDF SFTJTUJWJUJFT NFBTVSFE JO μΩ QFS BUPNJD QFSDFOU GPS
JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS 	UPQ
 BOE PO UPQ PG UIF TVSGBDF 	CPUUPN

"MM DBMDVMBUJPOT IBWF CFFO QFSGPSNFE GPS B ĕMN DPOTJTUJOH PG  MBZFST PG DPQQFS
*O UIF MFę QBOFMT TJOHMFTJUF DBMDVMBUJPOT BSF TIPXO XIJMF JO UIF SJHIU QBOFMT B
DMVTUFS PG  TJUFT JF OFBSFTU OFJHICPST IBWF CFFO JODMVEFE JO UIF DBMDVMBUJPOT
ćF EJČFSFODF TUFNT GSPN UIF GBDU UIBU GPS UIF USBOTQPSU UJNF SFTVMUJOH GSPN UIF #PMU[NBOO
FRVBUJPO  CBDLTDBUUFSJOH JT GBS NPSF JNQPSUBOU UIBO GPSXBSE TDBUUFSJOH XIJMF GPS UIF
MJGFUJNF UIFZ BSF FRVBMMZ JNQPSUBOU ćF dSFTPOBODF DPOUSJCVUFT UP CBDLTDBUUFSJOH NPSF
UIBO UIF pTUBUFT
 4VSGBDF SFTJTUJWJUZ
*O UIJT TFDUJPO XF QSFTFOU TVSGBDF SFTJTUJWJUJFT EVF UP TDBUUFSJOH BU 3d JNQVSJUJFT JO UIF ĕSTU
TVSGBDF MBZFS BOE QPTJUJPOFE BT BEBUPNT PO DPQQFS ĕMNT *O DPOUSBTU UP SFTJTUJWJUJFT JO CVML
ρsurf JT HJWFO JO Ω BOE OPU JO Ωm
4JNJMBS BT GPS UIF TVSGBDFTUBUF MJGFUJNFT JO B ĕSTU TUFQ XF IBWF DPNQBSFE UIF TVSGBDF SF
TJTUJWJUJFT PCUBJOFE JO "4" BOE '1 DBMDVMBUJPOT SFTQFDUJWFMZ 	TFF ĕHVSF 
 GVSUIFSNPSF














Imp. in surface layer 6 layers18 layers
40 layers
Ca Sc Ti V Cr Mn Fe Co Ni Cu Zn Ga Ge As Se
Imp. as adatoms 6 layers18 layers
40 layers
'JHVSF  4VSGBDF SFTJTUJWJUJFT NFBTVSFE JO μΩ QFS BUPNJD QFSDFOU GPS JNQVSJUJFT JO UIF
ĕSTU TVSGBDF MBZFS 	MFę
 BOE PO UPQ PG UIF TVSGBDF 	SJHIU
 PCUBJOFE XJUIJO GVMM
QPUFOUJBM DBMDVMBUJPOT 3FTVMUT BSF TIPXO GPS EJČFSFOU ĕMN UIJDLOFTTFT TUBSUJOH
GSPN  UP  MBZFST PG DPQQFS *O DPOUSBTU UP UIF EFQFOEFODF PO UIF OVNCFS PG
MBZFST GPS UIF TVSGBDFTUBUF MJGFUJNFT 	DPNQBSF ĕHVSF 
 POMZ B TNBMM EFWJB
UJPO DBO CF PCTFSWFE "MM DBMDVMBUJPOT IBWF CFFO QFSGPSNFE XJUIJO B DMVTUFS PG
 TJUFT 'PS DPNQBSJTPO UIF TVSGBDF SFTJTUJWJUJFT ρsurf IBWF CFFO TDBMFE XJUI
UIF OVNCFS PG MBZFST PUIFSXJTF ρsurf → 0 GPS JODSFBTJOH TMBC UIJDLOFTT TJODF
JO UIF MJNJU PG WFSZ UIJDL ĕMNT B TJOHMF JNQVSJUZ PS BEBUPN EPFT OPU SFTVMU JO B
ĕOJUF SFTJTUJWJUZ
TJOHMFTJUF SFTVMUT BSF DPNQBSFE UP UIPTF XIFSF UIF OFBSFTU OFJHICPST IBWF CFFO JODMVEFE
"ęFSXBSET XF IBWF DPOTJEFSFE TDBUUFSJOH QSPDFTTFT GPS 3d BOE 4sp JNQVSJUJFT BOE BEBUPNT
PO DPQQFS TVSGBDFT GPS EJČFSFOU OVNCFST PG MBZFST QSFTFOUFE JO ĕHVSF 
$POTJEFSJOH ĕHVSF  XF ĕOE TJNJMBSJUJFT UP UIF PCTFSWBUJPOT NBEF GPS UIF TVSGBDFTUBUF
MJGFUJNFT ĕHVSF  JO TFDUJPO  XIFSFBT UIF TVSGBDF SFTJTUJWJUJFT PCUBJOFE XJUIJO "4"
BOE GVMM QPUFOUJBM DBMDVMBUJPOT GPS JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS BSF WFSZ TJNJMBS EF
WJBUJPOT PG UIF PSEFS PG 10 UP 15% BSF GPVOE GPS BEBUPNT IPXFWFS FWFO XJUIJO UIF "4"
UIF RVBMJUBUJWF USFOE JT DPSSFDU $POUSBSJMZ UIF TVSGBDF SFTJTUJWJUJFT DBMDVMBUFE GPS BEBUPNT
XJUIJO TJOHMFTJUF DBMDVMBUJPOT MFBE UP WFSZ QPPS SFTVMUT UIJT JT OPU UIF DBTF GPS JNQVSJUJFT JO
UIF ĕSTU TVSGBDF MBZFS XIFSF UIF BHSFFNFOU PG DBMDVMBUJPOT XJUIJO B TIFMM PG OFBSFTU OFJHI
CPST BOE TJOHMFTJUF DBMDVMBUJPOT JT HPPE
ćF RVBMJUBUJWF USFOE GPS UIF TVSGBDF SFTJTUJWJUJFT EVF UP TDBUUFSJOH BU JNQVSJUJFT JO UIF ĕSTU
TVSGBDF MBZFS JT WFSZ TJNJMBS UP UIBU PCUBJOFE GPS SFTJEVBM SFTJTUJWJUJFT JO CVML QSFTFOUFE JO UIF
QSFWJPVT TVCTFDUJPO ĕHVSF  8F PCTFSWF B QFBL GPS UIF 3d TDBUUFSFST 	XJUI B NBYJNVN
GPS $S JNQVSJUJFT
 BOE B IJHI SFTJTUJWJUZ GPS UIF 4sp TDBUUFSFST "HBJO GPS UIF SFTJTUJWJUJFT d
TDBUUFSJOH HBJOT JNQPSUBODF DPNQBSFE UP UIF USFOE PCUBJOFE GPS UIF TVSGBDFTUBUF MJGFUJNFT
 $PODMVTJPO 
TIPXO FH JO ĕHVSF  ćF TBNF BSHVNFOU BT GPS JNQVSJUJFT JO CVML IPMET XIFSFBT GPS UIF
TVSGBDFTUBUF MJGFUJNF GPSXBSE BOE CBDLTDBUUFSJOH BSF FRVBMMZ JNQPSUBOU GPS UIF USBOTQPSU
SFMBYBUJPO UJNF CBDLTDBUUFSJOH IBT NVDI NPSF XFJHIU 4JODF UIF dSFTPOBODF DPOUSJCVUFT
NPSF UP CBDLTDBUUFSJOH UIBO UIF pTUBUFT MBSHFS SFTJTUJWJUJFT BSF GPVOE 'PS UIF TBNF SFBTPO
UIF QMBUFBV PG UIF FBSMZ sp BOE dBEBUPNT PCTFSWFE JO UIF TVSGBDFTUBUF TDBUUFSJOH SBUF τ−1k 
EJTBQQFBST JO UIF SFTJTUJWJUZ BOE B QFBL TIPXT VQ GPS UIF TUSPOH d TDBUUFSFST 	7 BOE $S

"EEJUJPOBMMZ XF IBWF TUVEJFE UIF EFQFOEFODF PG UIF TVSGBDF SFTJTUJWJUZ PO ĕMN UIJDLOFTT
UIF SFTVMUT BSF QSFTFOUFE JO ĕHVSF  8F IBWF DBMDVMBUFE TVSGBDF SFTJTUJWJUJFT CPUI GPS
BEBUPNT 	SJHIU QBOFM
 BOE JNQVSJUJFT JO UIF ĕSTU TVSGBDF MBZFS 	MFę QBOFM
 GPS ĕMNT XJUI 
 BOE  MBZFST PG DPQQFS *O PSEFS UP DPNQBSF UIF TVSGBDF SFTJTUJWJUJFT GPS EJČFSFOU ĕMN
UIJDLOFTTFT XF IBWF TDBMFE ρsurf XJUI UIF OVNCFS PG MBZFST PUIFSXJTF UIF TVSGBDF SFTJTUJWJUZ
EVF UP TJOHMF BEBUPN PS JNQVSJUZ SFTQFDUJWFMZ XPVME DPOWFSHF UP [FSP GPS JODSFBTJOH TMBC
UIJDLOFTT
ćJT TDBMFE RVBOUJUZ ρsurf TMJHIUMZ JODSFBTFT XJUI JODSFBTJOH ĕMN UIJDLOFTT CVU DPNQBSFE UP
UIF CFIBWJPS PG TVSGBDFTUBUF MJGFUJNFT ĕHVSF  UIF EFQFOEFODZ JT SBUIFSXFBL "EEJUJPO
BMMZ XIFSFBT GPS JOWFSTF TVSGBDFTUBUF MJGFUJNFT B EFDSFBTF JT PCTFSWFE TVSGBDF SFTJTUJWJUJFT
CFIBWF JOWFSTFMZ ćF SFBTPO GPS UIJT EJČFSFODF NJHIU CF EVF UP UIF TQMJUUJOH PG TVSGBDF
TUBUFT 8IJMF GPS UIF JOWFSTF MJGFUJNFT POMZ UIF TDBUUFSJOH SBUF PCUBJOFE GPS UIF TVSGBDF TUBUF
DPSSFTQPOEJOH UP UIF JOOFSNPTU 'FSNJSJOH JT TIPXO UIF TVSGBDF SFTJTUJWJUZ EPFT OPU EF
QFOE PO B TQFDJBM kQPJOU BOE SFTVMUT GSPN BO JOUFHSBUJPO PWFS BMM TUBUFT )FODF BMTP UIF
DPOUSJCVUJPO PG UIF TVSGBDF TUBUF XJUI MPXFS FOFSHZ FOUFST XIPTF TDBUUFSJOH SBUF JODSFBTFT
XJUI JODSFBTJOH OVNCFS PG MBZFST UIJT CFIBWJPS JT BMTP SFMBUFE UP UIF EFDSFBTF PG ∣k∣ PG UIF
JOOFSNPTU TVSGBDF TUBUF XJUI JODSFBTJOH OVNCFS PG MBZFST SFTVMUJOH JO B TIPSUFS MJGFUJNF
5P DPODMVEF TVSGBDF SFTJTUJWJUJFT BSF NVDI MFTT TFOTJUJWF UP QBSBNFUFST TVDI BT UIF OVNCFS
PG MBZFST PS UIF BQQSPYJNBUJPO PG UIF DBMDVMBUJPO NFUIPE 	"4" PS '1
 UIBO JOWFSTF TVSGBDF
TUBUF MJGFUJNFT ćF USFOET GPS TDBUUFSJOH BU JNQVSJUJFT JO UIF TVSGBDF BOE BU BEBUPNT TIPX
TPNF EJČFSFODFT GPS UIF 4sp FMFNFOUT CVU UIF RVBMJUBUJWF CFIBWJPS GPS UIF 3d FMFNFOUT JT
TJNJMBS *O UIJT XBZ UIF SFTVMUT PCUBJOFE GPS TVSGBDF SFTJTUJWJUJFT EJČFS GSPN UIF JOWFSTF
TVSGBDFTUBUF MJGFUJNFT CFDBVTF UIF MBUUFS TIPX B USFOE GPS TDBUUFSJOH BU BEBUPNT XIJDI JT
DPNQMFUFMZ EJČFSFOU GSPN TDBUUFSJOH BU JNQVSJUJFT JO UIF TVSGBDF
 $PODMVTJPO
&WFO UIPVHI BU MPX UFNQFSBUVSFT BOE FOFSHJFT DMPTF UP UIF 'FSNJ MFWFM JNQVSJUZ TDBUUFSJOH
BU OPCMF NFUBM TVSGBDFT JT BTTVNFE UP QSPWJEF UIF EPNJOBUJOH DPOUSJCVUJPO UP UIF TDBUUFSJOH
SBUF UIJT FČFDU IBT OPU CFFO TUVEJFE TZTUFNBUJDBMMZ JO FBSMJFS XPSLT *O UIJT DIBQUFS TVSGBDF
TUBUF MJGFUJNFT EVF UP TDBUUFSJOH BU 3d BOE 4sp JNQVSJUJFT CFMPX JO BOE PO UPQ PG UIF ĕSTU
TVSGBDF MBZFS PG 	
 DPQQFS TJMWFS BOE HPME ĕMNT IBWF CFFO JOWFTUJHBUFE
8IJMF UIF DBMDVMBUFE JOWFSTF MJGFUJNFT GPS TDBUUFSJOH BU JNQVSJUJFT CFMPX BOE JO UIF TVSGBDFT
TIPX CBTJDBMMZ UIF NBJO DIBSBDUFSJTUJDT XIJDI IBWF BMSFBEZ CFFO PCTFSWFE GPS TDBUUFSJOH
BU JNQVSJUJFT JO CVML NBUFSJBMT XF IBWF GPVOE VOFYQFDUFE SFTVMUT FTQFDJBMMZ GPS TDBUUFSJOH
BU BEBUPNT *O DPOUSBTU UP BMM PUIFS SFTVMUT UIF USFOE GPVOE GPS TDBUUFSJOH BU 3d BOE 4sp
  -JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT DBVTFE CZ JNQVSJUZ TDBUUFSJOH
BEBUPNT PO$V "H BOE"V TVSGBDFT EPFT OPU EJSFDUMZ SFĘFDU UIF QPTJUJPO PG UIF 3dSFTPOBODF
SFMBUJWF UP UIF 'FSNJ MFWFM PS BU MFBTU UIJT EPFT OPU TFFN UP CF UIF EPNJOBUJOH DSJUFSJPO
"O BOBMZTJT IBT SFWFBMFE UIBU UIF FYUFOU PG UIF BEBUPN JOUP UIF TVSSPVOEJOH WBDVVN QMBZT
B HSFBU SPMF UIF FYUFOU JOUP UIF WBDVVN JT SFMBUFE UP UIF BUPNJD SBEJVT XIJDI JT SFMBUJWFMZ
MBSHF GPS UIF ĕSTU FMFNFOUT PG UIF SPX BOE UIFSFGPSF FYQMBJOT UIF IJHI TDBUUFSJOH SBUFT GPS
UIFTF BEBUPNT
'VSUIFSNPSF BO BOHVMBSNPNFOUVN SFTPMWFE TUVEZ PG UIF TJOHMFTJUF TDBUUFSJOH SBUFT GPS
BEBUPNT IBT CFFO QSFTFOUFE BMMPXJOH GPS B TDBUUFSJOH JO TQFDJĕD LDIBOOFMT PG UIF TJOHMF
TJUF T NBUSJY T 00LL′ POMZ 8IJMF B DPOTUSVDUJWF JOUFSGFSFODF PG UIF s BOE UIF dDIBOOFM JT
PCTFSWFE GPS UIF 3d FMFNFOUT GPS UIF 4sp TDBUUFSFST UIF s BOE UIF pzDIBOOFM JOUFSGFSF EF
TUSVDUJWFMZ ćF SFTVMUT BSF GPSUJĕFE BOE DPOĕSNFE CZ B DBMDVMBUJPO PG 'SJFEFMPTDJMMBUJPOT
GPS $P (B BOE (F BEBUPNT
ćF BQQMJFE NFUIPE BMMPXT UP EJTUJOHVJTI CFUXFFO TDBUUFSJOH UP CVML BOE UP TVSGBDF TUBUFT
BOE UIF DPOUSJCVUJPOT PG UIF UPUBM JOWFSTF TVSGBDFTUBUF MJGFUJNFT GPS JNQVSJUJFT CFMPX UIF
TVSGBDF JO BOE PO UPQ PG UIF TVSGBDF IBWF CFFO QSFTFOUFE TFQBSBUFMZ GPS EJČFSFOU OVN
CFST PG MBZFST "T FYQFDUFE TDBUUFSJOH BU BEBUPNT MFBET UP FTQFDJBMMZ IJHI DPOUSJCVUJPOT
UP PUIFS TVSGBDF TUBUFT XIFSFBT TDBUUFSJOH BU JNQVSJUJFT CFMPX UIF TVSGBDF NPTUMZ PDDVST UP
CVML TUBUFT )PXFWFS UIF EFQFOEFODZ PO MBZFS UIJDLOFTT BT XFMM BT EJČFSFODFT PCTFSWFE GPS
3d BOE 4sp JNQVSJUJFT JT OPU PCWJPVT BOE TUJMM OFFET UP CF VOEFSTUPPE
" DPNQBSJTPO PG JOWFSTF TVSGBDFTUBUF MJGFUJNFT GPS $V "H BOE "V ĕMNT TIPXT USFOET WFSZ
TJNJMBS UP FBDI PUIFS XJUI UIF EPNJOBOU GFBUVSFT EFTDSJCFE JO EFUBJM GPS DPQQFS ĕMNT )PX
FWFS XIFO DPOTJEFSJOH UIF EFQFOEFODZ PO ĕMN UIJDLOFTT EJČFSFODFT GPS TJMWFS ĕMNT BSF
SFWFBMFE ćJT EJTDSFQBODZ NJHIU CF EVF UP UIF JOUFSQMBZ PG UIF QPTJUJPO PG UIF CPUUPN PG
UIF TVSGBDF CBOE SFMBUJWF UP UIF 'FSNJ MFWFM BOE UIF MBSHF TQMJUUJOH PG UIF UXP TVSGBDF TUBUFT
GPS UIJO ĕMNT 'PS TJMWFS UIF CPUUPN PG UIF TVSGBDF CBOE JT CZ GBS DMPTFTU UP UIF 'FSNJ FOFSHZ
DPNQBSFE UP DPQQFS BOE HPME ĕMNT ćFSFGPSF GPS UIJO TJMWFS ĕMNT POMZ POF TVSGBDF TUBUF JT
QSFTFOU BU UIF 'FSNJ MFWFM
'VSUIFSNPSF XF IBWF DBMDVMBUFE TVSGBDFTUBUF MJGFUJNFT GPS NBHOFUJD JNQVSJUJFT ćF PC
UBJOFE USFOE TIPXT UIF EPVCMFQFBL TUSVDUVSF DBVTFE CZ UIF dSFTPOBODFT PG UIF UXP TQJO
DIBOOFMT DSPTTJOH UIF 'FSNJ MFWFM
'JOBMMZ SFTJEVBM SFTJTUJWJUJFT JO DPQQFS CVML BOE TVSGBDF SFTJTUJWJUJFT GPS JNQVSJUJFT JO UIF TVS
GBDF MBZFS BOE PO UPQ PG UIF TVSGBDF GPS DPQQFS ĕMNT BSF QSFTFOUFE ćF SFTVMUJOH USFOET BSF
DPNQBSFE UP UIPTF PCUBJOFE GPS UIF TVSGBDFTUBUF MJGFUJNFT ćF NPTU JNQPSUBOU EJČFSFODF
JT UIF PCTFSWBUJPO UIBU UIF TVSGBDF SFTJTUJWJUZ 	OPSNBMJ[FE UP UIF OVNCFS PG MBZFST
 IBSEMZ
EFQFOET PO UIF ĕMN UIJDLOFTT XIFSFBT UIF JOWFSTF TVSGBDFTUBUF MJGFUJNFT SFNBSLBCMZ EJG
GFS GPS EJTUJODU UIJDLOFTTFT ćF SFBTPO GPS UIJT CFIBWJPS QSPCBCMZ JT UIF EJČFSFOU OBUVSF PG
UIF JOWFTUJHBUFE RVBOUJUJFT 8IJMF UIF JOWFSTF MJGFUJNF EFQFOET PO k BOE FTQFDJBMMZ GPS UIJO
ĕMNT EJČFST GPS UIF UXP TVSGBDF TUBUFT XIFSF UIF TQMJUUJOH JT MBSHF UIF TVSGBDF SFTJTUJWJUZ JT
JOUFHSBUFE PWFS BMM TUBUFT
'VSUIFS JOWFTUJHBUJPOT PG TVSGBDFTUBUF MJGFUJNFT JODMVEJOH TQJOPSCJU DPVQMJOH FČFDUT XJMM CF
QSFTFOUFE JO DIBQUFS 
$)"15&3 
&ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO
ĕMNT
*O UIF MBTU UXP DIBQUFST XF IBWF JOWFTUJHBUFE TQJOPSCJU DPVQMJOH FČFDUT JO DPQQFS BOE HPME
GDD CVML DSZTUBMT DIBQUFS  BOE TVSGBDFTUBUF MJGFUJNFT GPS GDD DPQQFS TJMWFS BOE HPME 	

ĕMNT XJUIPVU TQJOPSCJU DPVQMJOH DIBQUFS  #PUI FČFDUT BSF JOEVDFE CZ JNQVSJUZ TDBUUFS
JOH /PX XF XJMM DPNCJOF UIFTF UXP BTQFDUT BOE ĕOBMMZ JOWFTUJHBUF FČFDUT PG TQJOPSCJU
DPVQMJOH JO OPCMF NFUBM ĕMNT *O EPJOH TP XF XJMM DPOTJEFS UXP EJČFSFOU TDFOBSJPT FO
UBJMJOH EJČFSFOU NFDIBOJTNT PG TQJO SFMBYBUJPO ĕSTU XF XJMM DPOTJEFS TZNNFUSJD ĕMNT JO
XIJDI – BOBMPHPVTMZ UP CVML DSZTUBMT – BMM kQPJOUT PO UIF 'FSNJ TVSGBDF BSF UXPGPME EF
HFOFSBUF ćFO UIF &MMJPUU:BGFU NFDIBOJTN BT XFMM BT JNQVSJUZ TQJOPSCJU DPVQMJOH JOEVDF
TQJO SFMBYBUJPO 4FDPOEMZ ĕMNT XJUIPVU JOWFSTJPO TZNNFUSZ XJMM CF DPOTJEFSFE ćF MBDL
PG TUSVDUVSBM JOWFSTJPO TZNNFUSZ MJęT UIF TQJO EFHFOFSBDZ MFBEJOH UP B TQMJUUJOH PG CBOET
JF B TQMJUUJOH PG SJOHT PO UIF 'FSNJ TVSGBDF ćJT UZQF PG TQMJUUJOH JT B HFOFSBM QIFOPNFOPO
PCTFSWFE JO UIF CVML PG TFNJDPOEVDUPST BTZNNFUSJD TFNJDPOEVDUPS IFUFSPTUSVDUVSFT PS
NFUBM TVSGBDF TUBUFT %FQFOEJOH PO EFUBJMT PG UIF CBOE TUSVDUVSF JU JT LOPXO BT 3BTICB
< > PS %SFTTFMIBVT <> TQMJUUJOH *O JUT QSFTFODF BOPUIFS NFDIBOJTN PG TQJO SFMBY
BUJPO UBLFT FČFDU UIF %hZBLPOPW1FSFMh NFDIBOJTN <> ćJT NFDIBOJTN JT SBUIFS DIBS
BDUFSJ[FE CZ TQJO EFQIBTJOH UIBO TQJO SFMBYBUJPO TJODF JU JT DBVTFE CZ QSFDFTTJPO BSPVOE B
MPDBM TQJO BYJT UPHFUIFS XJUI PSEJOBSZ NPNFOUVN TDBUUFSJOH
*O UIF ĕSTU QBSU PG UIJT DIBQUFS XF XJMM HJWF BO JOUSPEVDUJPO UP UIF BCPWFNFOUJPOFE UIFP
SFUJDBM DPODFQUT ćFO XF QSFTFOU SFTVMUT PCUBJOFE GPS HPME BOE DPQQFS ĕMNT 8F DPOTJEFS
UIBU UIF FQJUBYJBM HSPXUI EJSFDUJPO PG UIF ĕMNT JT BMPOH UIF zBYJT XIJDI JT BMTP UBLFO BT
UIF TQJO RVBOUJ[BUJPO BYJT PG UIF TZTUFN 8F TUBSU XJUI UIF JOWFTUJHBUJPO PG TZNNFUSJD 	

BOE 	
 ĕMNT XJUI EJČFSFOU ĕMN UIJDLOFTTFT BOE DBMDVMBUF UIF DPSSFTQPOEJOH TQJONJYJOH
QBSBNFUFS 'VSUIFSNPSF TQJOĘJQ TDBUUFSJOH QSPDFTTFT EVF UP TDBUUFSJOH BU TFMGBEBUPNT BSF
TUVEJFE BOE SFTVMUT GPS TQJODPOTFSWJOH BOE TQJOĘJQ TDBUUFSJOH MJGFUJNFT BSF QSFTFOUFE
"ęFSXBSET BTZNNFUSJD DPQQFS BOE HPME 	
 BOE 	
 ĕMNT XJMM CF JOWFTUJHBUFE UIFJS

  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
TZNNFUSZ IBT CFFO CSPLFO CZ DPWFSJOH UIFN XJUI POF MBZFS PG ;O 'PS CPUI TVSGBDF PSJFO
UBUJPOT BOE EJČFSFOU ĕMN UIJDLOFTTFT TQJOPSCJU ĕFMET BSF DBMDVMBUFE BOE DPNQBSFE UP FBDI
PUIFS
ćF DIBQUFS FOET XJUI B TVNNBSZ PG UIF NPTU JNQPSUBOU SFTVMUT
 4QJOPSCJU DPVQMJOH FČFDUT JO TZTUFNT XJUIPVU TUSVDUVSBM
JOWFSTJPO TZNNFUSZ
 ćF 3BTICB FČFDU
8F DPOTJEFS TZTUFNT XJUIPVU JOUFSOBM PS FYUFSOBM NBHOFUJD ĕFME 'PS TVDI TZTUFNT EJTSF
HBSEJOH UIF RVFTUJPO XIFUIFS TQBDFJOWFSTJPO JT HJWFO PS OPU UIF UJNFSFWFSTBM USBOTGPS
NBUJPO EPFT OPU BMUFS UIF QIZTJDBM QSPQFSUJFT PG UIF TZTUFN 4JODF UJNF SFWFSTBM SFWFSUT UIF
EJSFDUJPO PG NPUJPO 	JF k UP −k
 BT XFMM BT UIF TQJO 	JF σ UP −σ
 UIF FOFSHZ PG B TQJO
VQ QBSUJDMF XJUI NPNFOUVN k IBT UIF TBNF FOFSHZ BT B TQJOEPXO QBSUJDMF NPWJOH JO UIF
PQQPTJUF EJSFDUJPO 	XJUI XBWF WFDUPS −k

E↑k = E↓−k  	

ćJT QSPQFSUZ JT BMTP LOPXO BT ,SBNFST EFHFOFSBDZ <> 'PS TZTUFNT JOWBSJBOU VOEFS
TQBDF JOWFSTJPO BEEJUJPOBMMZEσk = Eσ−k σ =↑, ↓ JT WBMJE BOE UIFSFGPSF BMM CBOET BSF UXPGPME
EFHFOFSBUF *O DPOUSBTU JO TZTUFNT XJUIPVU TUSVDUVSF JOWFSTJPO TZNNFUSZ XIFSF OP PSJHJO
PG DPPSEJOBUF TZTUFN DBO CF GPVOE TVDI UIBUV (r) = V (−r) GPS BMM r UIJT EFHFOFSBDZ JT MJęFE
UIF QSFTFODF PG B OPODFOUSPTZNNFUSJD QPUFOUJBM JNQMJDBUFT B QPUFOUJBM HSBEJFOU PS FMFDUSJD
ĕFMEE(r) ćJT CFDPNFT DMFBS XIFO DPOTJEFSJOH UIF 5BZMPS FYQBOTJPO PG UIF QPUFOUJBM V (r)
V (r) = V (0) + eE(0) ⋅ r + . . .  	

)FODF JO MPXFTU PSEFS UIF JOWFSTJPO BTZNNFUSZ DBO CF DIBSBDUFSJ[FE CZ BO FMFDUSJD ĕFME
E(r) "NPWJOH FMFDUSPO XJUI BO FČFDUJWF NBTTm⋆ QSPQBHBUJOH XJUI B WFMPDJUZ v = 1/m⋆ k
XJMM FYQFSJFODF UIJT ĕFME -PSFOU[USBOTGPSNFE JO JUT MPDBM GSBNF BT B NBHOFUJD ĕFME
B = 1
c
v ×E = 1
cm⋆
k ×E  	

DPVQMJOH UP UIF FMFDUSPO TQJO .VMUJQMZJOH UIJT ĕFME XJUI UIF TQJO 	JF UIF 1BVMJNBUSJDFT

ZJFMET UIF FYQSFTTJPO
HR = αRσ ⋅ (k ×E)  	

XIJDI FRVBMT UIF TQJOPSCJU )BNJMUPOJBO PG FR 	
 BOE JT DBMMFE UIF 3BTICB PS #ZDILPW
3BTICB )BNJMUPOJBO < >
8F XJMM SFXSJUF UIF 3BTICB )BNJMUPOJBO JO UFSNT PG UIF TPDBMMFE TQJOPSCJU ĕFMEΩ(k) <>
HR = h̵
2
σ ⋅Ω(k)  	

ćJT JT UIF DBTF GPS UIF CVML DSZTUBMT DPOTJEFSFE JO DIBQUFS  BOE UIF TZNNFUSJD ĕMNT TUVEJFE JO B MBUFS QBSU PG
UIF DVSSFOU DIBQUFS
 4QJOPSCJU DPVQMJOH FČFDUT JO TZTUFNT XJUIPVU TUSVDUVSBM JOWFSTJPO TZNNFUSZ 
ćF EJSFDUJPO PGΩ(k) BU FBDI k EFĕOFT UIF TQJO RVBOUJ[BUJPO BYJT XIJMF JUT BCTPMVUF WBMVF
EFUFSNJOFT UIF TUSFOHUI PG UIF TQMJUUJOH 0G DPVSTF UIF TQJOPSCJU ĕFMETΩ(k) BSF NBUFSJBM
TQFDJĕD BOE EFQFOE PO UIF TQJOPSCJU DPVQMJOH TUSFOHUI UIF CBOE HBQ UIF QSPYJNJUZ UP UIF
TVSGBDF BOE PUIFS QBSBNFUFST 8F XJMM QSFTFOU TQJOPSCJU ĕFMET GPS $V BOE "V TVSGBDFT JO
TFDUJPO 
ćF FČFDU JT QSFTFOU JO EJČFSFOU TUSVDUVSFT 'JSTU JU BQQFBST JO CVML TFNJDPOEVDUPST PG UIF
[JODCMFOEF UZQF < > XIFSF UIF UXP BUPNT JO UIF VOJU DFMM BSF OPU FRVJWBMFOU BOE
UIFSFGPSF JOWFSTJPO TZNNFUSZ JT OPU GVMĕMMFE ćFO UIF TQJOPSCJU ĕFME BU BOE DMPTF UP UIF
DPOEVDUJPOCBOE NJOJNVN DBO CF XSJUUFO BT <>
ΩD(k) = αh̵2√
2m⋆Eg
[kx (k2y − k2z)ex + ky (k2z − k2x)ey + kz (k2x − k2y)ez]  	

XIFSF Eg JT UIF CBOE HBQ PG UIF TFNJDPOEVDUPS BOE α JT B NBUFSJBMEFQFOEFOU QBSBNFUFS
	FH GPS (B"T α = 0.07
 ćF DPSSFTQPOEJOH )BNJMUPOJBOHD = h̵/2 σ ⋅ΩD(k) JT LOPXO
BT %SFTTFMIBVT )BNJMUPOJBO BOE MFBET UP B TQJO TQMJUUJOH QSPQPSUJPOBM UP k3
4FDPOEMZ UIF 3BTICB )BNJMUPOJBO BMMPXT UP EFTDSJCF UIF TQMJUUJOHT BQQFBSJOH JO B UXP
EJNFOTJPOBM FMFDUSPO HBT ćJT JT SFBMJ[FE FH JO BTZNNFUSJD RVBOUVNXFMM IFUFSPTUSVDUVSFT
< > BT XFMM BT JO UIF TVSGBDF TUBUFT PGNFUBMMJD BOE TFNJNFUBMMJD TZTUFNT <> FH "H
"V <> BOE #J 	
 TVSGBDFT PS TVSGBDF BMMPZT <> $IPPTJOH UIF zBYJT JO EJSFDUJPO PG
HSPXUI PG UIF IFUFSPTUSVDUVSF 	PS QFSQFOEJDVMBS UP UIF TVSGBDF SFTQFDUJWFMZ
 BOE BEEJOH VQ
UIF LJOFUJD FOFSHZ UIF GVMM )BNJMUPOJBO UBLFT UIF GPSN
Htot = Hkin +HR
= p2∥
2m⋆
+ αR (σ × p∥)∣z
= p2∥
2m⋆
+ αR (σxpy − σypx)  	

ćJT GPSN BMMPXT GPS BO BOBMZUJD TPMVUJPO "TTVNJOH UIF kWFDUPS UP CF PSJFOUFE JO UIF QMBOF
PG UIF UXPEJNFOTJPOBM FMFDUSPO HBT BOE k∥ = k∥ (cosφ, sinφ,0) UIF FJHFOTUBUFT DBO CF




















(k∥ ± kSOC)2 −ΔSOC 	

  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
XJUI kSOC = m⋆αR BOEΔSOC = m⋆α2R/2 "QQBSFOUMZ GPS BMM k∥ FYDFQU UIF IJHITZNNFUSZ
TUBUF k∥ = 0 UIF UXP TUBUFT BSF TQMJU BOE IBWF B EJČFSFODF JO FOFSHZ
ΔEk↑,↓
∥
= 2αR ∣k∥∣  	

*O BEEJUJPO EVF UP UIF QSFTFODF PG TUSVDUVSF JOWFSTJPO BTZNNFUSZ BOE UIF TQJOPSCJU JO
UFSBDUJPO UIF PSJHJO PG UIF QBSBCPMB EFTDSJCFE CZ UIF ĕSTU UFSN PG FR 	
 JT MPXFSFE JO













IFODF EFQFOET PO UIF EJSFDUJPO PG k∥ POMZ BOE OPU PO JUT BCTPMVUF WBMVF "QBSU GSPN UIBU
UIF TQJOT PG UIF UXP FMFDUSPOT BSF – GPS BMM k∥ – PSJFOUFE PQQPTJUF UP FBDI PUIFS ćF SFTVMU
JOH TQJOTUSVDUVSF PO UIF 'FSNJ TVSGBDF XJMM CF TIPXO JO ĕHVSF  JO TFDUJPO  BU UIF
FYBNQMF PG UIF TQJOTQMJU TVSGBDF TUBUF PG DPQQFS 	
 ćF BCPWF BOBMZTJT PG UIF 3BTICB
)BNJMUPOJBO JT LOPXO BOE DBO CF GPVOE FH JO <>
#FGPSF ĕOJTIJOH UIJT TFDUJPO BOE DPNJOH UP UIF TQJO EFQIBTJOH NFDIBOJTN JOEVDFE CZ UIF
3BTICB TQJOTQMJUUJOH PG CBOET XF XJMM CSJFĘZ DPNNFOU PO UIF PSEFS PG NBHOJUVEF PG UIF
PCTFSWFE TQMJUUJOH GPS EJČFSFOU TUSVDUVSFT *OUFSFTUJOHMZ UIF TQMJUUJOH GPVOE GPS NFUBMMJD
PS TFNJNFUBMMJD TVSGBDF TUBUFT DBO CF NVDI MBSHFS UIBO GPS TFNJDPOEVDUPS IFUFSPTUSVDUVSFT
'JSTU UIJT JT UIF DPOTFRVFODF PG IJHIFS 3BTICB QBSBNFUFST FH GPS B(B"T*O"T IFUFSPTUSVD
UVSF αR = 0.09 eVA˚ <> DPNQBSFE UP αR = 0.33 eVA˚ <> GPS B "V 	
 TVSGBDF TUBUF
4FDPOEMZ POF IBT UP UBLF JOUP BDDPVOU UIBU UIF TQMJUUJOH JT QSPQPSUJPOBM UP k – GPS "V k JT
EFUFSNJOFE CZ UIF 'FSNJ TVSGBDF 	TFF TFDUJPO 
 BOE MFBET UP B TQMJUUJOH PG UIF PSEFS PG
0.1eV XIJMF JO TFNJDPOEVDUPS IFUFSPTUSVDUVSFT UIF TUBUFT PG UIF DPOEVDUJPO CBOE UIBU BSF
SFMFWBOU GPS FMFDUSPOJD USBOTQPSU BSF NVDI DMPTFS UP UIF DFOUFS PG UIF #SJMMPVJO [POF UIFSF
GPSF UIF BWFSBHF k JT NVDI TNBMMFS .PSF JOGPSNBUJPO BCPVU UIF 3BTICB FČFDU BU NFUBM
TVSGBDFT DBO CF GPVOE JO <> " NPSF EFUBJMFE HFOFSBM PWFSWJFX JT HJWFO JO <>
 ćF %hZBLPOPW1FSFMh NFDIBOJTN
*O DIBQUFS  XF IBWF TFFO UIBU JO DBTF PG UIF &MMJPUU:BGFU TQJOĘJQ NFDIBOJTN QSFTFOU JO
TZTUFNT XJUI TUSVDUVSF JOWFSTJPO TZNNFUSZ UIF JODSFBTF PG NPNFOUVN TDBUUFSJOH ZJFMET BO
FOIBODFNFOU PG TQJO SFMBYBUJPO BOE UIFSFGPSF TIPSUFS TQJOSFMBYBUJPO UJNFT *O DPOUSBTU JO
TZTUFNT XJUIPVU TUSVDUVSF JOWFSTJPO TZNNFUSZ UIF %hZBLPOPW1FSFMh NFDIBOJTN <> MFBET
UP UIF JOWFSTF FČFDU *F FOIBODFE NPNFOUVN TDBUUFSJOH SFTVMUT JO MPOHFS TQJOSFMBYBUJPO
UJNFT *O UIF GPMMPXJOH XF XJMM TIPX UIBU UIJT JT B DPOTFRVFODF PG UIF GPSN PG UIF 3BTICB
TQJO TQMJUUJOH EFSJWFE JO UIF MBTU TFDUJPO 8F XJMM GPMMPX BSHVNFOUT QSFTFOUFE JO < >
ćF TQJOPSCJU ĕFMEΩ(k) XIJDI DBO CF JOUFSQSFUFE BT BO JOUFSOBM NBHOFUJD ĕFME QSPWPLFT
B kEFQFOEFOU QSFDFTTJPO BSPVOE UIF EJSFDUJPO PGΩ(k)XJUI GSFRVFODZ ∣Ω(k)∣ *O PSEFS UP
JMMVTUSBUF UIF BCPWF TUBUFNFOUT XF DPOTJEFS B TZTUFN XIJDI DBO CF EFTDSJCFE CZ UIF 3BTICB
)BNJMUPOJBO FR 	
 BOE BTTVNF B XBWF QBDLFU ψ BU UJNF t = 0 DIBSBDUFSJ[FE CZ B XBWF
 4QJOPSCJU DPVQMJOH FČFDUT JO TZTUFNT XJUIPVU TUSVDUVSBM JOWFSTJPO TZNNFUSZ 
WFDUPS k XJUI B TQJO S(0) PSJFOUFE JO BO BSCJUSBSZ EJSFDUJPO *G UIF TQJO EPFT OPU QPJOU JO
UIF TBNF EJSFDUJPO BT UIF TQJOPSCJU ĕFMEΩ(k) JU XJMM CF QBSUMZ QSPKFDUFE UP UIF ↑ BOE UIF ↓
FJHFOGVODUJPO JF ψ(0) = a ∣↑⟩ + b ∣↓⟩ ćFO BęFS B UJNF t UIF XBWFGVODUJPO IBT FWPMWFE UP
ψ(t) = ei h̵k22m⋆ t [eiΩt2 a ∣↑⟩ + e−iΩt2 b ∣↓⟩]  	

ćF 3BTICB UFSN JO UIF )BNJMUPOJBO IBT DBVTFE B EJČFSFODF JO QIBTF PG UIF UXP FJHFO
TUBUFT ψ↑k BOE ψ
↓
k PG UIF PSEFS PG δφ = Ωt "T B DPOTFRVFODF UIF TQJO FYQFDUBUJPO WBMVF
S(t) = 1/2 ⟨ψ(t) ∣σ∣ψ(t)⟩ CFDPNFT UJNFEFQFOEFOU BOE UIF TQJO PG UIF FMFDUSPO QSFDFTTFT
BSPVOE UIF EJSFDUJPO PG UIF TQJOPSCJU ĕFME Ω(k) XJUI GSFRVFODZ Ω = ∣Ω(k)∣ 0G DPVSTF
UIJT IBQQFOT POMZ JG UIF FOFSHZ TQSFBE PG UIF XBWF QBDLFU JT MBSHFS UIBO UIF TQJOTQMJUUJOH
h̵Ω
"TTVNJOH UIBU UIJT DPOEJUJPO JT GVMĕMMFE %hZBLPOPW BOE 1FSFMh DPOTJEFSFE B TDBUUFSJOH FWFOU
BU UJNF t1 GSPN TUBUF k UP TUBUF k′ ćF TDBUUFSFE FMFDUSPO JT BTTVNFE OPU UP DIBOHF JUT TQJO
FYQFDUBUJPO WBMVF S(t1) EVSJOH TDBUUFSJOH BOE BSSJWJOH BU k′ JU TUBSUT UP QSFDFTT BSPVOE
UIF MPDBM QSFDFTTJPO BYJTΩ(k′) XIJDI JO HFOFSBM EJČFST GSPNΩ(k) "ęFS B DFSUBJO UJNF t
MPOHFS UIBO UIFNPNFOUVNSFMBYBUJPO UJNF τp UIF FMFDUSPO IBT FYQFSJFODFE B GFX SBOEPN
TDBUUFSJOH FWFOUT GPMMPXFE CZ QSFDFTTJPO BSPVOE EJČFSFOU BYFT BOE JUT PSJHJOBM TQJO PSJFOUB
UJPO BYJT JT MPTU )FODF UIF JOUFSQMBZ PG NPNFOUVN TDBUUFSJOH BOE QSFDFTTJPO SBUIFS MFBET
UP TQJO EFQIBTJOH UIBO TQJO SFMBYBUJPO
*O UIF GPMMPXJOH B SFMBUJPO CFUXFFO UIF NPNFOUVNSFMBYBUJPO UJNF τp BOE UIF TQJO EF
QIBTJOH UJNF T2 XJMM CF FTUBCMJTIFE ćF BMUFSOBUJPO PG TDBUUFSJOH BOE QSFDFTTJPO DBO CF
EFTDSJCFE BT B TQJO QSFDFTTJPO BSPVOE B ĘVDUVBUJOH NBHOFUJD ĕFME XIPTF NBHOJUVEF BOE
EJSFDUJPO DIBOHF SBOEPNMZ BęFS UIF BWFSBHF UJNF TUFQ PG τp )FODF UIF TQJO QIBTF GPMMPXT
B SBOEPN XBML BOE UIF UPUBM BDDVNVMBUFE TQJO BOHMF δφ BęFS UJNF t JT CPUI QSPQPSUJPOBM UP
UIF OVNCFS PG SBOEPNXBML TUFQT
√
N = √t/τp BT XFMM BT UP UIF DIBOHF JO QIBTF BU FBDI
TUFQ ⟨Ω⟩ τp
δφ = ⟨Ω⟩ τp√ t
τp
= ⟨Ω⟩√tτp  	

)FSF BOBMPHPVTMZ UP UIF EFĕOJUJPO PG τp UIF RVBOUJUZ ⟨Ω⟩ JT EFĕOFE BT BO BWFSBHF PG UIF
MPDBM TQJOPSCJU ĕFMET ⟨Ω(k)⟩ PWFS BMM QPTTJCMF XBWF WFDUPST k
%FĕOJOH UIF TQJOSFMBYBUJPO UJNF BT UIF UJNF XIFSF δφ ∼ 1 UIF SFTVMU
T2 = 1⟨Ω⟩2 τp 	

JT PCUBJOFE ćF JNQPSUBOU DPODMVTJPO PG UIF BCPWF FTUJNBUF GPS UIF TQJO EFQIBTJOH UJNF T2
JT UIBU JU CFIBWFT JOWFSTFMZ QSPQPSUJPOBM UP UIF NPNFOUVNSFMBYBUJPO UJNF τp UIF IJHIFS
UIF NPNFOUVN TDBUUFSJOH SBUF τ−1p  UIF MPOHFS UIF JOJUJBM TQJO JT SFUBJOFE 'SPN B QIZTJDBM
QPJOU PG WJFX UIJT DPSSFTQPOET UP UIF DPODFQU PG NPUJPOBM OBSSPXJOH *G UIF NPNFOUVN
SFMBYBUJPO UJNF JT TIPSU UIF FMFDUSPO TQJO EPFT OPU IBWF UIF UJNF UP QSFDFTT JO BOZ QBSUJDVMBS
EJSFDUJPO BOE UIF SBOEPN DIBOHFT JO hGPSDFh DBODFM FBDI PUIFS
EFĕOFE BT UIF JOWFSTF PG UIF BWFSBHF NPNFOUVN TDBUUFSJOH SBUF Pkk′  BWFSBHFE PWFS BMM k BOE k′
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
6 layers  8 layers  10 layers  
6 layers  8 layers  10 layers  
Cu (111) 
Au (111) 




 ĕMNT XJUI TJY 	MFę
 FJHIU 	NJEEMF
 BOE UFO 	SJHIU
 MBZFST 8IFSFBT
GPS UIF TJYMBZFS ĕMNT ∣bk∣2 JT MBSHFTU JO TPNF PG UIF CVML TUBUFT GPS UIF ĕMNT DPOTJTUJOH
PG FJHIU BOE UFO MBZFST UIF UXP TVSGBDF TUBUFT TIPX UIF MBSHFTU TQJONJYJOH QBSBNFUFS
ćF NBYJNBM WBMVFT PG ∣bk∣2 JODSFBTF XJUI ĕMN UIJDLOFTT ćJT UFOEFODZ JT BMTP GPVOE
XIFO UIF BWFSBHF PG ∣bk∣2 PWFS UIF 'FSNJ TVSGBDF PG UIF UISFF ĕMNT JT DPNQBSFE ćF
BWFSBHFT BSF TQFDJĕFE JO UBCMF  /PUF UIBU UIF EJTUSJCVUJPOT PG ∣bk∣2 BSF QSFTFOUFE PO
B MPHBSJUINJD TDBMF 8IJMF UIF RVBMJUBUJWF CFIBWJPS PG UIF DPQQFS BOE UIF HPME ĕMNT JT
WFSZ TJNJMBS BT FYQFDUFE IJHIFS TQJONJYJOH QBSBNFUFS BSF GPVOE GPS UIF HPME TMBCT
 4ZNNFUSJD ĕMNT
 ćF &MMJPUU:BGFU TQJONJYJOH QBSBNFUFS ∣b∣2
8F XJMM TUBSU PVS QSFTFOUBUJPO PG TQJOPSCJU DPVQMJOH FČFDUT PO TVSGBDFT PG TZNNFUSJD ĕMNT
BOE DPOTJEFS GDD DPQQFS BOE HPME 	
 BOE 	
 ĕMNT ćF UXP PSJFOUBUJPOT EJČFS JO POF
 4ZNNFUSJD ĕMNT 
JNQPSUBOU BTQFDU 8IFSFBT BU 	
 TVSGBDFT UIF GPSNBUJPO PG TVSGBDF TUBUFT UBLFT QMBDF CF
DBVTF PG UIF CBOEHBQ JO LEJSFDUJPO PG UIF CVML CBOE TUSVDUVSF BU 	
 TVSGBDFT OP TVDI
TVSGBDF TUBUFT FYJTU BU EF "T XF XJMM TFF UIJT DIBOHFT UIF QIZTJDT
%VF UP UIF JOWFSTJPO TZNNFUSZ BMM TUBUFT PO UIF 'FSNJ TVSGBDF BSF UXPGPME EFHFOFSBUF TP
XF FYQFDU UIF &MMJPUU:BGFU NFDIBOJTN 	BT FYQMBJOFE JO TFDUJPO 
 UP JOEVDF TQJO SFMBY
BUJPO *O BOBMPHZ UP UIF TJUVBUJPO JO GDD CVML TFF TFDUJPO  UIF EFHFOFSBDZ BU FBDI kQPJOU
MFBET UP BO BSCJUSBSZ DIPJDF PG UIF TQJO PSJFOUBUJPO BYJT CFJOH EJČFSFOU GPS FBDI k PO UIF
'FSNJ TVSGBDF ćFSFGPSF B DPNNPO TQJO RVBOUJ[BUJPO BYJT IBT UP CF DIPTFO BOE B MJOFBS
DPNCJOBUJPO PG UIF EFHFOFSBUF XBWFGVODUJPOT DPSSFTQPOEJOH UP UIJT BYJTNVTU CF DBMDVMBUFE
8F DIPPTF UIF zBYJT UIF EJSFDUJPO QFSQFOEJDVMBS UP UIF TVSGBDF BT TQJO PSJFOUBUJPO BYJT
ćF TQJOPSCJU DPVQMJOH QSPWPLFT UIBU UIF XBWFGVODUJPOT BSF B MJOFBS DPNCJOBUJPO PG VQ BOE
EPXO TUBUFT BT FYQMBJOFE JO TFDUJPO 
*O PSEFS UP FTUJNBUF UIF FČFDU PG TQJOPSCJU DPVQMJOH PO UIF 'FSNJ TVSGBDF XF IBWF DBMDV
MBUFE UIF QBSBNFUFS ∣ak∣2 BOE ∣bk∣2 BT EFĕOFE JO FR 	
 DPSSFTQPOEJOH UP UIF SFBMTQBDF
JOUFHSBMT PG UIF UXP TQJODPNQPOFOUT PG UIF XBWFGVODUJPO 'VSUIFSNPSF JUT BWFSBHFT ∣a∣2
BOE ∣b∣2 PWFS UIF 'FSNJ TVSGBDFT BSF EFUFSNJOFE
ćF EJTUSJCVUJPO PG ∣bk∣2 PO UIF 'FSNJ TVSGBDF GPS 	
 ĕMNT BSF QSFTFOUFE JO UIF VQQFS QBO
FMT PG ĕHVSF  GPS DPQQFS BOE JO UIF MPXFS QBOFMT PG UIF TBNF ĕHVSF GPS HPME ćF 'FSNJ
TVSGBDFT BSF TJNJMBS UP UIPTF PG UIF ĕMNT XJUIPVU TQJOPSCJU DPVQMJOH QSFTFOUFE JO DIBQUFS 
ćF UXP JOOFSNPTU SJOHT DPSSFTQPOE UP UIF UXP TVSGBDF TUBUFT UIF TQMJUUJOH CFUXFFO UIFN JT
NPTUMZ DBVTFE CZ UIF DPVQMJOH CFUXFFO UIF TVSGBDF TUBUFT CFMPOHJOH UP UIF UXP ĕMN TVSGBDFT
BOE UIFSFGPSF TUSPOHMZ EFQFOET PO UIF ĕMN UIJDLOFTT )PXFWFS BT XF IBWF JODMVEFE TQJO
PSCJU DPVQMJOH JO PVS DBMDVMBUJPOT UIF 3BTICB FČFDU BMTP MFBET UP B TQMJUUJOH XIJDI BEET VQ
UP UIF TQMJUUJOH DBVTFE CZ UIF ĕOJUF UIJDLOFTT &WJEFOUMZ GPS UIJO ĕMNT UIF MBUUFS POF JT NVDI
MBSHFS BOE UPUBMMZ DPWFST UIF FČFDU PG UIF TQJOPSCJU DPVQMJOH )PXFWFS GPS TVďDJFOUMZ UIJDL
ĕMNT UIF TQMJUUJOH JOEVDFE CZ UIF IZCSJEJ[BUJPO PG UIF UXP TVSGBDF TUBUFT DPOWFSHFT UP [FSP
BOE UIF 3BTICB TQMJUUJOH QSFWBJMT 4JODF UIF DBMDVMBUJPO PG UIF 'FSNJ TVSGBDF GPS UIJDL ĕMNT
JT OVNFSJDBMMZ WFSZ FYQFOTJWF XF IBWF DIPTFO BOPUIFS XBZ UP EFUFSNJOF UIF TJ[F PG UIF
3BTICB TQMJUUJOH *U DBO CF FTUJNBUFE CZ DPOTJEFSJOH BTZNNFUSJD ĕMNT XIJDI BSF UIF TVC
KFDU PG UIF OFYU TFDUJPO
$POTJEFSJOH UIF EJTUSJCVUJPO PG UIF TQJONJYJOH QBSBNFUFS ∣bk∣2 PO UIF 'FSNJ TVSGBDF PG UIF
	
 ĕMNT 	ĕHVSF 
 B TJNJMBSJUZ GPS DPQQFS BOE HPME DBO CF PCTFSWFE 8IFSFBT GPS UIF
ĕMNT XJUI TJY MBZFST UIF &MMJPUU:BGFU QBSBNFUFS JT MBSHFTU GPS TPNF CVML TUBUFT JO UIF PVUFS
SFHJPOT PG UIF 'FSNJ TVSGBDFT GPS UIF ĕMNT XJUI FJHIU BOE UFO MBZFST TQJONJYJOH JT IJHIFTU
GPS UIF UXP TVSGBDF TUBUFT 'VSUIFSNPSF BO JODSFBTF PG UIF NBYJNBM PCUBJOFE WBMVF PG ∣bk∣2
XJUI ĕMN UIJDLOFTT DBO CF PCTFSWFE ćJT USFOE JT BMTP GPVOE XIFO UIF BWFSBHF ∣b∣2 PG ∣bk∣2
PWFS UIF XIPMF 'FSNJ TVSGBDF JT DPOTJEFSFE ćF BWFSBHFT PG UIF TQJONJYJOH QBSBNFUFS GPS
BMM ĕMNT 	DPQQFS BOE HPME EJČFSFOU UIJDLOFTTFT CPUI PSJFOUBUJPOT
 BSF MJTUFE JO UBCMF 
$PNQBSJOH UIF WBMVFT PCUBJOFE GPS UIF <> PSJFOUBUJPO UP UIPTF PCUBJOFE JO $V BOE "V
CVML HJWFO JO UBCMF  MBSHF EJČFSFODFT BSF PCTFSWFE "U UIF TVSGBDF UIF &MMJPUU:BGFU QB
SBNFUFS JT SFNBSLBCMZ MBSHFS UIBO GPS UIF CVMLNBUFSJBMT 'PS HPME UIF SBUJP JT BCPVU 1.5 BOE
GPS DPQQFS UIF FOIBODFNFOU PG ∣b∣2 JT FWFO NVDI NPSF QSPOPVODFE CFJOH BQQSPYJNBUFMZ
7 0CWJPVTMZ UIF FČFDU PG TQJOPSCJU DPVQMJOH JT FOIBODFE CZ UIF CSFBL PG TZNNFUSZ EVF
UP UIF TVSGBDF HFPNFUSZ BOE UIF GPSNBUJPO PG TVSGBDF TUBUFT $POTJEFSJOH UIF EJTUSJCVUJPO
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
∣a∣2 ∣b∣2
$V 	
  MBZFST 0.999 1.41 ⋅ 10−3
 MBZFST 0.999 1.49 ⋅ 10−3
 MBZFST 0.998 1.69 ⋅ 10−3
	
  MBZFST 0.997 2.94 ⋅ 10−3
 MBZFST 0.998 2.03 ⋅ 10−3
"V 	
  MBZFST 0.968 3.23 ⋅ 10−2
 MBZFST 0.966 3.41 ⋅ 10−2
 MBZFST 0.964 3.59 ⋅ 10−2
	
  MBZFST 0.964 3.51 ⋅ 10−2
 MBZFST 0.722 0.278
5BCMF  &MMJPUU:BGFU QBSBNFUFST ∣a∣2 BOE ∣b∣2 BWFSBHFE PWFS UIF 'FSNJ TVSGBDFT GPS DPQQFS
BOE HPME 	
 BOE 	
 ĕMNT 8IJMF UIFJS EJTUSJCVUJPOT ∣ak∣2 BOE ∣bk∣2 PO UIF
'FSNJ TVSGBDF TUSPOHMZ EJČFS GPS UIF WBSJPVT UIJDLOFTTFT UIF BWFSBHFT BSF WFSZ
TJNJMBS *O BMM DBTFT BO JODSFBTF XJUI UIJDLOFTT DBO CF PCTFSWFE 'VSUIFSNPSF
UIF TQJONJYJOH QBSBNFUFST PCUBJOFE GPS UIF 	
 TVSGBDFT BSF NVDI MBSHFS UIBO
UIPTF PG UIF 	
 TVSGBDFT ćJT JT EVF UP UIF BOUJDSPTTJOHT PDDVSSJOH BU UIF
CPVOEBSJFT PG UIF #SJMMPVJO [POF GPS UIF 	
 HFPNFUSZ BOE MFBEJOH UP TQJO IPU
TQPUT
PG ∣bk∣2 PO UIF 'FSNJ TVSGBDFT UIJT JT 	BU MFBTU GPS UIF ĕMNT XJUI FJHIU BOE UFO MBZFST
 PC
WJPVT CFDBVTF UIF TQJONJYJOH QBSBNFUFS BSF MBSHFTU GPS UIF TVSGBDF TUBUFT "MUIPVHI XF
IBWF GPVOE BO JODSFBTF PG ∣b∣2 XJUI JODSFBTJOH ĕMN UIJDLOFTT XF EP OPU OFDFTTBSJMZ FYQFDU B
GVSUIFS JODSFBTF GPS UIJDLFS ĕMNT UIFSF NJHIU CF BO PTDJMMBUPSZ FČFDU DPOWFSHJOH UP B WBMVF
PG ∣b∣2 MPXFS UIBO UIBU DBMDVMBUFE GPS UIF MBZFS ĕMNT TJODF FWFOUVBMMZ UIF CVML WBMVF IBT
UP CF SFBDIFE JO UIF MJNJU PG MBSHF UIJDLOFTT
8F XJMM OPX UVSO UP UIF 	
 TVSGBDFT $POUSBSZ UP UIF 	
 TVSGBDFT BU UIFTF TVSGBDFT
UIFSF FYJTU OP TVSGBDF TUBUFT TFF ĕHVSF  ćFSFGPSF MPXFS TQJONJYJOH QBSBNFUFST NJHIU
CF FYQFDUFE *OUFSFTUJOHMZ B EJČFSFOU FČFDU PDDVST ZJFMEJOH MPDBMMZ WFSZ MBSHF TQJOĘJQ QB
SBNFUFST XIJDI BSF BDUVBMMZ NVDI MBSHFS UIBO GPS UIF 	
 TVSGBDFT "U UIF FEHF PG UIF
#SJMMPVJO[POF BOUJDSPTTJOHT PG CBOET PDDVS MFBEJOH UP XBWFGVODUJPOT XJUI B MBSHF DPOUSJ
CVUJPO PG CPUI TQJOT ćFTF QPJOUT BSF TPDBMMFE TQJO IPU TQPUT XIJDI IBWF CFFO QSFEJDUFE
GPS BMM QPMZWBMFOU NFUBMT JO <> ćF FČFDU JT PCTFSWFE GPS DPQQFS BT XFMM BT GPS HPME 	

TVSGBDFT GPS CPUI UIJDLOFTTFT UIPVHI UIF NBYJNBM WBMVFT PG ∣bk∣2 JOEJDBUJOH UIF TUSFOHUI
PG UIF FČFDU TUSPOHMZ EJČFS ćJT NJHIU CF BO BSUFGBDU PG UIF BDDVSBDZ PG UIF DBMDVMBUJPO –
FTQFDJBMMZ GPS DPQQFS UIF kQPJOUT PO UIF 'FSNJ TVSGBDF XJUI IJHI ∣bk∣2 BSF WFSZ MPDBMJ[FE
BOE UIF kQPJOUT PO UIF 'FSNJ TVSGBDF BSF DBMDVMBUFE PO B EJTDSFUF NFTI XIJDI NJHIU OPU
FYBDUMZ DPJODJEF XJUI UIPTF k GPS XIJDI ∣bk∣2 JT NBYJNJ[FE 0G DPVSTF UIFTF TQJO IPUTQPUT
 4ZNNFUSJD ĕMNT 
6 layers  8 layers  




'JHVSF  &MMJPUU:BGFU QBSBNFUFS ∣bk∣2 PO UIF 'FSNJ TVSGBDFT GPS DPQQFS 	UPQ
 BOE HPME 	CPUUPN

	
 ĕMNT XJUI TJY 	MFę
 BOE FJHIU 	SJHIU
 MBZFST *O CPUI DBTFT ∣bk∣2 JT TNBMM BOE BMNPTU
DPOTUBOU GPS BMM TUBUFT BQBSU GSPN B GFX hIPU TQPUTh BU UIF FEHF PG UIF #SJMMPVJO [POF
XIJDI BSF FODJSDMFE BOE NBSLFE XJUI BO BSSPX GPS UIF DPQQFS ĕMNT *O UIFTF SFHJPOT
BOUJDSPTTJOHT PG CBOET MFBE UP TUBUFT XJUI IJHI DPOUSJCVUJPOT PG TQJOVQ BOE TQJOEPXO
DPNQPOFOUT BOE UIFSFGPSF MBSHF bk ćF IPU TQPUT BSFNPTU QSPOPVODFE GPS UIF"V 	

ĕMN XJUI  MBZFST /PUF UIBU GPS UIF DPMPS DPEF B MPHBSJUINJD TDBMF IBT CFFO VTFE ćF
BWFSBHFT PG ∣bk∣2 PWFS UIF XIPMF 'FSNJ TVSGBDF BSF HJWFO JO UBCMF 
FOIBODF UIF &MMJPUU:BGFU QBSBNFUFST ∣b∣2 BWFSBHFE PWFS UIF 'FSNJ TVSGBDF 	TFF UBCMF 
 GPS
DPQQFS GPS UIF 	
 ĕMNT UIFZ BSF BQQSPYJNBUFMZ UXJDF BT MBSHF BT GPS UIF 	
 ĕMNT XIJMF
GPS HPME UIFZ SFBDI WBMVFT XIJDI BSF BMNPTU UFO UJNFT MBSHFS
"ęFS IBWJOH EJTDVTTFE UIF &MMJPUU:BGFU TQJONJYJOH QBSBNFUFS XF XJMM HP PO XJUI UIF JO
WFTUJHBUJPO PG TDBUUFSJOH BU BEBUPNT PO UIFTF TVSGBDFT JF TQJODPOTFSWJOH BOE TQJOĘJQ MJGF
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
τbulk τ surf τ T bulk1 T
surf
1 T1
$V  MBZFST 0.822 3.13 ⋅ 10−2 0.104 394.2 15.8 58.3
 MBZFST 0.709 3.77 ⋅ 10−2 0.145 381.0 6.4 36.8
 MBZFST 0.660 4.34 ⋅ 10−2 0.169 462.6 2.8 20.0
"V  MBZFST 0.579 3.36 ⋅ 10−2 0.108 8.2 1.36 2.98
 MBZFST 0.525 4.09 ⋅ 10−2 0.144 10.0 0.38 1.91
 MBZFST 0.541 4.96 ⋅ 10−2 0.183 11.6 0.16 1.2
5BCMF  .PNFOUVNSFMBYBUJPO τ BOE TQJOSFMBYBUJPO UJNFT T1 JO QT QFS POF BUPNJD QFS
DFOU JOEVDFE CZ TDBUUFSJOH BU BEBUPNT PO DPQQFS BOE HPME 	
 ĕMNT *O BEEJ
UJPO UP UIF BWFSBHFT PWFS UIF XIPMF 'FSNJ TVSGBDF BWFSBHFT PWFS UIF UXP TVSGBDF
BOE UIF CVML TUBUFT BSF HJWFO 8IFSFBT UIF NPNFOUVNSFMBYBUJPO UJNFT JODSFBTF
XJUI JODSFBTJOH ĕMN UIJDLOFTT GPS UIF TQJOSFMBYBUJPO UJNFT T1 B TUSPOH EFDSFBTF
JT PCTFSWFE "MM WBMVFT BSF PCUBJOFE CZ BWFSBHJOH PWFS UIF TDBUUFSJOH SBUFT JF τ−1k
BOE T −11k BOE OPU PWFS UIF UJNFT τk BOE T1,k UIFNTFMWFT
UJNFT ćJT XJMM CF UIF UPQJD PG UIF OFYU TFDUJPO
 4QJOĘJQ BOE TQJODPOTFSWJOH MJGFUJNFT EVF UP TDBUUFSJOH BU BEBUPNT
*O DIBQUFS  XF IBWF JOWFTUJHBUFE TVSGBDFTUBUF MJGFUJNFT EVF UP TDBUUFSJOH BU JNQVSJUJFT
BOE BEBUPNT BU OPCMF NFUBM 	
 TVSGBDFT ćFSF UIF FČFDU PG TQJOPSCJU DPVQMJOH XBT
OFHMFDUFE *O UIJT TFDUJPO XF UBLF TQJOPSCJU DPVQMJOH JOUP BDDPVOU BOE DBMDVMBUF TQJO
DPOTFSWJOH BOE TQJOĘJQ MJGFUJNFT 8F SFTUSJDU PVS DBMDVMBUJPOT UP DPQQFS BOE HPME 	
 BOE
	
 ĕMNT DPOTJEFSJOH TDBUUFSJOH QSPDFTTFT BU DPQQFS BEBUPNT GPS DPQQFS ĕMNT BOE HPME
BEBUPNT GPS HPME ĕMNT #FDBVTF PG UIF EFHFOFSBDZ PG UIF XBWFGVODUJPOT BU FBDI kQPJOU
TQJODPOTFSWJOH T ↑↑kk′  T
↓↓




kk′ TDBUUFSJOH NBUSJY FMFNFOUT DBO CF
DBMDVMBUFE GPS BMM k k′ PO UIF 'FSNJ TVSGBDF *OUFHSBUJPO PWFS k′ UIFO ZJFMET UIFNPNFOUVN
EFQFOEFOU TQJODPOTFSWJOH MJGFUJNFT τ ↑↑k  τ
↓↓





UJWFMZ *O BOBMPHZ UP UIF EFĕOJUJPOT JO TFDUJPO  XF QSFTFOU UIF JOWFSTF NPNFOUVN
SFMBYBUJPO UJNF τ−1k  UIF BWFSBHF PG UIF JOWFSTF TQJODPOTFSWJOH SFMBYBUJPO UJNFT τ
↑↑
k BOE
τ ↓↓k  BOE UIF JOWFSTF TQJOSFMBYBUJPO UJNF






ćF EJTUSJCVUJPOT PG τ−1k BOE T −11,k PO UIF 'FSNJ TVSGBDFT GPS 	
 ĕMNT 	XJUI  BOE  MBZFST

BSF TIPXO JO ĕHVSFT  BOE  2VBMJUBUJWFMZ UIF EJTUSJCVUJPOT GPS  MBZFST BSF WFSZ TJN
JMBS UP UIFTF BOE BSF UIFSFGPSF PNJUUFE 4QJODPOTFSWJOH BOE TQJOĘJQ TDBUUFSJOH SBUFT BSF
IJHIFTU GPS UIF TVSGBDF TUBUFT 	OPUF UIF MPHBSJUINJD TDBMF PG UIF DPMPS DPEF
 DMPTF UP UIF DFO
 4ZNNFUSJD ĕMNT 
T bulk1 /τbulk T surf1 /τ surf T1/τ
$V  MBZFST 425 505 558
 MBZFST 537 169 259
 MBZFST 2738 65 119
"V  MBZFST 14.2 40.5 27.7
 MBZFST 19.1 9.3 13.5
 MBZFST 21.5 3.3 6.4
5BCMF  3BUJP PG UIF TQJOSFMBYBUJPO T1 BOE UIF NPNFOUVNSFMBYBUJPO UJNFT τ  TQFDJĕFE
GPS UIF BWFSBHF PWFS UIF DPNQMFUF 'FSNJ TVSGBDF BT XFMM BT PWFS UIF CVML BOE UIF
TVSGBDF TUBUFT
UFS PG UIF #SJMMPVJO [POF )PXFWFS B RVBOUJUBUJWF BOBMZTJT SFWFBMT EJČFSFODFT GPS UIF UISFF
ĕMN UIJDLOFTTFT CPUI GPS DPQQFS BOE HPME ĕMNT UIFSFGPSF XF IBWF DBMDVMBUFE UIF BWFSBHFT
PG UIF TDBUUFSJOH SBUFT τ−1k BOE T −11,k PWFS UIF UXP TVSGBDF TUBUFT UIF CVML TUBUFT BT XFMM BT PWFS
UIF UPUBM 'FSNJ TVSGBDF ZJFMEJOH τbulk τ surf  τ  BOE T bulk1  T surf1  BOE T1 SFTQFDUJWFMZ ćF
SFTVMUT BSF TIPXO JO UBCMF  8IFSFBT UIF NPNFOUVNSFMBYBUJPO UJNFT BWFSBHFE PWFS UIF
GVMM 'FSNJ TVSGBDF JODSFBTF XJUI ĕMN UIJDLOFTT UIF TQJOSFMBYBUJPO UJNFT T1,k TUSPOHMZ EF
DSFBTF ćJT USFOE JT PCTFSWFE CPUI GPS DPQQFS BT XFMM BT HPME TVSGBDFT "T FYQFDUFE UIF TQJO
SFMBYBUJPO UJNFT GPS HPME BSFNVDI TIPSUFS UIBO GPS DPQQFS CFDBVTF PG UIF TUSPOHFS TQJOPSCJU
DPVQMJOH "O BOBMZTJT PG UIF BWFSBHFT PG T1,k PWFS UIF CVML BOE UIF TVSGBDF TUBUFT SFWFBMT UIBU
UIF TUSPOH EFDSFBTF PG UIF TQJOSFMBYBUJPO UJNF XJUI JODSFBTJOH ĕMN UIJDLOFTT JT NBJOMZ EVF
UP UIF EJTUJODU TQJOSFMBYBUJPO UJNFT BWFSBHFE PWFS UIF TVSGBDF TUBUFT UIF TUSPOHFS JOUFSBD
UJPO PG UIF UXP TVSGBDF TUBUFT GPS UIF ĕMNT XJUI TJY MBZFST MFBET UP B SFEVDUJPO PG TQJOĘJQ
TDBUUFSJOH *U XPVME CF XPSUI UP JOWFTUJHBUF UIJT USFOE GPS UIJDLFS ĕMNT "T BMSFBEZ TUBUFE
GPS UIF TQJONJYJOH QBSBNFUFS UIF USFOET GPVOE GPS T1 BOE τ GPS UIF UISFF ĕMN UIJDLOFTTFT
EP OPU OFDFTTBSJMZ DPOUJOVF GPS UIJDLFS ĕMNT CFDBVTF PTDJMMBUPSZ FČFDUT NJHIU PDDVS ćF
PSJHJO PG TVDI BO PTDJMMBUPSZ CFIBWJPS NJHIU CF EVF UP UIF ĕOJUF TJ[F BOE UIF GPSNBUJPO PG
RVBOUVNXFMM TUBUFT JO UIF ĕMN *O PSEFS UP BOBMZ[F TVDI B CFIBWJPS UIJDLFS ĕMNT IBWF UP
CF JOWFTUJHBUFE
$POTJEFSJOH UIF SBUJP T1/τ  JF UIF OVNCFS PG TDBUUFSJOH QSPDFTTFT QFS POF TQJOĘJQ FWFOU
HJWFO JO UBCMF  UIF JOWFSTF CFIBWJPS PG τ BOE T1 BT B GVODUJPO PG MBZFS UIJDLOFTT SFTVMUT JO
B TUSPOH WBSJBUJPO PG SBUJPT UIF BEEJUJPO PG UXP TVQQMFNFOUBSZ MBZFST ZJFMET B SFEVDUJPO PG
T1/τ CZ B GBDUPS PG UXP ćJT CFIBWJPS JT PCTFSWFE CPUI GPS UIF DPQQFS BOE UIF HPME ĕMNT
BMUIPVHI UIF DBMDVMBUFE WBMVFT GPS HPME BSF NVDI TNBMMFS UIBO UIPTF GPS DPQQFS " EJSFDU
DPNQBSJTPO PG T1/τ XJUI UIF WBMVFT GPS JNQVSJUJFT JO DPQQFS BOE HPME CVML JT OPU QPTTJCMF
TJODF – PG DPVSTF – UIF JOWFTUJHBUJPO PG DPQQFS hJNQVSJUJFTh JO DPQQFS PS HPME JO HPME EPFT
/PUF UIBU UIF JOWFSTF PG UIF SFMBYBUJPO UJNFT JF UIF TDBUUFSJOH SBUFT τ−1k BOE T
−1
1,k BSF BWFSBHFE PWFS UIF 'FSNJ
TVSGBDF BOE OPU UIF MJGFUJNFT UIFNTFMWFT
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
6 layers 
8 layers 
'JHVSF  %JTUSJCVUJPO PG UIF TQJODPOTFSWJOH τ−1k BOE TQJOĘJQ T−11,k TDBUUFSJOH SBUFT JO[ps−1/at.%] PO UIF 'FSNJ TVSGBDFT GPS 	
 DPQQFS ĕMNT XJUI TJY 	UPQ
 BOE FJHIU 	CPU
UPN
 MBZFST ćF DPMPS DPEF JT HJWFO PO B MPHBSJUINJD TDBMF 4DBUUFSJOH SBUFT BSF IJHIFTU
GPS UIF TVSGBDF TUBUFT BOE EFDSFBTF UPXBSET UIF PVUFS CPVOEBSZ PG UIF #SJMMPVJO [POF
OPU MFBE UP BOZ TDBUUFSJOH )PXFWFS JU JT XPSUIZ UP NBLF B HFOFSBM DPNQBSJTPO PG UIF PSEFS
PG NBHOJUVEF GPVOE GPS JNQVSJUJFT JO CVML QSFTFOUFE JO ĕHVSF  'PS DPQQFS CVML SBUJPT
JO UIF SBOHF PG 55 	GPS /J JNQVSJUJFT
 VQ UP 103 GPS UIF MJHIU JNQVSJUJFT IBWF CFFO GPVOE
XIJMF JO B HPME IPTU B NVDI TNBMMFS SBOHF GSPN BCPVU 3 UP 30 TDBUUFSJOH QSPDFTTFT QFS POF
TQJOĘJQ FWFOU IBWF CFFO DBMDVMBUFE )FODF UIF SBUJPT PCUBJOFE GPS TDBUUFSJOH BU BEBUPNT
BSF SFMBUJWFMZ MBSHF FWFO GPS UIF UIJDLFS ĕMNT XIFSF MPXFS SBUJPT IBWF CFFO GPVOE )PX
FWFS BT GPVOE JO DIBQUFS  TDBUUFSJOH BU BEBUPNT JT EJČFSFOU GSPN JNQVSJUZ TDBUUFSJOH BOE
UIFSFGPSF PUIFS NFDIBOJTNT BSF EPNJOBOU UIF QFSUVSCBUJPO DBVTFE CZ BO BEBUPN JT NVDI
 4ZNNFUSJD ĕMNT 
6 layers 
8 layers 
'JHVSF  %JTUSJCVUJPO PG UIF TQJODPOTFSWJOH τ−1k BOE TQJOĘJQ T−11k TDBUUFSJOH SBUF JO[ps−1/at.%] PO UIF 'FSNJ TVSGBDFT GPS 	
 HPME ĕMNT XJUI TJY 	UPQ
 BOE FJHIU 	CPU
UPN
 MBZFST 4JNJMBS BT GPS UIF DPQQFS ĕMNT ĕHVSF  GPS CPUI ĕMN UIJDLOFTTFT τk BOE
T1k BSF TIPSUFTU GPS UIF TVSGBDF TUBUFT BOE EFDSFBTF UPXBSET UIF PVUFS CPVOEBSZ PG UIF
#SJMMPVJO [POF 8IFSFBT UIF PSEFS PG NBHOJUVEF PG UIF TQJODPOTFSWJOH BOE TQJOĘJQ
TDBUUFSJOH SBUFT BSF UIF TBNF GPS CPUINFUBMT UIF TQJOĘJQ TDBUUFSJOH SBUFT T−11k BSFNVDI
IJHIFS GPS HPME UIBO GPS DPQQFS " MPHBSJUINJD DPMPS TDBMF IBT CFFO VTFE
TUSPOHFS UIBO UIBU JO UIF DBTF XIFSF NFSFMZ B IPTU BUPN JT SFQMBDFE CZ UIF JNQVSJUZ /PUF
UIBU UIF MPXFTU SBUJPTT1/τ JO CVMLXFSF PCUBJOFE GPS SFTPOBOU TDBUUFSJOH XIJMF B TFMGBEBUPN
	$V PS "V
 EPFT OPU QSPEVDF SFTPOBOU TDBUUFSJOH
#FGPSF BOBMZ[JOH UIF TDBUUFSJOH SBUFT GPS UIF 	
 ĕMNT XF SFUVSO UP UIF EJTUSJCVUJPOT PG τk
BOE T1,k PO UIF 'FSNJ TVSGBDF BOE DPOTJEFS UIF TZNNFUSZ XJUIPVU TQJOPSCJU DPVQMJOH UIF
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
'JHVSF  *OWFSTF TQJOSFMBYBUJPO UJNFTT−11,k JO ps−1 QFS BUPNJD QFSDFOU GPS UIF JOOFSNPTU TVSGBDF
TUBUF PG UIF DPQQFS ĕMN 	MFę
 BOE UIF UXP TVSGBDF TUBUFT PG UIF HPME ĕMN 	SJHIU
 XJUI 
MBZFST XIJDI IBWF CFFO BMSFBEZ TIPXOXJUI MPXFS SFTPMVUJPO JO ĕHVSF  BOE ĕHVSF 
SFTQFDUJWFMZ ćF IJHIFS SFTPMVUJPO SFWFBMT UIF SFEVDUJPO PG TZNNFUSZ EVF UP TQJOPSCJU
DPVQMJOH 8IFSFBT UIF JSSFEVDJCMF QBSU PG UIF #SJMMPVJO [POF GPS τk BNPVOUT UP 1/12 PG
UIF GVMM #SJMMPVJO [POF JU JT SFEVDFE UP 1/6 GPS T1,k
JSSFEVDJCMF QBSU PG UIF 'FSNJ TVSGBDF JT 1/12 PG UIF GVMM #SJMMPVJO [POF ćJT JT BMTP XIBU IBT
CFFO GPVOE XIFO DPOTJEFSJOH τk 4QJOPSCJU DPVQMJOH SFEVDFT UIJT TZNNFUSZ CZ B GBDUPS PG
UXP "T JU JT B TNBMM FČFDU JU JT POMZ WFSZ XFBLMZ WJTJCMF GPS TPNF PG UIF CVML TUBUFT PG UIF
HPME ĕMNT JO ĕHVSF  )PXFWFS JU JT QSFTFOU JO BMM TUBUFT 8F POMZ EFNPOTUSBUF JU GPS POF
PG UIF TVSGBDF TUBUFT PG B DPQQFS MBZFS ĕMN BOE UIF UXP TVSGBDF TUBUFT PG UIF MBZFS HPME
ĕMNT QSFTFOUJOH UIFTF TUBUFT JO B IJHIFS SFTPMVUJPO JO ĕHVSF 
"ęFS IBWJOH BOBMZ[FE NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT GPS TDBUUFSJOH BU BEBUPNT PO
UIF UPQ PG 	
 TVSGBDFT XF XJMM JOWFTUJHBUF UIF TBNF RVBOUJUJFT GPS 	
 TVSGBDFT "T XF
IBWF BMSFBEZ EJTDVTTFE JO UIF QSFWJPVT TFDUJPO UIF BCTFODF PG TVSGBDF TUBUFT TUSPOHMZ DIBOHFT
UIF QIZTJDT PG UIF UXP TZTUFNT %JTUSJCVUJPOT PG τ−1k BOE T −11,k PO UIF 'FSNJ TVSGBDFT BSF QSF
TFOUFE JO ĕHVSF  GPS DPQQFS BOE JO ĕHVSF  GPS HPME ĕMNT 'PS UIF 	
 ĕMNT MBSHF
EJČFSFODFT JO UIF EJTUSJCVUJPOT PG τk BOE T1,k BSF PCTFSWFE XIJMF NPNFOUVNSFMBYBUJPO
SBUFT BSF MBSHFTU GPS UIF TUBUFT DMPTF UP UIF DFOUFS PG UIF #SJMMPVJO [POF UIF kQPJOUT PO UIF
'FSNJ TVSGBDF XJUI IJHIFTU TQJO SFMBYBUJPO BSF GPVOE UP CF BU UIF TQJO IPU TQPUT BMSFBEZ EF
UFDUFE CZ UIFJS IJHI WBMVFT PG ∣bk∣2 TJUVBUFE DMPTF UP UIF CPVOEBSJFT PG UIF #SJMMPVJO [POF *O
ćJT EJČFSFODF JT NVDI NPSF QSPOPVODFE GPS UIF DPQQFS ĕMNT UIBO GPS UIF HPME ĕMNT




'JHVSF  %JTUSJCVUJPO PG UIF JOWFSTF TQJODPOTFSWJOH τ−1k BOE TQJOĘJQ MJGFUJNFT T−11,k PO UIF
'FSNJ TVSGBDFT GPS DPQQFS 	
 ĕMNT XJUI TJY 	UPQ
 BOE FJHIU 	CPUUPN
 MBZFST 8IFSFBT
UIF NPNFOUVN TDBUUFSJOH SBUFT GPS TQJODPOTFSWJOH TDBUUFSJOH BSF MBSHFTU GPS UIF TUBUFT
DMPTF UP UIF DFOUFS PG UIF #SJMMPVJO [POF TQJOĘJQ TDBUUFSJOH SBUFT BSF MBSHFTU GPS TPNF
QPJOUT BU UIF PVUFS CPVOEBSJFT PG UIF #SJMMPVJO [POF 'PS UIF  MBZFSĕMN UIFTF QPJOUT
BSF FODJSDMFE BOE NBSLFE XJUI BO BSSPX
BEEJUJPO GPS UIF  MBZFSĕMNT SFMBUJWFMZ MBSHF TQJOSFMBYBUJPO SBUFT BSF GPVOE GPS UIF TUBUF
DMPTFTU UP UIF DFOUFS PG UIF #SJMMPVJO [POF QSFTVNBCMZ CFDBVTF JU JT UIF POF NPTU FYUFOEJOH
JOUP UIF WBDVVN JF IBWJOH UIF MBSHFTU PWFSMBQ XJUI UIF BEBUPNT
ćF TQJO IPU TQPUT NBLF UIF OVNFSJDBM USFBUNFOU PG UIF 	
 ĕMNT EJďDVMU CFDBVTF PG UIF
TUSPOHMZ WBSZJOH WBMVFT JO B TNBMM JOUFSWBM PG k∥ " IJHI SFTPMVUJPO BOE BO FYBDU USBDJOH
PG UIF CBOET JO UIFTF SFHJPOT PG UIF 'FSNJ TVSGBDF JT OFDFTTBSZ CVU OPU ZFU QPTTJCMF XJUI
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
τ T1 T1/τ
$V 	
  MBZFST 0.104 58.3 558
 MBZFST 0.145 36.8 259
 MBZFST 0.168 20.0 119
	
  MBZFST 0.097 126.7 1306
 MBZFST 0.185 281.3 1521
"V 	
  MBZFST 0.108 2.98 27.7
 MBZFST 0.144 1.91 13.5
 MBZFST 0.183 1.2 6.4
	
  MBZFST 0.093 2.65 28.5
 MBZFST 0.041 0.095 2.3
5BCMF  4QJODPOTFSWJOH TDBUUFSJOH UJNFT τ BOE TQJOSFMBYBUJPO UJNFT T1 JO QT QFS BUPNJD
QFSDFOU PG BEBUPNDPODFOUSBUJPO BWFSBHFE PWFS UIF 'FSNJ TVSGBDFT GPS DPQQFS BOE
HPME 	
 BOE 	
 ĕMNT 8IFSFBT UIF NPNFOUVNSFMBYBUJPO UJNFT GPS DPQQFS
BOE HPME BSF PG UIF TBNF PSEFS PG NBHOJUVEF TUSPOH EJČFSFODFT BSF PCTFSWFE GPS
T1 &YDFQU GPS UIF 	
 HPME ĕMNT UIF NPNFOUVNSFMBYBUJPO UJNFT JODSFBTF
XJUI JODSFBTJOH UIJDLOFTT 'PS UIF DPQQFS ĕMNT UIF TQJOSFMBYBUJPO UJNFT GPS UIF
<> PSJFOUBUJPO BSF NVDI MPOHFS UIBO GPS <>
UIF DVSSFOUMZ FYJTUJOH DPEF ćFSFGPSF UIF EJTUSJCVUJPOT PG UIF TDBUUFSJOH SBUFT τ−1k BOE T −11,k
NJHIU CF OPU WFSZ BDDVSBUF CFDBVTF UIFZ BSF BMSFBEZ UIF SFTVMU PG UIF JOUFHSBUJPO PG ∣T σσ′kk′ ∣2
PWFS UIF 'FSNJ TVSGBDF &WJEFOUMZ UIF TBNF IPMET GPS UIF BWFSBHFT T1 BOE τ 
"MUIPVHI OPU WJTJCMF JO UIF EJTUSJCVUJPOT PG τ−1k BOE T −11,k UIF TQJOPSCJU DPVQMJOH MFBET UP
B SFEVDUJPO PG TZNNFUSZ GPS UIF TQJO SFMBYBUJPO UJNF KVTU BT JO UIF DBTF PG UIF 	
 ĕMNT
8IFSFBT UIF JOWFSTF NPNFOUVNSFMBYBUJPO UJNF τ−1k FYIJCJUT BO FJHIUGPME TZNNFUSZ PO UIF
'FSNJ TVSGBDF UIF TQJOSFMBYBUJPO TDBUUFSJOH SBUF T −11,k NFSFMZ PCFZT B GPVSGPME TZNNFUSZ
%FTQJUF QPTTJCMF OVNFSJDBM JOBDDVSBDJFT GPS UIF 	
 ĕMNT XF XJMM DPNQBSF UIF BWFSBHFT
PG UIF TQJOSFMBYBUJPO BOE NPNFOUVNSFMBYBUJPO UJNFT GPS UIF EJČFSFOU PSJFOUBUJPOT ćF
NPNFOUVNSFMBYBUJPO UJNFT GPS UIF 	
 ĕMNT BSF MBSHFS UIBO GPS UIF 	
 ĕMNT ćJT CF
IBWJPS CFDPNFT SFBTPOBCMF XIFO DPOTJEFSJOH UIF DPOUSJCVUJPOT PG τ−1k GPS UIF 	
 TVSGBDF
TUBUFT UBCMF  XIJDI EPNJOBUF UIF XIPMF FČFDU
$PNQBSJOH UIF TQJOSFMBYBUJPO UJNFT GPS UIF UXP TVSGBDF PSJFOUBUJPOT EJČFSFODFT CFUXFFO
UIF DPQQFS BOE UIF HPME ĕMNT BSF PCTFSWFE 8IFSFBT XF ĕOE NVDI MPOHFS TQJO SFMBYBUJPO
UJNFT GPS UIF DPQQFS 	
 UIBO GPS UIF 	
 ĕMNT T1 PG UIF HPME ĕMNT PG UIF UXP TVSGBDF
PSJFOUBUJPOT JT JO UIF TBNF PSEFS PG NBHOJUVEF GPS UIF MBZFS ĕMN BOENVDI TIPSUFS GPS UIF
MBZFS 	
 UIBO GPS UIF 	
 ĕMN 'PS DPQQFS UIF JODSFBTF PG TQJOSFMBYBUJPO UJNFT DBO
CF FYQMBJOFE CZ UIF MBDL PG TVSGBDF TUBUFT GPS XIJDI IJHI TQJOSFMBYBUJPO SBUFT IBWF CFFO
 4ZNNFUSJD ĕMNT 
6 layers 
8 layers 
'JHVSF  %JTUSJCVUJPO PG UIF TQJODPOTFSWJOH BOE TQJOĘJQ TDBUUFSJOH SBUFT τ−1k 	UPQ
 BOE T−11,k
	CPUUPN
 PO UIF 'FSNJ TVSGBDFT EVF UP TDBUUFSJOH BU BEBUPNT PO HPME 	
 ĕMNT 3FTVMUT
GPS ĕMNT XJUI TJY 	UPQ
 BOE FJHIU 	CPUUPN
 MBZFST BSF QSFTFOUFE 8IFSFBT NPNFOUVN
TDBUUFSJOH SBUFT BSF MBSHFTU JO UIF DFOUFS PG UIF #SJMMPVJO [POF kQPJOUT XJUI MBSHF TQJO
ĘJQ TDBUUFSJOH SBUFT BSF GPVOE GPS B TNBMM OVNCFS PG kQPJOUT TJUVBUFE DMPTF UP UIF
CPVOEBSZ PG UIF #SJMMPVJO [POF BOE BMTP JO UIF DFOUFS PG UIF #SJMMPVJO [POF $PODFSOJOH
UIJT BTQFDU UIF CFIBWJPS PG T−11,k EJČFST GSPN UIBU PG UIF DPQQFS 	
 ĕMNT GPS XIJDI
IJHI TQJOĘJQ TDBUUFSJOH SBUFT IBWF CFFO GPVOE FYDMVTJWFMZ BU UIF CPVOEBSZ
GPVOE *O DPOUSBSZ GPS UIF HPME ĕMNT UIJT MBDL JT DPNQFOTBUFE CZ UIF TQJOĘJQ TDBUUFSJOH
JOEVDFE CZ UIF TUSPOH TQJO IPU TQPUT BOE SFMBUJWFMZ IJHI TQJOĘJQ TDBUUFSJOH SBUFT GPS UIF
TUBUFT DMPTF UP UIF DFOUFS PG UIF #SJMMPVJO [POF "O JOWFTUJHBUJPO PG UIJDLFS ĕMNT XPVME CF
JOUFSFTUJOH
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
 "TZNNFUSJD ĕMNT
 4QJOPSCJU ĕFMET PG VMUSBUIJO $V BOE "V 	
 BOE 	
 ĕMNT
*O UIJT TFDUJPO XF XJMM EJTDVTT FČFDUT PG TQJOPSCJU DPVQMJOH GPS BTZNNFUSJD ĕMNT *O FYQFS
JNFOU VMUSBUIJO ĕMNT BSF GSFRVFOUMZ EFQPTJUFE PO B TVCTUSBUF XIJMF UIFJS TVSGBDF SFNBJOT
GSFF *O UIJT TJUVBUJPO UIF XBWFGVODUJPO PG UIF ĕMN BSF TVCKFDU UP BTZNNFUSJD CPVOEBSZ
DPOEJUJPOT XIJDI CSFBL UIF JOWFSTJPO TZNNFUSZ ćF EFUBJMT PG UIF SFTVMUJOH CBOE TUSVDUVSF
EFQFOE PG DPVSTF PO UIF FYBDU OBUVSF PG UIF TVCTUSBUF CVU UIF HFOFSBM RVBMJUBUJWF GFBUVSFT EP
OPU ćFSFGPSF XF DIPPTF IFSF POF MBZFS PG ;O BT BT TZNNFUSZCSFBLJOH hTVCTUSBUFh JO PSEFS
UP TUVEZ UIFTF GFBUVSFT
8F JOWFTUJHBUF DPQQFS BOE HPME 	
 BOE 	
 ĕMNT XJUI   BOE  MBZFST UP XIJDI POF
MBZFS PG ;O IBT CFFO BUUBDIFE PO POF TJEF ćF CSFBL PG TZNNFUSZ SFTVMUT JO UIF MJęJOH PG UIF
EFHFOFSBDZ PG BMM TUBUFT BOE IFODF B TQMJUUJOH PG BMM SJOHT PO UIF 'FSNJ TVSGBDF )PXFWFS
UIF TQMJUUJOH JT VTVBMMZ UPP TNBMM UP FBTJMZ SFTPMWF JU WJTVBMMZ IFODF BT CFGPSF UIF OVNCFS PG
WJTJCMF SJOHT PO UIF 'FSNJ JT UIF TBNF BT XIBU POF XPVME FYQFDU JO UIF EFHFOFSBUF DBTF BT
DBO CF TFFO JO UIF MFę DPMVNOT PG UIF ĕHVSFT    BOE  ćF DPMPS DPEF WJTVBM
J[FT UIF BCTPMVUF WBMVF PG UIF BTZNNFUSZJOEVDFE TQMJUUJOHΔE(k) PG UIF 'FSNJ TVSGBDF JUT
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/PUF UIBU JO ĕHVSFT  UP  B MPHBSJUINJD TDBMF PG UIF DPMPSDPEF IBT CFFO VTFE ćF
TQMJUUJOHΔE(k) DPSSFTQPOET UP UIF BCTPMVUF WBMVF PG UIF TQJOPSCJU ĕFMETΩ(k) QSFTFOUFE
JO UIF SJHIU DPMVNOT PG UIF GPVS ĕHVSFT UIF EJSFDUJPO PGΩ(k) JT EFUFSNJOFE CZ UIF TQJO FY
QFDUBUJPO WBMVF S(k) *O QBSUJDVMBS UIF TQJO FYQFDUBUJPO WBMVFT PG UIF UXP TQMJU TUBUFT QPJOU
JO PQQPTJUF EJSFDUJPOT DPOTJEFSJOH UIF 3BTICB)BNJMUPOJBO FR 	
 JU CFDPNFT DMFBS UIBU
UIF TQJOPSCJU ĕFME Ω(k) NVTU QPJOU JO UIF TBNF EJSFDUJPO BT UIF TQJOFYQFDBUBUJPO WBMVF
PG UIF TUBUF XJUI UIF IJHIFS FOFSHZ – B NBHOFUJD EJQPMFm = −1/2 ⟨σ⟩ ⋅ μB UFOET UP PSJFOU
QBSBMMFM UP B NBHOFUJD ĕFME UP SFEVDF JUT FOFSHZ
0O UIF SJHIU QBOFMT PG ĕHVSFT  UP  UIF EJSFDUJPO PG UIF TQJOPSCJU ĕFMETΩ(k) JT TIPXO
XIJMF B DPMPSDPEF JT VTFE UP TIPX JUT NBHOJUVEF ∣Ω(k)∣ 'PS MFHJCJMJUZ SFBTPOT JO UIF SJHIU
QBOFM UIF kQPJOUT BSF OPU DIPTFO BT EFOTF UIVT UIF DPMPSDPEFT BSF TMJHIUMZ EJČFSFOU
ćF ĕHVSFT  BOE  EJTQMBZ UIF TQJOPSCJU ĕFMET PO UIF 'FSNJ TVSGBDFT PG UIF 	
 BOE
	
 DPQQFS BOE HPME ĕMNT *O BOBMPHZ UP UIF TZNNFUSJD ĕMNT UIF JOOFSNPTU TUBUF JT B
TVSGBDF TUBUF XIJDI EFDBZT FYQPOFOUJBMMZ JO UIF ĕMN CVU JO DPOUSBTU UP UIF TZNNFUSJD TVS
GBDFT UIF BTZNNFUSZ MFBET UP UIF TVQQSFTTJPO PG UIF TFDPOE TVSGBDF TUBUF PSJHJOBUJOH GSPN
UIF TFDPOE TVSGBDF PG UIF ĕMN ćF TQMJUUJOH PG UIF TVSGBDF TUBUF UIFSFGPSF DPSSFTQPOET UP UIF
3BTICB TQMJUUJOH QVSFMZ JOEVDFE CZ TQJOPSCJU DPVQMJOH "T FYQFDUFE GSPN UIF UIFPSFUJDBM
DPOTJEFSBUJPOT JO TFDUJPO  UIF zDPNQPOFOU PG UIF TQJO FYQFDUBUJPO WBMVFT WBOJTIFT GPS
UIFTF UXP TUBUFT BOE UIF TQJO JT PSJFOUFE QFSQFOEJDVMBS UP UIF kWFDUPS PO UIF 'FSNJ TVSGBDF
 "TZNNFUSJD ĕMNT 
'JHVSF  4QJOPSCJU ĕFMET Ω(k) JO N3ZE PG $V 	
 ĕMNT DPOTJTUJOH PG   BOE  MBZFST BOE
BO BEEJUJPOBM MBZFS PG ;O *O UIF MFę DPMVNO UIF TQMJUUJOH JO FOFSHZ PG UIF TQMJU TUBUFT
PO UIF 'FSNJ TVSGBDF JT EFNPOTUSBUFE DPSSFTQPOEJOH UP ∣Ω(k)∣ /PUF UIF MPHBSJUINJD
TDBMF PG UIF DPMPS DPEF 'VSUIFSNPSF UIF EJSFDUJPO PG Ω(k) JT WJTVBMJ[FE JO UIF SJHIU
DPMVNO UIF MFOHUI PG UIF BSSPXT JT DIPTFO UP CF UIF TBNF GPS BMM k ćF MBSHFTU ĕFMET BSF
GPVOE GPS TPNF TUBUFT DMPTF UP UIF CPVOEBSZ PG UIF #SJMMPVJO [POF "QBSU GSPN UIBU UIF
3BTICBTQMJUUJOH PG UIF TVSGBDF TUBUFT MFBET UP IJHI 	BCTPMVUF
 WBMVFT PGΩ(k) /PUF UIBU
UIF BCTPMVUF TDBMF PG UIF MFę BOE UIF SJHIU QBOFMT TMJHIUMZ EJČFST GPS B CFUUFS WJTVBMJ[BUJPO
UIF kQPJOU TFU XBT DIPTFO MFTT EFOTF JO UIF SJHIU QBOFM
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
'JHVSF  ćF TBNF ĕHVSF BT JO ĕHVSF  CVU GPS HPME 	
 ĕMNT XJUI BO BEEJUJPOBM MBZFS PG ;O
4JNJMBS BT GPS UIF DPQQFS ĕMNT TUSPOH ĕFMET BSF GPVOE GPS UIF TVSGBDF TUBUFT BT XFMM BT
GPS TPNF TUBUFT JO PVUFS QBSUT PG UIF #SJMMPVJO [POF ćF NBYJNBM DBMDVMBUFE WBMVFT PG
∣Ω(k)∣ BSF BQQSPYJNBUFMZ GPVS UJNFT MBSHFS UIBO UIPTF PCUBJOFE GPS DPQQFS
 "TZNNFUSJD ĕMNT 
ΔE [mRyd] ΔE [meV]
$V  $V   ;O 2.41 32.79
 $V   ;O 2.23 30.34
 $V   ;O 2.15 29.25
"V  "V   ;O 8.53 116.1
 "V   ;O 9.99 135.9
 "V   ;O 10.33 140.5
5BCMF  4QMJUUJOH PG UIF TVSGBDF TUBUFT GPS DPQQFS BOE HPME 	
 ĕMNT *O PSEFS UP CSFBL UIF
JOWFSTJPO TZNNFUSZ POF MBZFS PG ;O IBT CFFO BEEFE PO POF TJEF PG UIF ĕMN ΔE IBT CFFO
EFUFSNJOFE GPS UIF kQPJOUT JO UIF EJSFDUJPO PG ky  )PXFWFS UIF JTPUSPQJD OBUVSF PG UIF
'FSNJ TVSGBDF DMPTF UP DFOUFS PG UIF #SJMMPVJO [POF ZJFMET UIF TQMJUUJOH UP CF JOEFQFOEFOU
PG UIF EJSFDUJPO DIPTFO GPS JUT EFUFSNJOBUJPO
ćJT JT TIPXO JO ĕHVSF  BU UIF FYBNQMF PG UIF ĕMN XJUI  MBZFST PG DPQQFS BOE POF MBZFS
PG ;O Sx BOE Sy BSF QSFTFOUFE BT B GVODUJPO PG UIF BOHMF JO UIF kxkyQMBOF TUBSUJOH GSPN
UIF kyBYJT JO DMPDLXJTF EJSFDUJPO ćF QJDUVSF JT UIF TBNF GPS UIF TVSGBDF TUBUFT PG BMM DPQQFS
BOE HPME ĕMNT
ćF FYBDU WBMVFT PG UIF 3BTICBTQMJUUJOHT BSF HJWFO JO UBCMF  DBMDVMBUFE BU kF = (0, ky) GPS
UIF kF XJUI TNBMMFTU BCTPMVUF WBMVF ∣kF∣ JF UIF JOOFSNPTU SJOH ćF DBMDVMBUFE 3BTICB
TQMJUUJOH PG HPME UBCMF  BHSFFT WFSZ XFMM XJUI FYQFSJNFOUBM SFTVMUT PCUBJOFE XJUIJO BOHMF
SFTPMWFE QIPUPFNJTTJPO TQFDUSPTDPQZ TQMJUUJOHT CFUXFFO 110NF7 <> BOE 150NF7IBWF
CFFO NFBTVSFE 'PS DPQQFS UIF TQMJUUJOH JT BQQSPYJNBUFMZ GPVS UJNFT TNBMMFS UIBO GPS HPME
BOE UIFSFGPSF QSPCBCMZ BU UIF FEHF PG UIF SFTPMVUJPO PG QIPUPFNJTTJPO TQFDUSPTDPQZ BU 30
, B CBOEXJEUI PG BCPVU 30 NF7 IBT CFFO NFBTVSFE <> XIJDI JT FYQFDUFE UP CF EVF UP
QIPOPOTDBUUFSJOH 0G DPVSTF UIF PSJHJO PG UIF CSPBEFOJOH JO FYQFSJNFOU DBOOPU CF JEFO
UJĕFE FYBDUMZ BOE NJHIU CF B NJYUVSF PG EJČFSFOU FČFDUT
8F XJMM DPOUJOVF UIF JOWFTUJHBUJPO PG UIF TQJOPSCJU ĕFMET QSFTFOUFE JO ĕHVSF  BOE 
"MUIPVHI XF PCTFSWF SFMBUJWFMZ TUSPOH ĕFMET GPS UIF TVSGBDF TUBUF UIF MBSHFTU TQMJUUJOHTΔE =∣Ω(k)∣ BSF GPVOE GPS TPNF kQPJOUT DMPTF UP UIF PVUFS CPVOEBSJFT PG UIF #SJMMPVJO [POF ćF
SFBTPO GPS UIJT TUSPOH JODSFBTF UPXBSET UIF CPVOEBSZ PG UIF 'FSNJ TVSGBDF TUJMM IBT UP CF
VOEFSTUPPE 8IFSFBT UIF TQMJUUJOH PG UIF TVSGBDF TUBUF JF UIF 3BTICBTQMJUUJOH JT FYQFDUFE
UP SFNBJO BMNPTU DPOTUBOU XJUI WBSZJOH ĕMN UIJDLOFTT UIF TQMJUUJOH PG UIF CVML TUBUFT JT
FYQFDUFE UP EFDSFBTF TJODF JO UIF MJNJU PG WFSZ UIJDL ĕMNT UIF CPVOEBSZ DPOEJUJPO TIPVME
QMBZ B NJOPS SPMF BOE UIF JOWFSTJPOTZNNFUSJD CVML SFTVMU TIPVME CF SFDPWFSFE )PXFWFS
JU JT EJďDVMU UP EFEVDF UIJT GSPN PVS EBUB UIF QPTJUJPOT PG UIF SJOHT PO UIF 'FSNJ TVSGBDF
TUSPOHMZ DIBOHF XJUI WBSZJOH ĕMN UIJDLOFTT XIJDINBLFT B EJSFDU DPNQBSJTPO EJďDVMU "O
#FDBVTF UIF TVSGBDF CBOE JT QSBDUJDBMMZ JTPUSPQJD JO k UIF 3BTICBTQMJUUJOH JT BMNPTU DPOTUBOU PO UIF XIPMF
SJOH
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
'JHVSF  ćF TBNF ĕHVSF BT JO ĕHVSF  CVU GPS DPQQFS 	
 ĕMNT XJUI  BOE  MBZFST BOE BO
BEEJUJPOBM MBZFS PG ;O -BSHFTU ĕFMET BSF PCTFSWFE GPS TPNF TUBUFT JO UIF PVUFS QBSUT PG
UIF #SJMMPVJO [POF PSJHJOBUJOH GSPN UIF ;O MBZFS
JOWFTUJHBUJPO PG UIJDLFS ĕMNT QSPCBCMZ XPVME CF IFMQGVM GPS B CFUUFS BOBMZTJT
$POTJEFSJOH UIF EJSFDUJPO PG UIF TQJOPSCJU ĕFMET BT FYQFDUFEXF ĕOE UIFN UP CF JO UIF QMBOF
PG UIF 'FSNJ TVSGBDF GPS UIF TVSGBDF TUBUFT IPXFWFS EFQBSUJOH GSPN UIF DFOUFS PG UIF 'FSNJ
TVSGBDF UIF zDPNQPOFOU HBJOT JNQPSUBODF CVU UIFSF BSF OP TUBUFT XIJDI DPNQMFUFMZ QPJOU
PVU PG QMBOF ćF zDPNQPOFOU JT BMXBZT TNBMMFS UIBO UIF QBSBMMFM DPNQPOFOUT " DPNQBS
 "TZNNFUSJD ĕMNT 
'JHVSF  ćF TBNF ĕHVSF BT JO ĕHVSF  CVU GPS HPME 	
 ĕMNT XJUI  BOE  MBZFST BOE BO
BEEJUJPOBM MBZFS PG ;O ćF TQJOPSCJU ĕFMET BSF TMJHIUMZ MBSHFS UIBO UIPTF GPVOE GPS UIF
HPME 	
 ĕMNT ćF TUBUFT XJUI B EBSL CMVF DPMPS JO UIF MFę QBOFMT TIPX B WFSZ MBSHF
TQMJUUJOH CVU BSF OPU JODMVEFE JO UIF DBMDVMBUJPO PG Ω(k) ćFZ EP OPU DPOUSJCVUF UP
UIF %hZBLPOPW1FSFMh NFDIBOJTN PG TQJO EFQIBTJOH CFDBVTF UIF OFDFTTBSZ DPOEJUJPO
PG UIF TQMJUUJOH UP CF TNBMMFS UIBO UIF FOFSHZ TQSFBE PG UIF XBWF QBDLFU JT OPU GVMĕMMFE
8F IBWF BUUSJCVUFE UP UIFN UIF NJOJNBM PCUBJOFE WBMVF PG ∣Ω(k)∣ GPS WJTVBMJ[BUJPO
QVSQPTFT ćFTF TUBUFT BSF OPU TIPXO JO UIF SJHIU QBOFMT
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
JTPO PG UIF EJSFDUJPOT PG Ω(k) SFWFBMT B EJČFSFODF CFUXFFO UIF HPME BOE UIF DPQQFS 	

ĕMNT XIJMF GPS UIF DPQQFS ĕMNT BMM TQJOPSCJU ĕFMET PG OFJHICPSJOH SJOHT QPJOU JO B TJNJ
MBS EJSFDUJPO GPS HPME UIJT JT OPU UIF DBTF UIFSF BSF SJOHT BNPOH UIF CVMLMJLF TUBUFT XIPTF
TQJOPSCJU ĕFMET QPJOU JO UIF PQQPTJUF EJSFDUJPO DPNQBSFE UP UIF OFJHICPSJOH POFT
'PS UIF DPQQFS ĕMN DPOTJTUJOH PG  MBZFST ĘVDUVBUJPOT PG UIF EJSFDUJPO PO POF PG UIF SJOHT
BSF PCTFSWFE ćFTF BSF QSPCBCMZ PG OVNFSJDBM PSJHJO CFDBVTF UIF BCTPMVUF WBMVFT PGΩ(k)
BU UIFTF kQPJOUT BSF WFSZ TNBMM BOE UIFSFGPSF DBO CF OFHMFDUFE
4P GBS XF IBWF TUVEJFE UIF TQJOPSCJU ĕFMET BU UIF 'FSNJ TVSGBDFT PG UIF 	
 ĕMNT /PX
XF QSPDFFE XJUI UIF 	
 DBTF ćF SFTVMUT BSF QSFTFOUFE JO ĕHVSF  GPS ĕMNT XJUI 
BOE  MBZFST PG DPQQFS BOE POF MBZFS PG ;O BOE ĕHVSF  GPS HPME ĕMNT BMTP DPWFSFE CZ
POF MBZFS PG ;O 0OF JNQPSUBOU EJČFSFODF DPNQBSFE UP UIF TQJOPSCJU ĕFMET PG UIF 	

ĕMNT JT UIF MBDL PG TVSGBDF TUBUFT GPS XIJDI ∣Ω(k)∣ XBT SFMBUJWFMZ MBSHF #PUI GPS DPQQFS BOE
HPME ∣Ω(k)∣ JT TNBMM GPS UIF TUBUFT DMPTF UP UIF DFOUFS PG UIF #SJMMPVJO [POF EFDSFBTFT XIFO
HPJOH UP MBSHFS ∣k∣ CVU TUSPOHMZ JODSFBTFT BHBJO XIFO BQQSPBDIJOH UIF PVUFS CPVOEBSJFT PG
UIF #SJMMPVJO [POF $POTJEFSJOH ∣Ω(k)∣ GPS UIF DPQQFS 	
 ĕMNT NBYJNBM WBMVFT BSF PC
TFSWFE GPS TUBUFT XIJDI EP OPU BQQFBS JO UIF 'FSNJ TVSGBDFT PG UIF TZNNFUSJD ĕMNT BOE
NVTU UIFSFGPSF PSJHJOBUF GSPN UIF MBZFS PG ;O " DBMDVMBUJPO PG UIF MBZFSSFTPMWFE EFOTJUZ
BU TPNF kQPJOUT PG UIFTF CBOET IBT DPOĕSNFE UIJT BTTVNQUJPO CFDBVTF UIFTF TUBUFT IBWF
CFFO GPVOE UP CF MPDBUFE BU UIF ;O MBZFS *O PSEFS UP FYDMVEF UIBU UIF MBSHF TQMJUUJOH JT EVF
UP UIF TQJOPSCJU DPVQMJOH PG UIF ;O BUPNT XF IBWF SFQFBUFE PVS DBMDVMBUJPOT OFHMFDUJOH
UIF TQJOPSCJU DPVQMJOH PG ;O BOE GPVOE TJNJMBS SFTVMUT ćFTF TUBUFT BSF BMTP QSFTFOU JO UIF
'FSNJ TVSGBDFT PG UIF HPME ĕMNT UIFZ BSF TIPXO JO UIF MFę QBOFMT PG ĕHVSF  JO EBSL CMVF
ćFZ FYIJCJU B NVDI MBSHFS TQMJUUJOH UIBO GPS UIF DPQQFS ĕMNT PG UIF PSEFS PG 40 mRyd EVF
UP UIF TUSPOHFS TQJOPSCJU DPVQMJOH GPS HPME ćF TQMJUUJOHT BSF TP MBSHF UIBU XF EP OPU TIPX∣Ω(k)∣ GPS UIFTF kQPJOUT BOE KVTU BUUSJCVUFE UP UIFN UIF NJOJNVN WBMVF PG ∣Ω(k)∣ GPS WJ
TVBMJ[BUJPO QVSQPTFT ćFSFGPSF UIFZ BSF NJTTJOH JO UIF SJHIU QBOFMT ćF OFHMFDU PG UIFTF
TUBUFT JO UIF DBMDVMBUJPO PGΩ(k) JT KVTUJĕFE SFHBSEJOH UIBU UIF %hZBLPOPW1FSFMh NFDIBOJTN
PG TQJO EFQIBTJOH POMZ UBLFT QMBDF JG UIF FOFSHZ TQSFBE PG UIF XBWF QBDLFU JT MBSHFS UIBO UIF
TQMJUUJOHΔE ćJT DPOEJUJPO DBOOPU CF GVMĕMMFE GPS UIFTF kQPJOUT
$PNQBSJOH UIF EJSFDUJPO PG UIF TQJOPSCJU ĕFMET PG UIF 	
 TVSGBDFT UP UIPTFT PG UIF 	

TVSGBDFT B TJNJMBSJUZ DBO CF EFUFDUFE NPTU TUBUFT UFOE UP QPJOU JO UIF kxkyQMBOF BMUIPVHI
TQJOPSCJU ĕFMET XJUI B OPOWBOJTIJOH zDPNQPOFOU DBO CF GPVOE FTQFDJBMMZ GPS UIF TUBUFT
JO UIF SFHJPOT DMPTF UP UIF CPVOEBSJFT PG UIF #SJMMPVJO [POF
 &TUJNBUF PG %hZBLPOPW1FSFM TQJOEFQIBTJOH UJNFT
8F DBO OPX VTF UIF TQJOPSCJU ĕFMET DBMDVMBUFE JO UIF MBTU TVCTFDUJPO UP SPVHIMZ FTUJNBUF
WBMVFT PG UIF %hZBLPOPW1FSFMh TQJOEFQIBTJOH UJNFT T2 XJUI GPSNVMB 	
 ćFSFGPSF UIF
TQJOPSCJU ĕFMET BSF BWFSBHFE PWFS UIF 'FSNJ TVSGBDFT JO XIJDI UIF TUBUFT JO UIF PVUFS QBSU PG
UIF 'FSNJ TVSGBDF PSJHJOBUJOH GSPN UIF ;O MBZFS IBT CFFO OFHMFDUFE ćF MPDBMJ[BUJPO PG UIF
TUBUFT PO UIF ;O MBZFS IBT CFFO DIFDLFE CZ DBMDVMBUJOH UIF MBZFSSFTPMWFE EFOTJUZ PG TUBUFT
 "TZNNFUSJD ĕMNT 
'JHVSF  4QJO FYQFDUBUJPO WBMVFTSx BOESy PG UIF3BTICBTQMJU TVSGBDF TUBUFT PG B ĕMN DPOTJTUJOH
PG  MBZFST PG $V BOE POF MBZFS PG ;O BT GVODUJPO PG UIF BOHMF φ UIBU EFTDSJCFT UIF
EFWJBUJPO GSPN UIF kyBYJT JO DMPDLXJTF EJSFDUJPO 8IFSFBT JO UIF MFę QBOFM UIF TQJO
FYQFDUBUJPO WBMVF PG UIF JOOFSNPTU TVSGBDF TUBUF XIJDI JT IJHIFS JO FOFSHZ JT TIPXO JO
UIF SJHIU QBOFM Sx BOE Sy PG UIF MPXFSMZJOH 3BTICBTQMJU TVSGBDF TUBUF BSF QSFTFOUFE
ćF FYQFDUBUJPO WBMVFT PG UIF UXP TUBUFT BSF PQQPTJUF UP FBDI PUIFS "T FYQFDUFE UIF
FYQFDUBUJPO WBMVF Sz WBOJTIFT GPS UIF TVSGBDF TUBUFT UIJT JT OPU UIF DBTF GPS UIF CVML
TUBUFT BT DBO CF TFFO GSPN ĕHVSF 
ρμ(EF) JOUFHSBUFE PWFS UIF VOJU DFMM IFODF
ρμ(EF) = ∫
Vμ
d3r ∣ψμk(r)∣2  	

$POUSBSZ UIF TDBUUFSJOH UJNFT τ IBT CFFO PCUBJOFE CZ BWFSBHJOH UIF NPNFOUVNSFMBYBUJPO
UJNFT τ−1k PWFS UIF 'FSNJ TVSGBDFT GPS UIF DPSSFTQPOEJOH TZNNFUSJD ĕMNT XJUIPVU TQJOPSCJU
DPVQMJOH ćJT JT JO UIF TQJSJU PG UIF %hZBLPOPW1FSFM UIFPSZ PG TQJO EFQIBTJOH TJODF UIF
NPNFOUVNTDBUUFSJOH UJNF JT TFQBSBUFE GSPN UIF TQJOPSCJU JOEVDFE TQMJUUJOH ćF SFTVMUT
BSF QSFTFOUFE JO UBCMF  GPS UIF 	
 TVSGBDFT BOE JO UBCMF  GPS UIF 	
 TVSGBDFT 'PS
UIF 	
 TVSGBDFT XF IBWF BEEJUJPOBMMZ DBMDVMBUFE UIF TQJOEFQIBTJOH UJNFT XIJDI BSF QSP
WPLFE CZ UIF TQMJUUJOH PG UIF TVSGBDF TUBUF POMZ 4JODF UIJT TQMJUUJOH JT MBSHFTU 	JG ;O TUBUFT
BSF FYDMVEFE
 UIF TQJOEFQIBTJOH UJNFT T surf2 BSF NVDI TNBMMFS UIBO UIF UPUBM UJNFT T2 "T
FYQFDUFE UIF TQJOEFQIBTJOH UJNFT GPS UIF HPME ĕMNT BSF NVDI TNBMMFS UIBO GPS UIF DPQQFS
ĕMNT CFDBVTF PG UIF NVDI TUSPOHFS TQJOPSCJU DPVQMJOH JF MBSHFS TQJOPSCJU ĕFMET ćJT
EJČFSFODF JT NVDI NPSF QSPOPVODFE GPS UIF 	
 UIBO GPS UIF 	
 ĕMNT
(FOFSBMMZ XF DBO TUBUF UIBU UIF TQJOEFQIBTJOH UJNFT BSFNVDI TIPSUFS UIBO UIFNPNFOUVN
BOE TQJOSFMBYBUJPO UJNFT DBMDVMBUFE JO TFDUJPO  UIF%hZBLPOPW1FSFMNFDIBOJTNPG TQJO
EFQIBTJOH JT WFSZ FďDJFOU GPS UIFTF UIJO ĕMNT $POTJEFSJOH UIF EFQFOEFODF PO JNQVSJUZ
DPODFOUSBUJPO UIF TQJOEFQIBTJOH UJNF CFIBWFT JOWFSTFMZ GSPN UIF TQJOSFMBYBUJPO UJNF
XIJMF T1 EFDSFBTFT XJUI SBJTJOH DPODFOUSBUJPO T2 EFDSFBTFT ćF SBUJP PG UIF TQJOEFQIBTJOH
WFSTVT UIF TQJOSFMBYBUJPO UJNF DBO CF FTUJNBUFE VTJOH FR 	
 UPHFUIFS XJUI UIF &MMJPUU
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
τ [ps] Ω [mRyd] Ωsurf [mRyd] T2 [ps] T surf2 [ps]
$V  MBZFST 	  ;O
 0.623 0.665 2.41 8.48 ⋅ 10−3 0.648 ⋅ 10−3
 MBZFST 	  ;O
 0.882 0.528 2.26 9.53 ⋅ 10−3 0.756 ⋅ 10−3
 MBZFST 	  ;O
 1.026 0.400 2.15 14.3 ⋅ 10−3 1.241 ⋅ 10−3
"V  MBZFST 	  ;O
 0.492 2.69 8.58 0.658 ⋅ 10−3 6.47 ⋅ 10−5
 MBZFST 	  ;O
 0.745 2.13 10.03 0.694 ⋅ 10−3 3.12 ⋅ 10−5
 MBZFST 	  ;O
 0.934 1.57 10.37 1.015 ⋅ 10−3 2.33 ⋅ 10−5
5BCMF  4QJOEFQIBTJOH UJNFTT2 JO ps QFS POF BUPNJD QFSDFOU JOEVDFE CZ BEBUPNT PO UIF
$V BOE "V 	
 TVSGBDFT 8IJMF τ JT UIF BWFSBHF PG UIF NPNFOUVNTDBUUFSJOH
UJNFT PWFS BMM TUBUFT PG UIF 'FSNJ TVSGBDFT GPS TZNNFUSJD ĕMNT UIF TQJOPSCJU
ĕFMET Ω BSF BWFSBHFE PWFS UIF 'FSNJ TVSGBDFT PG UIF BTZNNFUSJD ĕMNT DPWFSFE
CZ POF MBZFS PG ;O "EEJUJPOBMMZ UIF BWFSBHFT PG UIF TQJOPSCJU ĕFMET PWFS UIF
TVSGBDF TUBUFT POMZ Ωsurf BSF HJWFO UIFZ ZJFME TQJOEFQIBTJOH UJNFT T surf2 XIJDI
BSF VOEFSTUPPE UP CF FYDMVTJWFMZ JOEVDFE CZ UIF 3BTICB TQMJUUJOH PG UIF TVSGBDF
TUBUFT
:BGFU UIFPSZ BDDPSEJOH UP XIJDI T1 ∼ τ/ ∣b∣2 IFODF
T1
T2
∼ τ 2 ⟨Ω⟩2∣b∣2  	

4JODF OFJUIFS UIF TQJOPSCJU ĕFME ⟨Ω⟩ OPS UIF &MMJPUU:BGFU QBSBNFUFS ∣b∣ EFQFOET PO UIF JN
QVSJUZ DPODFOUSBUJPO c BOE τ ∼ 1/c UIF SBUJP T1/T2 JT FYQFDUFE UP CF QSPQPSUJPOBM UP 1/c2
'VSUIFSNPSF BOBMZ[JOH UIF EFQFOEFODF PG T2 PO ĕMN UIJDLOFTT GPS BMM DPOTJEFSFE ĕMNT BO
JODSFBTF PG τ BOE B EFDSFBTF PG UIF TQJOPSCJU ĕFME Ω XJUI SBJTJOH ĕMN UIJDLOFTT DBO CF PC
TFSWFE FYDFQU PG UIF $V 	
 ĕMNT UIJT CFIBWJPS MFBET UP BO JODSFBTF PG UIF TQJOEFQIBTJOH
UJNF BT B GVODUJPO PG ĕMN UIJDLOFTT 'PS UIF 	
 $V ĕMNT XIJDI BSF PCWJPVTMZ OPU GPMMPX
JOH UIJT CFIBWJPS UIF JODSFBTF PG τ hXJOTh PWFS UIF EFDSFBTF PG Ω
$PNQBSJOH UIF TQJOEFQIBTJOH UJNFT GPS UIF 	
 TVSGBDFT XJUI UIBU PG UIF 	
 TVSGBDFT
XF ĕOE WFSZ TJNJMBS WBMVFT PG T2 GPS UIF UIJOOFTU $V ĕMNT GPS "V UIF TQJOEFQIBTJOH UJNFT
GPS UIF 	
 TVSGBDFT BSF BQQSPYJNBUFMZ UXJDF BT MBSHF BT UIPTF GPVOE GPS UIF 	
 ĕMNT
)PXFWFS UIF TQJOEFQIBTJOH UJNFT DBMDVMBUFE IFSF BSF VOEFSTUPPE UP CF POMZ B SPVHI FTUJ
NBUF GPS BDDVSBUF SFTVMUT B LJOFUJD FRVBUJPO IBT UP CF TPMWFE
 $PODMVTJPO
*O UIJT DIBQUFS TQJOPSCJU DPVQMJOH FČFDUT PO OPCMF NFUBM TVSGBDFT PG ĕOJUF ĕMNT IBWF CFFO
JOWFTUJHBUFE 8F QSFTFOUFE DBMDVMBUJPOT CPUI GPS TZNNFUSJD BOE BOUJTZNNFUSJD 	
 BOE
 $PODMVTJPO 
τ [ps] Ω [mRyd] T2 [ps]
$V  MBZFST 	  ;O
 0.600 0.67 8.68 ⋅ 10−3
 MBZFST 	  ;O
 0.793 0.63 7.45 ⋅ 10−3
"V  MBZFST 	  ;O
 0.480 1.917 1.33 ⋅ 10−3
 MBZFST 	  ;O
 0.657 1.498 1.59 ⋅ 10−3
5BCMF  4QJOEFQIBTJOH UJNFTT2 JO ps QFS POF BUPNJD QFSDFOU JOEVDFE CZ BEBUPNT PO UIF
$V BOE "V 	
 TVSGBDFT 4JNJMBS BT GPS UIF 	
 TVSGBDFT τ JT UIF BWFSBHF PG UIF
NPNFOUVNTDBUUFSJOH UJNF PG BMM TUBUFT PO UIF 'FSNJ TVSGBDFT GPS UIF TZNNFUSJD
ĕMNT XIJMF UIF TQJOPSCJU ĕFMET Ω BSF BWFSBHFE PWFS UIF 'FSNJ TVSGBDFT GPS UIF
BTZNNFUSJD ĕMNT DPWFSFE CZ POF MBZFS PG ;O
	
 ĕMNT 8IFSFBT GPS UIF TZNNFUSJD ĕMNT TJNJMBS NFDIBOJTNT PG TQJO SFMBYBUJPO BT JO
UIF JOWFTUJHBUFE CVMLNBUFSJBMT PDDVS TFF DIBQUFS  JO UIF DBTF PG TZTUFNTXJUIPVU TUSVDUVSF
JOWFSTJPO TZNNFUSZ EJČFSFOU NFDIBOJTNT ZJFME UP TQJOSFMBYBUJPO ćFSFGPSF JO UIF ĕSTU
QBSU PG UIJT DIBQUFS XF EJTDVTTFE UIF TQFDJBM GPSN PG UIF TQJOPSCJU )BNJMUPOJBO GPS TZTUFNT
XJUIPVU TUSVDUVSFJOWFSTJPO TZNNFUSZ BOE JUT DPOTFRVFODFT PO UIF CBOETUSVDUVSF ćF JO
UFSQMBZ PG TQJOPSCJU DPVQMJOH BOE UIF MBDL PG JOWFSTJPO TZNNFUSZ MFBET UP UIF 3BTICB FČFDU
JF UIF TQMJUUJOH PG 	TVSGBDF
 TUBUFT "T B DPOTFRVFODF TQJO EFQIBTJOH WJB UIF %hZBLPOPW
1FSFMh NFDIBOJTN PDDVST *O DPOUSBTU UP UIF &MMJPUU:BGFU NFDIBOJTN QSFTFOU JO TZTUFNT
XIJDI BSF JOWBSJBOU VOEFS JOWFSTJPO UIF %hZBLPOPW1FSFMh NFDIBOJTN QSFEJDUT MPOH TQJO
SFMBYBUJPO UJNFT XIFO MBSHF NPNFOUVNTDBUUFSJOH SBUFT BSF PCUBJOFE 4QJO EFQIBTJOH JT
DBVTFE CZ B QSFDFTTJPO PG UIF TQJO BSPVOE B MPDBM NBHOFUJD ĕFME UIF TQJOPSCJU ĕFMEΩ(k)
BSJTJOH CZ UIF TQJOPSCJU JOEVDFE 	FOFSHZ
TQMJUUJOH PG TUBUFT
#FGPSF EJTDVTTJOH PVS OVNFSJDBM SFTVMUT GPS UIF BTZNNFUSJD ĕMNT XF QSFTFOU DBMDVMBUJPOT
GPS TZNNFUSJD ĕMNT GPS XIJDI TJNJMBS UP UIF JOWFTUJHBUFE CVML TZTUFNT JO DIBQUFS  BMM
TUBUFT k PO UIF 'FSNJ TVSGBDF BSF UXPGPME EFHFOFSBUF 'PS DPQQFS BOE HPME ĕMNT PSJFOUFE
JO <> BOE <> EJSFDUJPO UIF &MMJPUU:BGFU QBSBNFUFS ∣bk∣2 BT XFMM BT JUT BWFSBHFT PWFS UIF
'FSNJ TVSGBDF ∣b∣2 IBWF CFFO DBMDVMBUFE 8F IBWF GPVOE TUSPOH EJČFSFODFT CFUXFFO UIF UXP
TVSGBDF PSJFOUBUJPOT -BSHFTU TQJONJYJOH QBSBNFUFS IBWF CFFO GPVOE GPS UIF UXP TVSGBDF
TUBUFT *O DPOUSBTU GPS UIF 	
 TVSGBDFT XIFSF TVSGBDF TUBUFT BSF MBDLJOH XF IBWF DBMDVMBUFE
FYUSBPSEJOBSZ IJHI WBMVFT PG ∣bk∣2 GPS TPNF TUBUFT k PG UIF 'FSNJ TVSGBDF DMPTF UP UIF PVUFS
CPVOEBSZ PG UIF #SJMMPVJO [POF ćFTF kQPJOUT DBMMFE TQJO IPU TQPUT BSF EVF UP CBOE BOUJ
DSPTTJOHT BOE GPS UIF HPME ĕMNT WBMVFT VQ UP ∣bk∣2 ≈ 0.5 IBWF CFFO GPVOE ćF &MMJPUU:BGFU
QBSBNFUFST BSF TUSPOHMZ FOIBODFE DPNQBSFE UP UIF WBMVFT PCUBJOFE GPS UIF CVML NBUFSJBMT
ćF FOIBODFNFOU JT NVDI MBSHFS GPS DPQQFS XIFSF JU BNPVOUT UP B GBDUPS PG BCPVU  UIBO
GPS HPME GPS XIJDI UIF SBUJP ∣bSF∣2 / ∣bbulk∣2 ≈ 1.5 GPS UIF 	
 TVSGBDFT 'PS UIF 	
 TVS
GBDFT BQQSPYJNBUFMZ UXP UJNFT MBSHFS WBMVFT BSF PCUBJOFE UIBO GPS UIF 	
 TVSGBDFT
'VSUIFSNPSF GPS UIF TZNNFUSJD ĕMNTXFIBWF DPOTJEFSFE TDBUUFSJOH QSPDFTTFT BU TFMGBEBUPNT
JF $V BEBUPNT PO UPQ PG DPQQFS ĕMNT BOE HPME BEBUPNT PO HPME 8F IBWF DBMDVMBUFE CPUI
  &ČFDUT PG TQJOPSCJU DPVQMJOH JO OPCMF NFUBM UIJO ĕMNT
TQJODPOTFSWJOH BT XFMM BT TQJOĘJQ MJGFUJNFT 8IFSFBT UIF NPNFOUVNSFMBYBUJPO UJNFT
GPS UIF DPQQFS BOE HPME ĕMNT TMJHIUMZ JODSFBTF XJUI JODSFBTJOH ĕMN UIJDLOFTT UIF TQJOĘJQ
MJGFUJNFT T1 FYIJCJU B TUSPOH EFDBZ 0G DPVSTF UIF TQJOĘJQ MJGFUJNFT DBMDVMBUFE GPS HPME
BSF NVDI TIPSUFS UIBO UIPTF PO DPQQFS ćF SBUJPT T1/τ  JF UIF OVNCFS PG TQJODPOTFSWJOH
TDBUUFSJOH FWFOUT QFS POF TQJOĘJQ QSPDFTT TUSPOHMZ EFDSFBTF XJUI JODSFBTJOH ĕMN UIJDLOFTT
PCWJPVTMZ GPS UIF UIJOOFS ĕMNT TQJOĘJQ TDBUUFSJOH JT EJTBEWBOUBHFE CZ UIF MBSHF IZCSJEJ[B
UJPO PG UIF UXP TVSGBDF TUBUFT GSPN UIF UXP TJEFT PG UIF ĕMN )PXFWFS UIF USFOE GPVOE GPS
UIF DBMDVMBUFE ĕMN UIJDLOFTTFT XJMM OPU OFDFTTBSJMZ DPOUJOVF GPS UIJDLFS ĕMNT
ćF DBMDVMBUJPO PG TQJODPOTFSWJOH BOE TQJOĘJQ MJGFUJNFT GPS UIF 	
 ĕMNT IBT CFFO PD
DVSSFE UP CF OVNFSJDBMMZ EJďDVMU TJODF UIF QSFDJTF JOUFHSBUJPO PWFS UIF 'FSNJ TVSGBDF SF
RVJSFT B EFOTF NFTI PG kQPJOUT UIF SFBTPO BSF BOUJDSPTTJOHT PG CBOET ZJFMEJOH WFSZ MPDBM
J[FE TQJO IPU TQPUT
'PS CPUI TVSGBDF PSJFOUBUJPOT B SFEVDUJPO PG TZNNFUSZ CZ B GBDUPS PG UXP JT GPVOE GPS UIF
TQJOSFMBYBUJPO UJNFT T1 XIJMF UIF GVMM TZNNFUSZ JT LFQU GPS UIF EJTUSJCVUJPO PG τk )FODF
GPS UIF 	
 TVSGBDFT UIF 12GPME TZNNFUSZ PG UIF #SJMMPVJO [POF GPS τk JT MPXFSFE UP B 6
GPME TZNNFUSZ GPS T1,k BOE GPS UIF 	
 TVSGBDFT B 4GPME TZNNFUSZ GPS T1,k JOTUFBE PG B
8GPME TZNNFUSZ PG τk DPVME CF WFSJĕFE
" DPNQBSJTPO PG UIF MJGFUJNFT BWFSBHFE PWFS UIF 'FSNJ TVSGBDFT PG UIF UXP PSJFOUBUJPOT GPS
DPQQFS SFWFBMT NVDI MPOHFS TQJOSFMBYBUJPO UJNFT GPS UIF TVSGBDFT PSJFOUFE JO <> EJSFD
UJPO ćF SFBTPO GPS UIBU JT UIF MBDL PG TVSGBDF TUBUFT UIBU SFTVMUT JO IJHI TDBUUFSJOH 'PS UIF
HPME ĕMNT EFWJBUJOH SFTVMUT GPS UIF UXP UIJDLOFTTFT BSF PCUBJOFE EVF UP UIF BQQFBSBODF PG
TQJO IPU TQPUT
*O UIF TFDPOE QBSU PG UIJT DIBQUFS XF IBWF JOWFTUJHBUFE FČFDUT PG TQJOPSCJU DPVQMJOH PDDVS
SJOH GPS DPQQFS BOE HPME ĕMNT XIFSF BO BTZNNFUSZ JT JOUSPEVDFE CZ DPWFSJOH UIFN XJUI
POF MBZFS PG ;O ćF CSFBL PG TZNNFUSZ SFTVMUT JO B TQMJUUJOH PG TUBUFT MJęJOH UIF EFHFOFSBDZ
PG BMM kQPJOUT PO UIF 'FSNJ TVSGBDF 'PS UIF 	
 TVSGBDF TUBUF UIF TQMJUUJOH DPSSFTQPOET UP
UIF 3BTICBFČFDU UIF DPSSFTQPOEJOH TQJOPSCJU ĕFMETΩk GPS UIF TVSGBDF TUBUFT BSF JOQMBOF
*O DPOUSBTU GPS UIF CVMLMJLF TUBUFT BMM UISFF DPNQPOFOUT PGΩk BSF OPU OFHMJHJCMF BMUIPVHI
UIF zDPNQPOFOU 	PVU PG QMBOF
 JT TNBMMFS UIBO UIF JOQMBOF DPNQPOFOUT ćF WBMVF PG UIF
3BTICBTQMJUUJOH DBMDVMBUFE GPS UIF "V 	
 TVSGBDF TUBUFT BHSFFT WFSZ XFMM XJUI FYQFSJNFO
UBM EBUB UIF 3BTICBTQMJUUJOH PG DPQQFS JT GPVS UJNFT TNBMMFS BOE TP GBS DPVME OPU CF SFTPMWFE
JO QIPUPFNJTTJPO TQFDUSPTDPQZ
)JHI BCTPMVUF WBMVFT PG TQJOPSCJU ĕFMET Ωk BSF GPVOE GPS UIF 	
 TVSGBDF TUBUFT BOE GPS
TPNF TUBUFT BU UIF PVUFS CPVOEBSJFT PG UIF #SJMMPVJO [POF CPUI GPS UIF DPQQFS BOE UIF HPME
ĕMNT ćFTF TUBUFT IBWF UIFJS PSJHJO JO UIF ;O MBZFS
*O 	
 ĕMNT UIF MBDL PG TVSGBDF TUBUFT MFBET UP TNBMM WBMVFT PGΩk GPS UIF TUBUFT DMPTF UP UIF
DFOUFS PG UIF #SJMMPVJO [POF )JHIFTU ĕFMET BSF GPVOE GPS TUBUFT BU UIF PVUFS CPSEFS PG UIF #SJM
MPVJO [POF 'PS UIF HPME 	
 ĕMNT TPNF PG UIF TUBUFT FYIJCJU HJBOU TQMJUUJOHT ćFTF TUBUFT
IBWF OPU CFFO UBLFO JOUP BDDPVOU JO UIF DBMDVMBUJPO PG TQJOPSCJU ĕFMET TJODF UIF TQMJUUJOHT
BSF UPP MBSHF UP BDDPVOU GPS UIF %hZBLPOPW1FSFMh NFDIBOJTN PG TQJOEFQIBTJOH 'VSUIFS
NPSF B DBMDVMBUJPO PG B MBZFSSFTPMWFE EFOTJUZ PG TUBUFT IBT SFWFBMFE UIBU UIFZ BSF MPDBUFE BU
UIF ;O MBZFS KVTU BT JO UIF 	
 ĕMNT
8F FYQFDUFE UIF TQMJUUJOH PG UIF CVML TUBUFT UP EFDSFBTFXJUI JODSFBTJOH MBZFS UIJDLOFTT FWFO
UVBMMZ WBOJTIJOH BT UIF TBNQMF CFDPNFT CVMLMJLF BU MBSHF UIJDLOFTT 8IFUIFS UIJT JT UIF DBTF
 $PODMVTJPO 
DPVME OPU CF DMFBSMZ EFEVDFE GSPN PVS SFTVMUT TJODF SFMBUJWFMZ TUSPOH DIBOHFT PG UIF QPTJUJPO
PG UIF TUBUFT PO UIF 'FSNJ TVSGBDF BSF PCTFSWFE "O JOWFTUJHBUJPO PG UIJDLFS ĕMNT XPVME CF
JOUFSFTUJOH
'JOBMMZ XF IBWF QSPWJEFE SPVHI FTUJNBUFT PG TQJOEFQIBTJOH UJNFT T2 GPS 	
 BOE 	

ĕMNT ćFSFGPSF XF IBWF BWFSBHFE UIF TQJOPSCJU ĕFMET PWFS UIF 'FSNJ TVSGBDFT FYDMVE
JOH TUBUFT XIJDI BSF MPDBMJ[FE BU UIF ;O MBZFS 0O UIF PUIFS IBOE UIF BWFSBHF NPNFOUVN
SFMBYBUJPO UJNFT IBWF CFFO PCUBJOFE CZ BWFSBHJOH UIF TDBUUFSJOH SBUFT τ−1k JOEVDFE CZ TDBUUFS
JOH BU TFMGBEBUPNT PO TZNNFUSJD ĕMNT 8F GPVOE WFSZ TNBMM TQJOEFQIBTJOH UJNFT NVDI
TNBMMFS UIBO NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT "O BDDVSBUF DBMDVMBUJPO PG UIF TQJO




*O UIJT UIFTJT XF QVSTVFE UISFFNBJO HPBMT 'JSTU XF TZTUFNBUJDBMMZ JOWFTUJHBUFENPNFOUVN
BOE TQJOSFMBYBUJPO UJNFT EVF UP JNQVSJUZ TDBUUFSJOH JO UIF OPCMF NFUBMT DPQQFS BOE HPME
4FDPOEMZ XF TUVEJFE FYUFOTJWFMZ UIF MJGFUJNF SFEVDUJPO PG TVSGBDFTUBUFT JOEVDFE CZ TDBUUFS
JOH BU BEBUPNT BOE JNQVSJUJFT JO UIF ĕSTU BOE TFDPOE TVSGBDF MBZFST PG UIF 	
 TVSGBDFT PG
DPQQFS TJMWFS BOE HPME 'JOBMMZ UIF UIJSE BJN PG UIJT XPSL XBT UP DPNCJOF UIF UXP QSFWJPVT
BTQFDUT BOE JOWFTUJHBUF UIF FČFDUT PG TQJOPSCJU DPVQMJOH PO TDBUUFSJOH BU UIF OPCMFNFUBM
TVSGBDFT DPQQFS BOE HPME
*O BMM PVS DBMDVMBUJPOT XF VTFE UIF ,,3(SFFO GVODUJPONFUIPE GPS FMFDUSPOJD TUSVDUVSF DBM
DVMBUJPOT XIJDI JT QBSUJDVMBSMZ TVJUFE GPS UIF OVNFSJDBM USFBUNFOU PG TDBUUFSJOH QSPDFTTFT
CFDBVTF PG JUT NVMUJQMF TDBUUFSJOH BOTBU[
4QJO SFMBYBUJPO JO DPQQFS BOE HPME CVML
ćF ĕSTU TUFQ PO PVS XBZ UP DBMDVMBUF NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT XBT UIF JOUF
HSBUJPO PG TQJOPSCJU DPVQMJOH JO UIF ,,3GPSNBMJTN BOE JUT JNQMFNFOUBUJPO JO UIF DPEF
8F DBMDVMBUFE UIF TQJO FYQFDUBUJPO WBMVFT BOE TQJONJYJOH QBSBNFUFST PO UIF 'FSNJ TVS
GBDFT BOE TPMWFE UIF QSPCMFNT PDDVSSJOH GPS EFHFOFSBUF TUBUFT 8F TIPXFE UIBU UIF SFTVMUJOH
TQJONJYJOH QBSBNFUFS GPS DPQQFS BOE HPME BHSFF XFMM XJUI UIPTF HJWFO JO UIF MJUFSBUVSF
*O PSEFS UP PCUBJO NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT UIF -JQQNBOO4DIXJOHFS FRVB
UJPO GPS JNQVSJUZ TDBUUFSJOH JODMVEJOH TQJOPSCJU DPVQMJOH XBT TPMWFE BOE UIF TDBUUFSJOHNB
USJY JO NPNFOUVN TQBDF XBT DBMDVMBUFE
ćF JOWFSTJPO TZNNFUSZ PG UIF GDD CVML NFUBMT DPQQFS BOE HPME MFBET UP B EFHFOFSBDZ PG BMM
kQPJOUT PO UIF 'FSNJ TVSGBDF ćFSFGPSF TQJO SFMBYBUJPO JT JOEVDFE CZ UIF &MMJPUU:BGFU
NFDIBOJTN BOE JNQVSJUZ TQJOPSCJU DPVQMJOH 8F IBWF QSPWJEFE B TZTUFNBUJD TUVEZ PG
NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT JOEVDFE CZ TDBUUFSJOH BU UIF 3d 4sp 4d 5sp BOE
5d JNQVSJUJFT JO DPQQFS BOE HPME IPTUT ćF JOĘVFODF PG UIF TQJOPSCJU DPVQMJOH JO UIF

  $PODMVTJPO
IPTU IBT CFFO JOWFTUJHBUFE TIPXJOH UIBU UIF TQJOPSCJU JOEVDFE FČFDUT BSF MBSHF GPS B HPME
IPTU BOE TNBMM GPS B DPQQFS IPTU *O BEEJUJPO UIJT ĕOEJOH IFMQFE UP FYQMBJO XIZ TJNJ
MBS NPNFOUVNSFMBYBUJPO CVU EFWJBUJOH TQJOSFMBYBUJPO SBUFT GPS DPQQFS BOE HPME IPTUT BSF
GPVOE ćF TQJOSFMBYBUJPO UJNFT GPS UIF HPME IPTU BSF NVDI TIPSUFS UIBO UIPTF DBMDVMBUFE
GPS UIF DPQQFS IPTU
'VSUIFSNPSF TUSPOH RVBMJUBUJWF EJČFSFODFT CFUXFFO UIF USFOET GPS NPNFOUVN BOE TQJO
SFMBYBUJPO UJNFT IBWF CFFO GPVOE 8IJMF NPNFOUVNSFMBYBUJPO SBUFT BSF IJHI GPS UIF d
BOE UIF sp JNQVSJUJFT UIF USFOET GPS TQJOSFMBYBUJPO SBUFT FYIJCJU POMZ B NBYJNVN GPS UIF
d JNQVSJUJFT BOE OPU GPS UIF sp TDBUUFSFST ćJT CFIBWJPS JT NVDI NPSF QSPOPVODFE GPS
UIF DPQQFS IPTU UIBO GPS UIF HPME IPTU TJODF UIF TQJOSFMBYBUJPO SBUFT JO HPME BSF IJHIMZ
JOĘVFODFE CZ UIF TQJOPSCJU DPVQMJOH PG UIF HPME IPTU ćF EJČFSFOU CFIBWJPS PG UIF TQJO
DPOTFSWJOH BOE TQJOĘJQ TDBUUFSJOH SBUFT GPS UIF d BOE sp TDBUUFSFST DPVME CF FYQMBJOFE XJUI
UIF IFMQ PG B TJNQMF NPEFM SFMBUJOH UIF TQJOSFMBYBUJPO SBUFT UP UIF 8JHOFS EFMBZ UJNFT BD
DPVOUJOH GPS UIF UJNF UIF XBWFQBDLFU SFRVJSFT GPS UIF TDBUUFSJOH QSPDFTT -BSHFS EFMBZ UJNFT
BSF GPVOE GPS UIF d TDBUUFSFST XIJMF TIPSU UJNFT GPS UIF s BOE p JNQVSJUJFT IBWF CFFO PC
UBJOFE )FODF XF DPODMVEFE UIBU SFTPOBOU TDBUUFSJOH JT WFSZ JNQPSUBOU GPS TQJO SFMBYBUJPO
BT UIF FMFDUSPOT TQFOE NVDI NPSF UJNF BU UIF dSFTPOBODF UIBO BU UIF sp JNQVSJUJFT BOE
UIFSFGPSF BSF FYQPTFE B NVDI MPOHFS UJNF UP UIF JNQVSJUZ TQJOPSCJU DPVQMJOH
8IFO JOWFTUJHBUJOH UIF SBUJP PG TQJOSFMBYBUJPO BOE NPNFOUVNSFMBYBUJPO UJNFT JF UIF
OVNCFS PG NPNFOUVNTDBUUFSJOH QSPDFTTFT QFS POF TQJOĘJQ XF ĕOE MBSHF EJČFSFODFT CF
UXFFO UIF DPQQFS BOE UIF HPME IPTU 8IFSFBT JO UIF DPQQFS IPTU SBUJPT CFUXFFO 104 GPS MJHIU
JNQVSJUJFT BOE 3 GPS UIF DIFNJDBMMZ TJNJMBS FMFNFOUT "H BOE "V IBWF CFFO GPVOE JO HPME
XF PCTFSWF SBUJPT XJUIJO B NVDI TNBMMFS SBOHF SFBDIJOH GSPN 30 UP 3 ćVT GPS HPME UIF
TQJOPSCJU DPVQMJOH FČFDUT PG UIF IPTU QSFWBJMT – TQJOSFMBYBUJPO JT EPNJOBUFE CZ UIF &MMJPUU
:BGFU NFDIBOJTN
ćF JOWFTUJHBUJPO PG DPSSFMBUFE TDBUUFSJOH CZ JNQVSJUZ EJNFST DPNQMFUFT UIF TUVEZ PG TQJO
SFMBYBUJPO JO CVML NBUFSJBMT 8F TIPXFE UIBU DPSSFMBUFE TDBUUFSJOH FČFDUT BSF JNQPSUBOU
POMZ GPS UIF d JNQVSJUJFT TJUVBUFE BU OFBSFTU OFJHICPSJOH TJUFT 'PS UIFTF TDBUUFSJOH UJNFT
BSF FOIBODFE VQ UP B GBDUPS PG 1.5 DPNQBSFE UP TDBUUFSJOH BU JOEFQFOEFOU JNQVSJUJFT
-JGFUJNF SFEVDUJPO PG TVSGBDF TUBUFT
ćF TFDPOE HPBM PG UIJT UIFTJT XBT UP TUVEZ UIF SFEVDUJPO PG TVSGBDFTUBUF MJGFUJNFT JOEVDFE
CZ TDBUUFSJOH BU BEBUPNT BOE JNQVSJUJFT JO BOE CFMPX UIF ĕSTU TVSGBDF MBZFS PG DPQQFS TJMWFS
BOE HPME 	
 ĕMNT ćFSFGPSF UIF TQJODPOTFSWJOH TDBUUFSJOHNBUSJY JONPNFOUVNTQBDF
XBT DBMDVMBUFE GPS BMM TUBUFT PO UIF 'FSNJ TVSGBDF *OUFHSBUJPO PWFS UIF 'FSNJ TVSGBDF UIFO
ZJFMET UIF TVSGBDFTUBUF MJGFUJNFT BOE UIF NPNFOUVNSFMBYBUJPO UJNFT GPS UIF CVML TUBUFT
ćF BOBMZTJT PG UIF TDBUUFSJOH SBUFT BU UIF 3d BOE UIF 4sp JNQVSJUJFT JO BOE PO B DPQQFS ĕMN
TIPXFE UIBU TDBUUFSJOH BU BEBUPNT RVBMJUBUJWFMZ TUSPOHMZ EJČFS GSPN TDBUUFSJOH BU JNQVSJUJFT
JO BOE CFMPX UIF TVSGBDF ćF QFSUVSCBUJPO DBVTFE CZ BO BEBUPN JT NVDI TUSPOHFS UIBO UIBU
XIJDI JT DBVTFE CZ SFQMBDJOH B DPQQFS BUPN CZ BOPUIFS FMFNFOU 'VSUIFSNPSF UIF FYUFOU PG
UIF BEBUPN JOUP UIF TVSSPVOEJOH WBDVVN QMBZT B CJH SPMF
*O PSEFS UP VOEFSTUBOE UIF USFOE PCTFSWFE GPS UIF TDBUUFSJOH SBUFT BU BEBUPNT XF IBWFNBEF

BO PSCJUBMNPNFOUVN SFTPMWFE DBMDVMBUJPO 8F GPVOE UIBU GPS UIF d TDBUUFSFST B DPOTUSVDUJWF
JOUFSGFSFODF PG UIF s BOE UIF dDIBOOFM UBLFT QMBDF XIFSFBT GPS UIF sp TDBUUFSFST UIF s BOE
UIF pDIBOOFM JOUFSGFSF EFTUSVDUJWFMZ ćJT BOTBU[ DPVME CF DPOĕSNFE CZ B DBMDVMBUJPO PG UIF
'SJFEFM PTDJMMBUJPOT
ćF EFQFOEFODF PG UIF TVSGBDFTUBUF MJGFUJNF PO UIF ĕMN UIJDLOFTT IBT BMTP CFFO FYBNJOFE
ćF TVSGBDFTUBUF MJGFUJNFT PG UIF JOOFSNPTU TVSGBDF TUBUF EFDSFBTF XJUI JODSFBTJOH OVNCFS
PG MBZFST XIJDI JTNPTUMZ EVF UP BO FOFSHZ TIJę PG UIF TUBUFT BU UIF UXP TVSGBDFT BT XFMM BT EVF
UP UIF SFEVDUJPO PG UIF PWFSMBQ PG UIF TVSGBDF TUBUFT XJUI UIF JNQVSJUZ GPS MBSHFS UIJDLOFTTFT
XIFO UIF TUBUF DBO QFOFUSBUF NPSF JOUP UIF CVML
)PXFWFS JO UIF DBMDVMBUJPO PG TVSGBDF SFTJTUJWJUJFT XIJDI BMTP IBWF CFFO FYUSBDUFE GSPN UIF
TDBUUFSJOH NBUSJY UIJT FČFDU JT IBSEMZ TFFO CFDBVTF UIJT RVBOUJUZ FOUBJMT B GVSUIFS BWFSBHJOH
PWFS BMM TUBUFT TVSGBDF BOE CVMLMJLF TUBUFT
5P DPNQMFUF UIF QJDUVSF TVSGBDFTUBUF MJGFUJNFT JOEVDFE CZ TDBUUFSJOH BU NBHOFUJD BEBUPNT
PO UIF DPQQFS ĕMN IBWF CFFO TUVEJFE "T FYQFDUFE XF PCTFSWFE B EPVCMFQFBL TUSVDUVSF
BT UIF JNQVSJUZ BUPNJD OVNCFS JT WBSJFE XIJDI JT EVF UP UIF TQMJU dSFTPOBODF DSPTTJOH UIF
'FSNJ MFWFM
4QJOPSCJU JOEVDFE FČFDUT PO DPQQFS BOE HPME UIJO ĕMNT
ćF UIJSE HPBM PG UIJT UIFTJT XBT UIF JOWFTUJHBUJPO PG TQJOPSCJU JOEVDFE FČFDUT PDDVSSJOH JO
DPQQFS BOE HPME ĕMNT XJUI EJČFSFOU TVSGBDF PSJFOUBUJPOT 8F IBWF DPOTJEFSFE TZNNFUSJD
UIJO ĕMNT BT XFMM BT UIJO ĕMNT XIFSF UIF JOWFSTJPO TZNNFUSZ XBT CSPLFO CZ SFQMBDJOH POF
MBZFS PG $V"V CZ POF MBZFS PG ;O ćF QSFWBJMJOH TQJOSFMBYBUJPO NFDIBOJTNT BSF DPN
QMFUFMZ EJČFSFOU GPS UIFTF UXP LJOET PG TZTUFNT XIFSFBT JO UIF TZNNFUSJD TZTUFNT BMM TUBUFT
BSF UXPGPME EFHFOFSBUF 	TJNJMBS BT JO UIF CVML TBNQMFT
 BOE UIFSFGPSF TQJO SFMBYBUJPO WJB UIF
&MMJPUU:BGFUNFDIBOJTN UBLFT QMBDF UIF CSFBL PG TZNNFUSZ GPS UIF BTZNNFUSJD TMBCT MJęT UIF
EFHFOFSBDZ BOE MFBET UP B TQMJUUJOH PG BMM TUBUFT PO UIF 'FSNJ TVSGBDF UIFO UIF %hZBLPOPW
1FSFMh NFDIBOJTN MFBET UP TQJO EFQIBTJOH
'PS UIF TZNNFUSJD ĕMNT XF TUBSUFE XJUI UIF EJTDVTTJPO PG UIF &MMJPUU:BGFU QBSBNFUFS 'PS
BMM ĕMN UIJDLOFTTFT BOE CPUI TVSGBDF PSJFOUBUJPOT 		
 BOE 	

 XF IBWF DBMDVMBUFE TQJO
ĘJQ QBSBNFUFS XIJDI BSF FOIBODFE DPNQBSFE UP UIF WBMVFT UIBU XF IBWF GPVOE GPS UIF CVML
TZTUFNT 8IFSFBT GPS UIF 	
 TVSGBDFT MBSHFTU QBSBNFUFST IBWF CFFO GPVOE GPS UIF TVSGBDF
TUBUFT BOUJDSPTTJOHT PG CBOET PO UIF 'FSNJ TVSGBDFT PG UIF 	
 ĕMNT MFBE UP TQJO IPU TQPUT
DMPTF UP UIF #SJMMPVJO [POF FEHF BOE WFSZ MBSHF WBMVFT PG ∣b∣2 ćJT FČFDU JT NVDI MBSHFS GPS
UIF HPME UIBO GPS UIF DPQQFS ĕMNT
'VSUIFSNPSF UIF TUVEZ PGNPNFOUVN BOE TQJOSFMBYBUJPO UJNFT EVF UP TDBUUFSJOH BU BEBUPNT
PO UPQ PG UIF 	
 TVSGBDFT SFWFBMFE B TUSPOH EFQFOEFODF PO ĕMN UIJDLOFTT XIFSFBT
NPNFOUVNSFMBYBUJPO UJNFT JODSFBTF XJUI ĕMN UIJDLOFTT TQJOSFMBYBUJPO UJNFT TIPX B
TUSPOH EFDSFBTF ćJT CFIBWJPS IBT CFFO GPVOE GPS DPQQFS BOE GPS UIF HPME ĕMNT $POTJE
FSJOH TDBUUFSJOH SBUFT BU BEBUPNT PO 	
 TVSGBDFT XF GPVOE TUSPOH EJČFSFODFT GPS DPQQFS
BOE HPME 'PS UIF DPQQFS ĕMNT UIF MBDL PG UIF TVSGBDF TUBUFT GPS UIJT TVSGBDF PSJFOUBUJPO SF
TVMUT JO NVDI MPOHFS TQJOSFMBYBUJPO UJNFT *O DPOUSBTU UIF TUSPOH TQJO IPU TQPUT BQQFBSJOH
PO UIF 'FSNJ TVSGBDFT PG UIF HPME ĕMNT DPNQFOTBUF UIF MBDL PG TVSGBDF TUBUFT
  $PODMVTJPO
*O BTZNNFUSJD ĕMNT UIF TQMJUUJOH PG TUBUFT DBVTFE CZ UIF MBDL PG JOWFSTJPO TZNNFUSZ UPHFUIFS
XJUI TQJOPSCJU DPVQMJOH MFBE UP UIF GPSNBUJPO PG MPDBM FČFDUJWFNBHOFUJD ĕFMET UIF TPDBMMFE
TQJOPSCJU ĕFMET 4QJO EFQIBTJOH JT PCUBJOFE CZ QSFDFTTJPO PG UIF FMFDUSPO TQJO BSPVOE UIFTF
MPDBM TQJOPSCJU ĕFMET UPHFUIFS XJUI NPNFOUVN TDBUUFSJOH SFTVMUJOH JO B DIBOHF PG UIF QSF
DFTTJPO BYJT BęFS FBDI TDBUUFSJOH FWFOU 8F IBWF DBMDVMBUFE UIF TQJOPSCJU ĕFMET GPS DPQQFS
BOE HPME 	
 BOE 	
 ĕMNT 8F GPVOE B 3BTICBTQMJUUJOH PG UIF TVSGBDF TUBUFT XIJDI
BHSFFT XJUI FYQFSJNFOU BOE QSFWJPVT DBMDVMBUJPOT *O BEEJUJPO XF GPVOE TJHOJĕDBOU DPO
USJCVUJPOT GSPN UIF CVMLMJLF TUBUFT GPS CPUI PSJFOUBUJPOT FTQFDJBMMZ JO UIF WJDJOJUZ PG UIF
;OMJLF TUBUFT
"11&/%*9"
4PNF EFUBJMT PO UIF ,,3GPSNBMJTN
" %FSJWBUJPO PG UIF %ZTPO FRVBUJPO GPS BO BSCJUSBSZ SFGFS
FODF TZTUFN
*O PSEFS UP EFSJWF UIF %ZTPO FRVBUJPO GPS BO BSCJUSBSZ SFGFSFODF TZTUFN XF TUBSU GSPN UIF










XIFSF UIF gnn′′LL′′(E) SFQSFTFOU UIF GSFF TQBDF TUSVDUVSF DPOTUBOUT *O NBUSJY OPUBUJPO UIF
BCPWF FRVBUJPO DBO CF SFXSJUUFO BT
((E) = H(E) + H(E)U(E)((E) 	"

4JODF UIJT FRVBUJPO JT WBMJE GPS BO BSCJUSBSZ V (r) JF t(E) UIF TBNF IPMET GPS B SFGFSFODF
TZTUFN PG QPUFOUJBMT XJUI V ref(r) 	UP CF HJWFO JO EFUBJM CFMPX
 QMBDFE BU UIF MBUUJDF TJUFT PG
UIF DSZTUBM




 DBO CF SFXSJUUFO BT
H(E)−1 = ((E)−1 − U(E) 	"

BOE
H(E)−1 = ((ref(E))−1 − Uref(E) 	"

SFTQFDUJWFMZ $PNCJOBUJPO MFBET UIFO UP
(((E))−1 = ((ref(E))−1 − (U(E) − Uref(E)) 	"


 " 4PNF EFUBJMT PO UIF ,,3GPSNBMJTN
BOE B TJNQMF USBOTGPSNBUJPO UP UIF TPVHIUBęFS %ZTPO FRVBUJPO
((E) = (ref(E) +(ref(E)ΔU(E)((E) 	"

XJUI
ΔU(E) = U(E) − Uref(E) 	"

" 1SBDUJDBM DBMDVMBUJPO PG UIF CBOE TUSVDUVSF
5P PCUBJO UIF CBOE TUSVDUVSF E(k) JF UIF TPMVUJPO PG FR 	
 PS 	
 SFTQFDUJWFMZ UIF





[δμμ′ (Δtμ′LL′(E))−1 −Gr,μμ′LL′ (k;E)]Δtμ′L′L′′(E)cμ′kL′′ = 0 	"

TFQBSBUJOH UIF TDBUUFSJOH QSPQFSUJFT PG B TJOHMF BUPNJD QPUFOUJBM EFTDSJCFE CZΔtμLL′(E) GSPN
UIF TUSVDUVSF EFTDSJCFE CZ UIF MBUUJDF TJUFRn BOE UIF TUSVDUVSBM (SFFO GVODUJPOGr,μμ
′
LL′ (k;E)
*OUFSQSFUJOH UIF WFDUPS Δtμ
′
LL′′(E)cμ′kL′ BT BO FJHFOWFDUPS PG UIF TZTUFN CFMPOHJOH UP UIF
FJHFOWBMVF
λ(k,Ek) = 0 	"

FR 	"
 DBO CF SFGPSNVMBUFE BT
(Δt−1(E) −Gr(k;E))Δt(E)ck = λ(k,Ek)Δt(E)ck 	"

ćF NBUSJY (Δt−1(E) −Gr (k;E)) JT UIF TPDBMMFE ,,3NBUSJY TJODF JU DPOUBJOT BMM JOGPS
NBUJPO BCPVU UIF CBOE TUSVDUVSF E(k) PG UIF TZTUFN
*O PSEFS UP DBMDVMBUF UIF CBOE TUSVDUVSF JU JT TVďDJFOU UP EFUFSNJOF UIF FJHFOWBMVFTλ(k,Ek)
PG UIF ,,3NBUSJY BOE UIFO TFBSDI UIF QBJST (k,E) GPS XIJDI POF PG UIF FJHFOWBMVFT CF
DPNFT [FSP
" SFBMJ[BUJPO PG UIJT NFUIPE GPS TZTUFNT XJUIPVU TQJOPSCJU DPVQMJOH XBT SFBMJ[FE CZ 1
;BIO <> *O IJT JNQMFNFOUBUJPO UIF OPOIFSNJUJBO ,,3NBUSJY [Δt−1(E) −Gr (k;E)]
JT USBOTGPSNFE UP B IFSNJUJBO NBUSJY JO PSEFS UP PCUBJO SFBM FJHFOWBMVFT ćFO UIF SFDJQ
SPDBM TQBDF WFDUPS k JT LFQU DPOTUBOU XIJMF UIF FOFSHZ JT WBSJFE 'PS FBDI FOFSHZ QPJOU UIF
FJHFOWBMVFT λ(k;E) BSF DBMDVMBUFE BOE UIF OVNCFS PG OFHBUJWF 	PS QPTJUJWF
 FJHFOWBMVFT JT
DPVOUFE  XIFOFWFS POF PG UIF FJHFOWBMVFT DIBOHFT JUT TJHO UIF OVNCFS DIBOHFT BOE B QPJOU
PG UIF CBOE TUSVDUVSF JT PCUBJOFE 'PS NPSF JOGPSNBUJPO BCPVU UIF USBOTGPSNBUJPO PG UIF
,,3NBUSJY BOE PUIFS DBMDVMBUJPOBM EFUBJMT TFF <>
)PXFWFS UIF QSPDFEVSF CFDPNFT DPNQMJDBUFE GPS CSVUFGPSDF BQQMJDBUJPOXIFOFWFS DPNQMJ
DBUFE TUSVDUVSFT TVDI BT CBOE DSPTTJOHT PDDVS *O UIJT DBTF JU NJHIU CF UIBU UXP FJHFOWBMVFT
DIBOHF UIFJS TJHO CVU UIF OVNCFS PG QPTJUJWF BOE OFHBUJWF FJHFOWBMVFT TUBZT UIF TBNF 	TFF
ĕHVSF "

"EEJUJPOBMMZ GPS TZTUFNT JODMVEJOH TQJOPSCJU DPVQMJOH BOEPS UBLJOH UIF OPOTQIFSJDBM





















































'JHVSF " &JHFOWBMVFT PG UIF,,3NBUSJY PG"V CVML GVMM QPUFOUJBM DBMDVMBUJPOXJUIPVU TQJOPSCJU
DPVQMJOH BT B GVODUJPO PG SFDJQSPDBM TQBDF WFDUPSTk JO EJSFDUJPO 5PQ MFę 3FBM BOE
JNBHJOBSZ QBSU PG UIF FJHFOWBMVFT BU E ĕYFE UP E = −3.83eV  ćF DSPTTJOH PG CBOET
MFBET UP UIF JOUFSTFDUJPO XJUI UIF xBYJT PG UXP FJHFOWBMVFT JO POF JOUFSWBM [k, k+Δk]
"EEJUJPOBMMZ BU k ≈ 0.365 UIF SFBM QBSU PG λ CFDPNFT [FSP XIJMF UIF JNBHJOBSZ QBSU
EPFT OPU 5PQ SJHIU 3FBM BOE JNBHJOBSZ QBSU PG FYBDU BOE FYUSBQPMBUFE FJHFOWBMVFT
#PUUPN 3FBM BOE JNBHJOBSZ QBSU PG FYBDU BOE FYUSBQPMBUFE FJHFOWBMVFT SFTUSJDUFE UP
TNBMM FJHFOWBMVFT ćF FYUSBQPMBUFE FJHFOWBMVFT BHSFF WFSZ XFMM GPS JOUFSWBMT JO XIJDI
UIF SVO PG UIF DVSWF JT BMNPTU MJOFBS GPS NPSF DPNQMFY DVSWFT B TNBMM EFWJBUJPO DBO CF
TFFO
DPOUSJCVUJPOT PG UIF QPUFOUJBM JOUP BDDPVOU 	GVMM QPUFOUJBM DBMDVMBUJPO
 UIF USBOTGPSNBUJPO JT
XIJDI USBOTGPSNT UIF tNBUSJY UP B IFSNJUJBO NBUSJY JT OPU PCWJPVT )FODF UIF FJHFOWBMVFT
BSF DPNQMFY BOE CPUI UIF SFBM QBSU BOE UIF JNBHJOBSZ QBSU NVTU CF [FSP
ćF BCPWF SFBTPOT NBLF JU OFDFTTBSZ UP NPEJGZ UIF NFUIPE GPS CBOE TUSVDUVSF DBMDVMBUJPO
JO PSEFS UP PWFSDPNF UIF BCPWFNFOUJPOFE QSPCMFNT 8F EFWFMPQFE B OFX NPSF HFO
ćF SFBM BOE UIF JNBHJOBSZ QBSU PG λNJHIU IBWF FYDMVTJWF [FSPT BT DBO CF TFFO JO ĕHVSF "
 " 4PNF EFUBJMT PO UIF ,,3GPSNBMJTN
FSBM TDIFNF UP DBMDVMBUF UIF QPJOUT (k,E) GVMĕMMJOH UIF DPOEJUJPO λ(k,Ek) = 0 XIJDI JT
TLFUDIFE JO UIF GPMMPXJOH
8F TUBSU CZ DBMDVMBUJOH UIF FJHFOWBMVFT λ(k,E) GPS B HJWFO QBJS PG (k,E) LFFQ UIF FOFSHZ
E DPOTUBOU XIJMF WBSZJOH UIF SFDJQSPDBM TQBDF WFDUPS k 5P PCUBJO UIF FJHFOWBMVFT BU UIF
OFYU kQPJOU (k +Δk) UIFSF BSF UXP QPTTJCJMJUJFT &JUIFS UIF FJHFOWBMVFT DBO CF DBMDVMBUFE
EJSFDUMZ CZ EJBHPOBMJ[JOH UIF ,,3NBUSJY PS ĕSTU PSEFS QFSUVSCBUJPO UIFPSZ DBO CF VTFE UP
FYUSBQPMBUF UIF FJHFOWBMVFT BU (k+Δk,E) GSPN UIF FJHFOWBMVFT DBMDVMBUFE BU (k,E) %PJOH
CPUI FWFSZ FJHFOWBMVF BU UIF OFX kQPJOU (k+Δk,E) DBMDVMBUFE FYBDUMZ DBO CF USBDFE CBDL
UP UIF DPSSFTQPOEJOH FJHFOWBMVF BU k 	CZ WJSUVF PG UIF FYUSBQPMBUJPO
 BOE BMM DSPTTJOHT PG UIF
FJHFOWBMVFT XJUI UIF xBYJT DBO CF FBTJMZ JEFOUJĕFE
'PS UIF TFDPOE NFUIPE JF UIF FYUSBQPMBUJPO GSPN k UP k +Δk XF FYQBOE Gr(k;E) GPS
TNBMMΔk BSPVOE k XSJUJOH
Gr (k +Δk;E) ≈ Gr (k;E) +Δk ⋅ ∇kGr (k;E) 	"

*O UIF GPMMPXJOH JU NVTU CF EJTUJOHVJTIFE XIFUIFS POF PG UIF FJHFOWBMVFT BU (k,E) JT EF
HFOFSBUF PS OPU 8F XJMM ĕSTU EJTDVTT UIF QSPDFEVSF GPS UIF OPOEFHFOFSBUF DBTF BOE UIFO
DPOUJOVF XJUI EFHFOFSBUF FJHFOWBMVFT 'JSTU PSEFS QFSUVSCBUJPO UIFPSZ GPS OPOIFSNJUJBO
NBUSJDFT JT VTFE BT EFWFMPQFE JO < > ćF MFę BOE SJHIU FJHFOWFDUPST PG UIF ,,3
NBUSJY (Δt−1(E) −Gr (k;E)) DPSSFTQPOEJOH UP λ(k,E) = 0 BSF EFĕOFE BT
(Δt−1(E) −Gr (k;E)) ∣φλ,k⟩ = 0 	"

PS ⟨φ˜λ,k∣ (Δt−1(E) −Gr (k;E)) = 0 	"

SFTQFDUJWFMZ ćF SJHIU FJHFOWFDUPS JT SFMBUFE UP UIF DPFďDJFOUT ck GPMMPXJOH
∣φλ,k⟩ =Δt(E)ck 	"

ćF QSPKFDUPS Pλ,k PG UIF SJHIU BOE UIF MFę FJHFOWFDUPS JT UIFO DBMDVMBUFE BT
Pλ,k = ∣φλ,k⟩⟨φ˜λ,k∣ 	"

"DDPSEJOH UP UIF QFSUVSCBUJPO UIFPSZ GPS OPOIFSNJUJBO NBUSJDFT EFWFMPQFE JO < >
UIF FYUSBQPMBUFE FJHFOWBMVFT BU k +Δk GPS OPOEFHFOFSBUF FJHFOWBMVFT λ BSF HJWFO CZ




XIFSF UIF EFSJWBUJWF dGr(k;E)/dk JT DBMDVMBUFE JO UIF EJSFDUJPO PGΔk
*G UIF FJHFOWBMVF λ JT nUJNFT EFHFOFSBUF UIFSF BSF n MJOFBSMZ JOEFQFOEFOU SJHIU BOE MFę
FJHFOWFDUPST ∣φiλ,k⟩⟨φ˜iλ,k∣  i = 1, n  	"

*O UIJT DBTF B HFOFSBMJ[FE NBUSJY PG UIF QSPEVDU PG UIF iUI SJHIU FJHFOWFDUPS BOE UIF jUI MFę
FJHFOWFDUPS DBO CF EFĕOFE
Pijλ,k = ∣φiλ,k⟩⟨φ˜jλ,k∣ 	"

" 1SBDUJDBM DBMDVMBUJPO PG UIF CBOE TUSVDUVSF 
"OBMPHPVTMZ UP QFSUVSCBUJPO UIFPSZ GPS OPOEFHFOFSBUF FJHFOWBMVFT GPS IFSNJUJBO NBUSJDFT
	GPS FYBNQMF TFF <>
 BOE UIF BCPWF SFTVMU GPS OPOIFSNJUJBO NBUSJDFT UIF ĕSTU PSEFS DPS
SFDUJPO PG UIF FJHFOWBMVFT λk BSF PCUBJOFE CZ DBMDVMBUJOH UIF FJHFOWBMVFT λ
′i
k PG UIF RVBESBUJD
n UJNFT nNBUSJY
Tr [Pijλ,kdGr (k;E)dk ]  i, j = 1, n  	"

'JOBMMZ XF PCUBJO GPS UIF FJHFOWBMVFT BU k +Δk
λ(k +Δk) ≈ λ(k) + ∣Δk∣λ′ik  i = 1, n  	"

4JODF UIF FJHFOWBMVFT JO HFOFSBM BSF DPNQMFY 	CFDBVTF PG UIF OPOIFSNJUJDJUZ PG UIF ,,3
NBUSJY
 JO B ĕSTU TUFQ XF MPPL GPS UIF SPPUT PG UIF JNBHJOBSZ QBSU BOE UIFO DIFDL XIFUIFS
UIF SFBM QBSU JT [FSP PS OPU *G CPUI UIF JNBHJOBSZ BOE UIF SFBM QBSU PG UIF FJHFOWBMVF TIPXT B
[FSPDSPTTJOH JF DIBOHF UIFJS TJHO JO UIF JOUFSWBM [k,k +Δk] B MJOFBS FYUSBQPMBUJPO BMMPXT
UP FTUJNBUF UIF kWFDUPS kcross GPS XIJDI UIF DPOEJUJPO λ = 0 JT GVMĕMMFE
'PS UIF DBTF PG OPOEFHFOFSBUF FJHFOWBMVFT kcross JT HJWFO CZ
kcross ≈ k − Imλk
Im [Tr [Pλ,k dGr (k;E)dk ]] ⋅
Δk∣Δk∣ 	"

XIFSFBT GPS nUJNFT EFHFOFSBUF FJHFOWBMVFT UIF EFHFOFSBDZ NJHIU CF MJęFE BOE NBYJNBMMZ
n EJČFSFOU DSPTTJOH QPJOUT kcross DBO CF PCUBJOFE




⋅ Δk∣Δk∣ i = 1, n 	"

*O PSEFS UP PCUBJO B TVďDJFOU BDDVSBDZ UIF DMVTUFS PG SFGFSFODF BUPNT GPS UIF DBMDVMBUJPO PG
Gr (k;E) IBT UP CF DIPTFO MBSHF 0UIFSXJTF UIF DSPTTJOH PG UIF SFBM BOE UIF JNBHJOBSZ QBSU
XJUI UIF xBYJT EJČFS DPOTJEFSBCMZ BT JT EFNPOTUSBUFE JO ĕHVSF " BOE UBCMF " *O UBCMF
" UIF SFBM QBSU PG UIF FJHFOWBMVF BU UIF [FSP QPJOU PG UIF JNBHJOBSZ QBSU BT B GVODUJPO PG
UIF OVNCFST PG BUPNT JO UIF DMVTUFS PG UIF SFGFSFODF TZTUFN GPS UIF FYBNQMF PG HPME BU UIF
'FSNJ FOFSHZ JO <> EJSFDUJPO JT TQFDJĕFE 8F TFF UIBU UIF BDDVSBDZ TUSPOHMZ JODSFBTFT
XJUI UIF DMVTUFS TJ[F XIJMF UIF WBMVF PG UIF DBMDVMBUFE kcross TIPXT POMZ B TNBMM EFWJBUJPO
'JOBMMZ JO ĕHVSF " XF TIPX BO FYBNQMF PG B CBOE TUSVDUVSF DBMDVMBUJPO GPS HPME CVML XJUI
PVU TQJOPSCJU DPVQMJOH BT XFMM BT JODMVEJOH TQJOPSCJU DPVQMJOH 8IJMF JNQPSUBOU DIBOHFT
DBO CF TFFO JO UIF CBOE TUSVDUVSF GPS FOFSHJFT CFMPX UIF 'FSNJ MFWFM UIF WBMVF PG UIF 'FSNJ
XBWF WFDUPS kcross = kF JO UIF <> EJSFDUJPO TUBZT BMNPTU UIF TBNF
" ćF 'FSNJ TVSGBDF
ćF DBMDVMBUJPO TDIFNF PG UIF 'FSNJ TVSGBDF JT WFSZ TJNJMBS UP UIF CBOE TUSVDUVSF DBMDVMBUJPO
BT FYQMBJOFE JO UIF MBTU TFDUJPO UIF FOFSHZ JT ĕYFE UP E = EF XIJMF UIF k WFDUPS JT WBSJFE
8IFOFWFS POF PG UIF FJHFOWBMVFT PG UIF NBUSJY (Δt−1(E) −Gr(k;E)) CFDPNFT [FSP POF
QPJOU PG UIF 'FSNJ TVSGBDF JT PCUBJOFE
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'JHVSF " 5PQ &JHFOWBMVFT PG UIF ,,3NBUSJY PG "V CVML XJUIPVU TQJOPSCJU DPVQMJOH BT B GVOD
UJPO PG SFDJQSPDBM TQBDF WFDUPST k JO <> EJSFDUJPO BU UIF 'FSNJ FOFSHZ GPS EJČFSFOU
TJ[FT PG UIF DMVTUFS PG UIF SFGFSFODF TZTUFN *G UIF DMVTUFS TJ[F JT DIPTFO UPP TNBMM 	MFę
QBOFM 55 BUPNT JO UIF DMVTUFS
 UIF SFBM BOE UIF JNBHJOBSZ QBSU PG UIF FJHFOWBMVFT EP
OPU DSPTT UIF xBYJT TJNVMUBOFPVTMZ " MBSHF DMVTUFS TJ[F JT OFDFTTBSZ 	SJHIU QBOFM 249
BUPNT
 UP PCUBJO B HPPE BDDVSBDZ #PUUPN CBOE TUSVDUVSF GPS "V CVML XJUIPVU TQJO
PSCJU DPVQMJOH BT XFMM BT JODMVEJOH TQJOPSCJU DPVQMJOH JO <> 	MFę QBOFM
 BOE <>
	SJHIU QBOFM
 EJSFDUJPO 4QJOPSCJU DPVQMJOH MJęT UIF EFHFOFSBDZ PG TPNF CBOET BOE
JO UIF <> EJSFDUJPO MFBET UP BO BOUJDSPTTJOH PG CBOET )PXFWFS BU UIF 'FSNJ MFWFM
BMNPTU OP EJČFSFODF DBO CF EFUFDUFE
0ODF UIFkWFDUPSTkF PCFZJOH FR 	
 BSF GPVOE UIF DPSSFTQPOEJOH FJHFOWFDUPST ∣φλ=0,kF⟩ =
ΔtμLL′(E)c0,μkL′ DBO CF EFUFSNJOFE XIJDI BMMPX UP PCUBJO UIF DPFďDJFOUT cn,μkL  *O PSEFS UP
JEFOUJGZ UIF GVMM XBWFGVODUJPOT ψk(r) BU UIF 'FSNJ TVSGBDF UIF SFHVMBS TPMVUJPOT RL(r;E)
PG UIF 4DISP¨EJOHFS FRVBUJPO IBWF UP CF DBMDVMBUFE CZ TPMWJOH UIF 4DISP¨EJOHFS FRVBUJPO BT
EFTDSJCFE JO DIBQUFS  TFDUJPO  PS  SFTQFDUJWFMZ
" ćF SBEJBM -JQQNBOO4DIXJOHFS FRVBUJPO GPS OPOTQIFSJDBM QPUFOUJBM 
OVNCFS PG BUPNT JO SFGFSFODF DMVTUFS 3F λ(kcross,EF) kcross[2π/a]
55 1.1 ⋅ 10−3 
79 2.5 ⋅ 10−4 
135 7.3 ⋅ 10−5 
249 4.2 ⋅ 10−7 
5BCMF " 3FBM QBSU PG UIF FJHFOWBMVF λ(kcross,EF) BU UIF [FSP QPJOU PG UIF JNBHJOBSZ QBSU PG
λ(kcross,EF) BT B GVODUJPO PG UIF OVNCFST PG BUPNT JO UIF DMVTUFS PG UIF SFGFSFODF TZTUFN
GPS UIF FYBNQMF PG GDD HPME BU UIF 'FSNJ FOFSHZ JO <> EJSFDUJPO ćF BDDVSBDZ TUSPOHMZ
JODSFBTFT XJUI UIF DMVTUFS TJ[F XIJMF UIF WBMVF PG UIF DBMDVMBUFE kcross TIPXT POMZ B TNBMM
EFWJBUJPO
" ćF SBEJBM -JQQNBOO4DIXJOHFS FRVBUJPO GPS
OPOTQIFSJDBM QPUFOUJBM
ćF BJN PG UIJT TFDUJPO JT UP EFSJWF UIF -JQQNBOO4DIXJOHFS FRVBUJPO GPS UIF OPOTQIFSJDBM
XBWFGVODUJPODPNQPOFOUT RimpL′L(r;E) PG B TZTUFN DIBSBDUFSJ[FE CZ V imp(r) XIJDI JO UIF
GPMMPXJOH BSF UP CF VOEFSTUPPE BT QFSUVSCBUJPO UP B TZTUFN DIBSBDUFSJ[FE CZ V (r)XJUI DPS
SFTQPOEJOH DPNQPOFOUTRL′L(r;E) ćF SFMBUJPOT BSF OPU POMZ WBMJE GPS UIF JNQVSJUZ QSPC
MFN UIFZ IPME GPS UXP BSCJUSBSZ TZTUFNT XJUIΔV (r) = V imp(r)−V (r) )PXFWFS TJODF XF
XJMM BQQMZ UIFN UP UIF DBTF PG BO JNQVSJUZ JO B IPTU XF BEESFTT BMM WBSJBCMFT PG UIF QFSUVSCFE
TZTUFN XJUI hJNQh
8F TUBSU UIF EFSJWBUJPO GSPN UIF SBEJBM -JQQNBOO4DIXJOHFS FRVBUJPO WBMJE GPS UIF SBEJBM
XBWF GVODUJPOTRimpL (r;E) FYQSFTTJOH JU JO UFSNT PG UIF SBEJBM XBWFGVODUJPORL(r;E) BOE
UIF (SFFO GVODUJPOG(r, r′;E) PG UIF IPTU TZTUFN BOE UIF EJČFSFODF JO QPUFOUJBMΔV (r)
RimpL (r;E) = RL(r;E) + ∫ d3r′ G(r, r′;E)ΔV (r′)RimpL (r′;E)  	"

6TJOH UIF FYQBOTJPOT








G(r, r′;E) = ∑
LL′
GLL′(r, r′;E)YL(rˆ)YL′(rˆ′) BOE 	"





 " 4PNF EFUBJMT PO UIF ,,3GPSNBMJTN

























ćF MJOFBS JOEFQFOEFODF PG UIF TQIFSJDBM IBSNPOJDT ĕOBMMZ MFBET UP






#FGPSF DMPTJOH UIF TFDUJPO XF XJMM TIPSUMZ FYQSFTT UIF TDBUUFSJOH NBUSJYΔtLL′(E) JO UFSNT
PG UIF RLL′(r;E) ćF TDBUUFSJOH NBUSJYΔtLL′(E) JT EFĕOFE BT
ΔtLL′(E) = ∫ d3r RL(r)ΔV (r)RimpL′ (r)  	"

BOE UIVT














*O UIJT TFDUJPO JU IBT UP CF QSPWFO UIBU
Δtnl (E) = ∫ r2dr Rr,nl (r;E)ΔV n(r)Rnl (r;E) 	"

CZ USBDJOH UIJT FRVBUJPO CBDL UP UIF EFĕOJUJPO PG UIF BUPNJD TDBUUFSJOH NBUSJDFT tnl (E) BOE
tr,nl (E) UIVT UP UIF EFĕOJUJPO
Δtnl (E) = tnl (E) − tr,nl (E) 	"

" *NQVSJUZ TDBUUFSJOH 
8F QSPDFFE GPMMPXJOH ;FMMFS <> 6TJOH UIF EFĕOJUJPOΔV n(r) = V n(r)−V r,n(r) BOE UIF
QSPQFSUZGrl(r, r′;E) = Grl(r′, r;E) UIF SBEJBM -JQQNBOO4DIXJOHFS FRVBUJPOT
Rr,nl (r;E) = jl(r;E) + ∫ r′2dr′ Grl(r, r′;E)V r,n(r′)Rr,nl (r′;E)
= jl(r;E) + ∫ r′2dr′ Rr,nl (r′;E)V r,n(r′)Grl(r′, r;E) 	"

BOE
Rnl (r;E) = jl(r;E) + ∫ r′2dr′ Grl(r, r′;E)V n(r′)Rnl (r′;E) 	"

FR 	"
 DBO CF SFXSJUUFO BT
Δtnl (E) =
∫ r2dr [jl(r;E) + ∫ r′2dr′ Rr,nl (r′;E)V r,n(r′)Grl(r′, r;E)]V n(r)Rnl (r;E)




Δtnl (E) =∫ r2dr jl(r;E)V n(r)Rnl (r;E)
+ ∫ r2dr ∫ r′2dr′ Rr,nl (r′;E)V r,n(r′)Grl(r′, r;E)V n(r)Rnl (r;E)
− ∫ r2dr jl(r;E)V r,n(r)Rr,nl (r;E)
− ∫ r2dr ∫ r′2dr′ Rr,nl (r;E)V r,n(r)Grl(r, r′;E)V n(r′)Rnl (r′;E) 
	"

ćF TFDPOE BOE UIF GPSUI UFSN DBODFM UIF ĕSTU BOE UIF UIJSE UFSN BSF KVTU UIF BUPNJD TDBU
UFSJOH NBUSJDFT tnl (E) BOE tr,nl (E)




*O UIJT TFDUJPO XF EFSJWF UIF SFMBUJPO PG UIF JNQVSJUZXBWFGVODUJPO DPFďDJFOUT cimp,nkL UP UIF
DPFďDJFOUT cnkL PG UIF IPTU DSZTUBM "T EFTDSJCFE JO DIBQUFS  TFDUJPO  XF TUBSU GSPN UIF
-JQQNBOO4DIXJOHFSFRVBUJPO 
ψimpk (r +Rn;E) =
ψk(r +Rn;E) +∑
n′
∫ d3r′ G(r +Rn, r′ +Rn′ ;E)ΔV n′(r′)ψimpk (r′ +Rn′) 	"

 " 4PNF EFUBJMT PO UIF ,,3GPSNBMJTN
BOE JOTFSU UIF FYQBOTJPOT PG UIF XBWFGVODUJPOT BT XFMM BT UIF (SFFO GVODUJPO JO UFSNT PG
TQIFSJDBM IBSNPOJDT YL(rˆ)
" "UPNJD TQIFSF BQQSPYJNBUJPO
*O UIF BUPNJD TQIFSF BQQSPYJNBUJPO UIF FYQBOTJPO JO PSCJUBM DPNQPOFOUT JT







G(r +Rn, r′ +Rn′ ;E) =∑
L








Gsl(r, r′;E) = ⎧⎪⎪⎨⎪⎪⎩
−i√ERl(r;E)Hl(r′;E) GPS r ≤ r′−i√ERl(r′;E)Hl(r;E) GPS r > r′  	"

ćF EJČFSFODF JO QPUFOUJBM JT HJWFO CZ
ΔV n(r) =ΔV n(r) = V imp,n(r) − V n(r)  	"

*OTFSUJOH UIF UISFF FRT 	"
 	"
 BOE 	"
 JO UIF -JQQNBOO4DIXJOHFS FRVBUJPO
FR 	"














































Gs,nnl (r, r′;E)YL(rˆ)δnn′ΔV n′(r′)cimp,n′kL Rimp,n′l (r′;E)
+∑
LL′
Rnl (r;E)YL(rˆ)Gnn′LL′(E)Rn′l′ (r′;E)ΔV n′(r′)cimp,n′kL′ Rimp,n′l′ (r′;E)]  	"




















'PS UIF OFYU TUFQ XF OFFE UIF -JQQNBOO4DIXJOHFS FRVBUJPO PG UIF SBEJBM XBWFGVODUJPO
XIJDI XF XSJUF JO UIF GPSN
Rnl (r;E) = Rimp,nl (r;E) − ∫ r′2dr′ G,nnl (r, r′;E)ΔV n(r′)Rimp,nl (r′;E)  	"

ćF SJHIUIBOE TJEF PG FR 	"
 JT KVTU UIF UFSN JO CSBDLFUT PG FR 	"
 3FQMBDJOH UIJT














Rnl (r;E)YL(rˆ)Gnn′LL′(E)cimp,n′kL′ ∫ r′2dr′Rn′l′ (r′;E)ΔV n′(r′)Rimp,n′l′ (r′;E) 
	"

6TJOH UIFΔtNBUSJY FRT 	"
 BOE 	"
 UIF MBUUFS FRVBUJPO 	"














Rnl (r;E)YL(rˆ)Gnn′LL′(E)Δtn′l′ (E)cimp,n′kL′  	"

ćF BCPWF FRVBUJPO JT GVMĕMMFE JG FBDI DPFďDJFOU TBUJTĕFT












(δLL′δnn′ −Gnn′LL′(E)Δtn′l′ (E)) cimp,n′kL′ = cnkL 	"

SFTQFDUJWFMZ ćFSFGPSF XF ĕOBMMZ PCUBJO UIF TPVHIUBęFS FYQSFTTJPO GPS UIF JNQVSJUZ DPFG
ĕDJFOUT
cimp,nkL = [ ∑
n′,L′
(δLL′δnn′ −Gnn′LL′(E)Δtn′l′ (E))]−1 cn′kL′  	"

 " 4PNF EFUBJMT PO UIF ,,3GPSNBMJTN
" 'VMM QPUFOUJBM
%FBMJOH XJUI UIF GVMM QPUFOUJBM FOUBJMT B NPSF DVNCFSTPNF EFSJWBUJPO PG UIF SFMBUJPO CF
UXFFO UIF QFSUVSCFE BOE UIF VOQFSUVSCFE DPFďDJFOUT cimp,nkL BOE cnkL BMUIPVHI UIF EFSJWB
UJPO MFBET UP B WFSZ TJNJMBS FYQSFTTJPO BT PCUBJOFE JO UIF BUPNJD TQIFSF BQQSPYJNBUJPO ćF
FOIBODFE DPNQMFYJUZ JT EVF UP UIF GBDU UIBU TDBUUFSJOH GSPN POF PSCJUBM XJUI BOHVMBS NP
NFOUVN L UP BOPUIFS PSCJUBM DIBSBDUFSJ[FE CZ L′ JT OP MPOHFS GPSCJEEFO UIFSFGPSF XF FOE
VQ XJUI B OPOTQIFSJDBM BUPNJD TDBUUFSJOH tNBUSJY tLL′  DPSSFTQPOEJOH UP UIF FYQBOTJPO PG
UIF QPUFOUJBM JO L BOE L′ 	VLL′(r)

)FODF JOTFSUJOH UIF FYQSFTTJPO GPS UIF XBWFGVODUJPOT














BOE UIF (SFFO GVODUJPO

















JOUP UIF -JQQNBOO4DIXJOHFS FRVBUJPO
ψimpk (r +Rn;E) = ψk(r +Rn;E)+∑
n′
∫ d3r′ G(r +Rn, r′ +Rn′ ;E)ΔV n′(r′)ψimpk (r′ +Rn′)  	"









































" *NQVSJUZ TDBUUFSJOH 
*O BOBMPHZ UP UIF QSFWJPVT TFDUJPO " FR 	"
 XF IBWF VTFE UIF BCCSFWJBUJPO
Gs,nn
′




"T BMSFBEZ NFOUJPOFE JO DIBQUFS  JO B ĕSTU TUFQ UIF JOUFHSBUJPO PWFS UIF TPMJE BOHMFT
dΩ′ JT QFSGPSNFE UIF JOUFHSBM PWFS UIF UISFF TQIFSJDBM IBSNPOJDT YL′′(rˆ′) YL′′′(rˆ′) BOE
YL′′′′(rˆ′) 	PS YL′′′(rˆ′) YL′′′′′(rˆ′) BOE YL′′′′′′(rˆ′) GPS UIF TFDPOE TVNNBOE
 ZJFMET UIF (BVOU
DPFďDJFOUT CL′′L′′′L′′′′ 	PS CL′′′L′′′′′L′′′′′′  SFTQFDUJWFMZ
 $PNCJOJOH UIFN XJUI UIF QPUFOUJBM





L′′(r′) =ΔV nLL′(r′) 	"



































4JODF UIF TQIFSJDBM IBSNPOJDT BSF MJOFBSMZ JOEFQFOEFOU UIF TVN PWFS L′ BOE UIF NVMUJQMJ










+ ∫ r′2dr′ ∑
LL′′L′′′′










L′′′L′′′′′′(r′)cimp,n′kL Rimp,n′L′′′′′′L(r′;E)  	"

4JNJMBS BT JO UIF QSFWJPVT TFDUJPO " XF SFXSJUF UIF -JQQNBOO4DIXJOHFS FRVBUJPO GPS
UIF SBEJBM XBWFGVODUJPOT Rimp,nL′L (r;E) UIF SFHVMBS TPMVUJPOT PG UIF 4DISP¨EJOHFS FRVBUJPO
	TFF "QQFOEJY " FR 	"

 BT
RnL′L(r;E) = Rimp,nL′L (r;E) − ∫ r′2dr′ ∑
L′′L′′′′
Gs,nnL′L′′(r, r′;E)ΔV nL′′L′′′′(r′)Rimp,nL′′′′L (r′;E) 
	"

 " 4PNF EFUBJMT PO UIF ,,3GPSNBMJTN
*U DBO CF VTFE UP TVCTVNF UIF UFSN PO UIF MFęIBOE TJEF PG FR 	"
 XJUI UIF UFSN PO UIF



















L′′′L′′′′′′(r′)cimp,n′kL Rimp,n′L′′′′′′L(r′;E)  	"

ćF MBTU UFSN PO UIF SJHIUIBOE TJEF DPOUBJOT UIF BUPNJD TDBUUFSJOH NBUSJY























ćF BCPWF FRVBUJPO JT TBUJTĕFE JG FBDI TVNNBOE PG UIF TVN PWFS L GVMĕMMT












"MUIPVHI UIF JNQVSJUZ (SFFO GVODUJPO Gimp,nn
′
LL′
 JT XFMM CFIBWFE BU SFBM FOFSHZ EF JUT DBM
DVMBUJPO WJB UIF %ZTPO FRVBUJPO CFDPNFT QSPCMFNBUJD BT UIF IPTU (SFFO GVODUJPO IBT B
CSBODI DVU BU SFBM EF " XBZ PVU PG UIJT QSPCMFN JT UP FYQMPJU UIF GBDU UIBU UIF (SFFO GVOD
UJPO JT BOBMZUJD GPS JNBHJOBSZ FOFSHJFT
ćF (SFFO GVODUJPO BU UIF 	SFBM
 'FSNJ FOFSHZ DBO CF FYQBOEFE JO B 5BZMPS TFSJFT BDDPSEJOH
UP
Gimp(EF) ≈ Gimp(EF + iΓ) + (−iΓ)Gimp′(EF + iΓ) + 1
2
(−iΓ)2Gimp′′(EF + iΓ) 	"

'PS JUT FWBMVBUJPO XF OFFE UIF ĕSTU BOE UIF TFDPOE EFSJWBUJWF PG G BU UIF DPNQMFY FOFSHZ
EF + iΓ " OVNFSJDBM BQQSPYJNBUJPO PG UIF ĕSTU EFSJWBUJPO JT HJWFO CZ
Gimp




ćF (SFFO GVODUJPO FJUIFS PG UIF VOQFSUVSCFE PS UIF QFSUVSCFE TZTUFN JT OFFEFE UP DBMDVMBUF UIF JNQVSJUZ
DPFďDJFOUT cimpkL BT XFMM BT UIF TDBUUFSJOH NBUSJY Tkk′ BOE DPOTFRVFOUMZ UIF MJGFUJNF τk
" $BMDVMBUJPO PG UIF (SFFO GVODUJPOGimp,nn
′
LL′ BU EF 
BOE PG UIF TFDPOE EFSJWBUJWF CZ
Gimp




"U UIJT QPJOU UIF BOBMZDJUZ PG UIF (SFFO GVODUJPO JT SFRVJSFE CFDBVTF VOEFS UIJT DPOEJUJPO
JU EPFT OPU NBUUFS XIFUIFS z JT B SFBM PS B DPNQMFY OVNCFS $IPPTJOH z UP CF SFBM UIF
UXP EFSJWBUJWFT 	BOE UIF (SFFO GVODUJPO JUTFMG UPP
 DBO CF DBMDVMBUFE KVTU XJUI UIF (SFFO
GVODUJPO BU UIF UISFF FOFSHJFT EF + iΓ EF + iΓ + z BOE EF + iΓ − z 	MZJOH PO B MJOF QBSBMMFM




&WBMVBUJPO PG L ⋅ S JO UFSNT PG SFBM TQIFSJDBM
IBSNPOJDT
*O PSEFS UP DBMDVMBUF UIF BDUJPO PG UIF UISFF PSCJUBMNPNFOUVN PQFSBUPST L+ L− BOE Lz




BDUJPO PG UIF BCPWF PQFSBUPST PO UIF CBTJT TFU PG DPNQMFY TQIFSJDBM IBSNPOJDTYL(rˆ) BT XFMM




*O NBUSJY OPUBUJPO UIFTF USBOTGPSNBUJPOT CFDPNF
∣Ylm⟩ = ∑
m′




U †mm′ ∣Ylm′⟩  	#










⋯ 0 ⋯ − (−1)l−1i√
2
0
⋮ ⋮ ⋱ ⋮ . . . ⋮ ⋮
0 0 ⋯ 1 ⋯ 0 0
⋮ ⋮ . . . ⋮ ⋱ ⋮ ⋮
0 1√
2





















⋯ 0 ⋯ 1√
2
0
⋮ ⋮ ⋱ ⋮ . . . ⋮ ⋮
0 0 ⋯ 1 ⋯ 0 0














ćFTF USBOTGPSNBUJPO NBUSJDFT DBO CF VTFE UP USBOTGPSN B NBUSJY Mˆ GSPN UIF CBTJT TFU PG
DPNQMFY TQIFSJDBM IBSNPOJDT 	MCmm′
 UP UIBU PG SFBM TQIFSJDBM IBSNPOJDT 	MRmm′
 GPMMPXJOH
MRmm′ = ⟨Ylm∣ Mˆ ∣Ylm′⟩ = ∑
m1,m2










MCm1m2 (UT )m2m′  	#

8F DBO OPX BQQMZ UIF UISFF BOHVMBS NPNFOUVN PQFSBUPSTLz  L+ BOEL− PO UIF SFBM TQIFS
JDBM IBSNPOJDT 4UBSUJOH XJUI Lz  XF PCUBJO
LzYl,−m = i√
2























ćFSFGPSF UIF NBUSJY ⟨Ylm∣Lz ∣Yl′m′⟩ CFDPNFT
⟨Ylm∣Lz ∣Yl′m′⟩ = −im δll′δm,−m′  	#


PS JO NBUSJY OPUBUJPO
⟨Ylm∣Lz ∣Ylm′⟩ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 ⋯ 0 il
i(l − 1) 0
⋱ . . .⋮ 0 ⋮
. .
. ⋱










[√l(l + 1) +m(−m + 1)Yl,−m+1 − (−1)m√l(l + 1) −m(m + 1)Yl,m+1]
= i√
2



































L+Yl,0 = L+Yl,0= √l(l + 1)Yl,1
= √l(l + 1) [ −1√
2






= √l(l + 1)Yl,0√
2






 # &WBMVBUJPO PG L ⋅ S JO UFSNT PG SFBM TQIFSJDBM IBSNPOJDT






[√l(l + 1) +m(−m + 1)Yl,−m+1 + (−1)m√l(l + 1) −m(m + 1)Yl,m+1]
= 1√
2





















ćVT UIF NBUSJY UBLFT UIF GPSN
⟨Ylm∣L+∣Ylm′⟩ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 −√2l2 0 ⋯ 0 − i√2l2 0√
2l
2 0 −√4l−22 − i√4l−22 0 − i√2l2











































[√l(l + 1) +m(−m − 1)Yl,−m−1 − (−1)m√l(l + 1) −m(m − 1)Yl,m−1]
= i√
2

































L−Yl,0 = L−Yl,0= √l(l + 1)Yl,−1
= √l(l + 1) [ 1√
2




















[√l(l + 1) +m(−m − 1)Yl,−m−1 + (−1)m√l(l + 1) −m(m − 1)Yl,m−1]
= 1√
2





















 # &WBMVBUJPO PG L ⋅ S JO UFSNT PG SFBM TQIFSJDBM IBSNPOJDT
4JNJMBS UP UIF SBJTJOH PQFSBUPS UIF NBUSJY PG UIF MPXFSJOH PQFSBUPS ⟨Ylm∣L−∣Yl′m′⟩ JO UFSNT






2 0 ⋯ 0 − i√2l2 0−√2l2 0 √4l−22 − i√4l−22 0 − i√2l2







































)PXFWFS JU XPVME OPU CF OFDFTTBSZ UP FWBMVBUF UIF NBUSJY ⟨Ylm∣L−∣Ylm′⟩ BT XF EJE TJODF
UIF SBJTJOH BOE UIF MPXFSJOH PQFSBUPS BSF BEKVODU UP FBDI PUIFS JF
L†+ = L− BOE 	#

L†− = L+  	#

)FODF BT DBO CF WFSJĕFE FBTJMZ DPOTJEFSJOH FR 	#
 BOE FR 	#
 UIF FRVBMJUZ




5JHIUCJOEJOH GPSNBMJTN GPS TQJOĘJQ TDBUUFSJOH
EVF UP TQJOPSCJU DPVQMJOH
ćF SFTVMUT GPS UIF NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT DBVTFE CZ TDBUUFSJOH BU JNQVSJUJFT
BT QSFTFOUFE JO DIBQUFS  MFE UP RVJUF VOFYQFDUFE SFTVMUT BT UIFZ EP OPU GVMĕMM UIF QSFWJPVTMZ
FYQFDUFE TZNNFUSZ QSPQFSUJFT 8F BTTVNFE QSFWJPVTMZ UIBU τσσ′k FRVBMT τ−σ−σ
′
−k GPS SFBTPOT
PG UJNFJOWFSTJPO TZNNFUSZ "T TIPXO JO DIBQUFS  TFDUJPO  BU UIF FYBNQMF PG B /JDLFM
JNQVSJUZ JO DPQQFS CVML 	TFF UBCMF 
 UIJT JT OPU UIF DBTF JG OPOTQIFSJDBM DPOUSJCVUJPOT PG
UIF QPUFOUJBM BSF UBLFO JOUP BDDPVOU PS JG NPSF UIBO POF JNQVSJUZ JT DPOTJEFSFE ćFSFGPSF
B TJNQMF UJHIUCJOEJOH NPEFM GPS TQJOĘJQ TDBUUFSJOH EVF UP TQJOPSCJU DPVQMJOH XBT EFWFM
PQFE JO PSEFS UP FYBNJOF UIF TZNNFUSZ QSPQFSUJFT PG τσσ′k BOE UP UFTU XIFUIFS UIF SFTVMUT
DBMDVMBUFE XJUI UIF ,,3 QSPHSBN BSF DPSSFDU
*O UIF ĕSTU TFDUJPO UIF CBTJD JEFBT PG UIF GPSNBMJTN XJMM CF QSFTFOUFE XIJMF JO UIF TFDPOE
TFDUJPO TPNF SFTVMUT PCUBJOFE XJUIJO UIJT NPEFM BSF EJTDVTTFE
$ #BTJD JEFBT
$ ćF TQJOPSCJU )BNJMUPOJBO JO UIF UJHIUCJOEJOH GPSNBMJTN BOE JUT
FJHFOTUBUFT
*O SFBM TQBDF UIF CBTJT GVODUJPOT ∣σLR⟩ BSF DIBSBDUFSJ[FE CZ UIF TQJO JOEFY σ UIF MBUUJDF
TJUFR BOE UIF BOHVMBS NPNFOUVN L *O PSEFS UP LFFQ UIF GPSNBMJTN BT TJNQMF BT QPTTJCMF
XF SFTUSJDU PVS DPOTJEFSBUJPO UP s BOE p PSCJUBMT UIVT DIPPTF L ∈ (s, px, py, pz)
ćF UPUBM )BNJMUPOJBO JT DPNQPTFE PG BO BUPNJD QBSUHat BOE UIF IPQQJOH QBSUHhop
H =Hat +Hhop 	$


 $ 5JHIUCJOEJOH GPSNBMJTN GPS TQJOĘJQ TDBUUFSJOH








(ξLL′σσ′ ∣σLR⟩ ⟨σ′L′R∣ + ξLL′σσ′ ∣σ′L′R⟩ ⟨σLR∣) 	$

XIFSF ξLL′σσ′ ∶= ξ (L ⋅ S)LL′σσ′ JT UIF POTJUF NBUSJY FMFNFOU PG UIF TQJOPSCJU )BNJMUPOJBO
BOE UIF QBSBNFUFS ξ EFUFSNJOFT UIF NBHOJUVEF PG UIF TQJOPSCJU DPVQMJOH






tLL′ ∣σLR⟩ ⟨σ′L′R′∣  	$

UIVT UIF TVN PWFS R′ DPNQSJTFT UIF OFBSFTU OFJHICPST POMZ tLL′ JT UIF IPQQJOH NBUSJY
FMFNFOU XIJDI RVBOUJĕFT UIF IPQQJOH GSPN UIF PSCJUBM L BU MBUUJDF TJUFR UP L′ BU UIF OFJHI
CPSJOH TJUFR′





eik⋅R ∣σLR⟩  	$

XIFSFN JT UIF OVNCFS PG BUPNT JO UIF DSZTUBM BOE UIF #MPDI GVODUJPOT BSF PSUIPOPSNBM
⟨σLk ∣σ′L′k′⟩ = δLL′δσσ′δkk′  	$

*U JT FBTZ UP TIPX UIBU UIF )BNJMUPOJBO JT EJBHPOBM JO k
Hσσ
′kk′



































ćFZ DBO CF GPVOE CZ TPMWJOH UIF FJHFOWBMVF QSPCMFN
H(k)ψk = kψk  	$

$ #BTJD JEFBT 





LL′(k)cL′σ′(k) = kcLσ(k)  	$

*O SFDJQSPDBM TQBDF UIF (SFFO GVODUJPO G(k; z) PG UIF TZTUFN DBO UIFO CF GPVOE FJUIFS WJB
JOWFSTJPO PS WJB UIF TQFDUSBM SFQSFTFOUBUJPO





z − k XJUI z ∈ C 
'PVSJFS USBOTGPSNBUJPO PGG(k; z) UP SFBM TQBDF MFBET UP
G(R,R′; z) = 1
VBZ





LL′(R,R′; z) = 1VBZ ∫ d3k ⟨σ′L′R′∣G(k; z) ∣σLR⟩  	$

ćF(SFFO GVODUJPO JT SFRVJSFE GPS UIF DBMDVMBUJPO PG UIF TDBUUFSJOHNBUSJYT BTXJMM CF TIPXO
JO UIF OFYU TFDUJPO 'VSUIFSNPSF UIF (SFFO GVODUJPO XJMM CF VTFGVM GPS DBMDVMBUJOH UIF EFO
TJUZ PG TUBUFT
ρ(R; z) = − 1
π
Im Tr G(R,R; z) 	$






*O PSEFS UP DPOTUSVDU BO JNQVSJUZ )BNJMUPOJBO BOE BU UIF TBNF UJNF LFFQ UIJOHT BT TJNQMF
BT QPTTJCMF XF BTTVNF UIBU POMZ UIF POTJUF )BNJMUPOJBO DIBOHFT CVU UIF IPQQJOH TUBZT UIF
TBNF
ΔH =H imp −H =H impat −Hat 	$

'PS FYBNQMF ΔH NJHIU CF DBVTFE CZ B EJČFSFODF JO UIF TQJOPSCJU DPVQMJOH QBSBNFUFS ξ
PS B EJČFSFOU POTJUF FMFNFOU L L ∈ (s, px, py, pz)
ćF (SFFO GVODUJPOGimp PG UIF TZTUFN JODMVEJOH UIF JNQVSJUZ DBO CF GPVOE WJB UIF %ZTPO
FRVBUJPO
Gimp = G +GΔH Gimp 	$
= [1 −GΔH ]−1 ⋅G 
*U JT TVďDJFOU UP JODMVEF UIF NBUSJY FMFNFOUT PG G BU UIF JNQVSJUZ TJUF POMZ JG TPMFMZ UIFTF
FMFNFOUT PG Gimp BSF UP CF GPVOE ćJT TDIFNF DBO CF FBTJMZ HFOFSBMJ[FE UP NPSF UIBO POF
JNQVSJUZ KVTU UIF NBUSJDFTΔH BOEGimp CFDPNF MBSHFS
 $ 5JHIUCJOEJOH GPSNBMJTN GPS TQJOĘJQ TDBUUFSJOH
s p ξLS tss tspσ tppσ tppπ
0.0 3.0 0.5 −1.5 0.5 −2.0 0.5
5BCMF $ 1BSBNFUFST GPS UIF 5#QSPCMFN
ćF (SFFO GVODUJPO Gimp JT OFFEFE GPS DBMDVMBUJOH UIF TDBUUFSJOH NBUSJY T  UIF SFMBUJPO
CFUXFFO UIF UXP RVBOUJUJFT DBO CF GPVOE GSPN UIF -JQQNBOO4DIXJOHFS FRVBUJPO GPS B
TDBUUFSFE TUBUF ψscatnk 	XIJDI JT OPU BO FJHFOTUBUF PGH
 JO UIF QSFTFODF PG BO JNQVSJUZ
ψimpnk = ψnk +ψscatnk 	$
= ψnk +GΔH ψimpnk= ψnk +GΔH(1 +GimpΔH) ψnk≡ ψnk +G T ψnk 
IFODF
T =ΔH +ΔH Gimp ΔH  	$

'JOBMMZ UIF USBOTJUJPO BNQMJUVEF T σσ′kk′ ZJFMET
T σσ
′






ćF TQJO BOE NPNFOUVN SFMBYBUJPO UJNFT τσσ′k  σ,σ′ ∈ (↑, ↓) BSF UIFO GPVOE CZ JOUFHSBUJOH
T σσ
′
kk′ PWFS UIF 'FSNJ TVSGBDF
τσσ
′
k = ∫ d3k′ ∣T σσ′kk′ ∣2 	$

= ∫ dSk′vk′ ∣T σσ′kk′ ∣2 
$ 5FTU SFTVMUT
'PS UFTU QVSQPTFT XF DIPPTF UIF 5#QBSBNFUFST BT TQFDJĕFE JO UBCMF $ XIJDI MFBE UP B
CBOETUSVDUVSF TIPXO JO ĕHVSF $ ćF IPQQJOH tNBUSJY tLL′ JT EFSJWFE GSPN UIFTF XJUIJO
UIF 4MBUFS,PTUFSTDIFNF <>
ćF SFE DVSWF SFĘFDUT UIF TJUVBUJPO PG B TQJOPSCJU DPVQMJOH QBSBNFUFS PG ξ = 0.5 XIJMF UIF
CMBDL EPUT TIPX UIF CBOETUSVDUVSF PG UIF TZTUFN XJUIPVU TQJOPSCJU DPVQMJOH
'PS UIF GPMMPXJOH DBMDVMBUJPOT TQJOPSCJU DPVQMJOH JT DIPTFO UP CF OPO[FSP JO UIF JNQVSJUZ
POMZ BOE UIF TQJOPSCJU QBSBNFUFS ξ JO UIF JNQVSJUZ )BNJMUPOJBO JT TFU UP ξ = 0.5 ćF



























'JHVSF $ #BOETUSVDUVSF PG UIF 5#TZTUFN ćF CMBDL EPUT SFQSFTFOU UIF CBOETUSVDUVSF PG UIF
TZTUFN XJUIPVU TQJOPSCJU DPVQMJOH XIJMF UIF SFE QPJOUT SFĘFDU UIF TJUVBUJPO PG B TQJO
PSCJU DPVQMJOH QBSBNFUFS PG ξ = 0.5
NPNFOUVN BOE TQJOSFMBYBUJPO UJNFT PS UIF TDBUUFSJOH NBUSJY T σσ′kk  SFTQFDUJWFMZ BSF DBM
DVMBUFE BU E = −6.0 "U UIJT FOFSHZ UIF kQPJOUT BU UIF 'FSNJ TVSGBDF BSF OPU EFHFOFSBUF
BOE UIF 'FSNJ TVSGBDF JT BMNPTU TQIFSJDBM
4JOHMF JNQVSJUZ
































 $ 5JHIUCJOEJOH GPSNBMJTN GPS TQJOĘJQ TDBUUFSJOH
ćF ĕSTU FRVBUJPO NVTU CF WBMJE CFDBVTF UIF TZTUFN JT JOWBSJBOU VOEFS TQBDF JOWFSTJPO TZN
NFUSZ ćF TFDPOE FRVBMJUZ JT FYQFDUFE CFDBVTF PG UJNFSFWFSTBM TZNNFUSZ XIJDI ĘJQT UIF
TQJO 	UIVT DIBOHFT σ UP −σ
 BOE SFWFSUT UIFNPNFOUVN k UP −k XIJMF UIF UIJSE FRVJWBMFODF
GPMMPXT GSPN UIF UXP VQQFS POFT
5XP JNQVSJUJFT












UIF TZTUFN JT JOWBSJBOU VOEFS TQBDF JOWFSTJPO XIJDI NBOJGFTUT JO
τσσ
′
k = τσσ′−k  	$

*O DPOUSBTU PVS DBMDVMBUJPOT TIPX UIBU UIF TFDPOE FRVBMJUZ 	$




k ≠ τσ′σ−k  	$

ćF SFMBUJWF EJČFSFODF XIJDI JT BMNPTU JOEFQFOEFOU PG UIF DIPJDF PG UIF BCTPMVUF WBMVF PG
UIF TQJOPSCJU DPVQMJOH QBSBNFUFS ξ JT
∣τ ↑↑k − τ ↓↓−k∣ ≈ 0.1% 	$
∣τ ↑↓k − τ ↓↑−k∣ ≈ 1% 	$

XIFSF XF IBWF DIPTFO B SFQSFTFOUBUJWF kQPJOU k = (0,1.34,0.77) PO UIF 'FSNJ TVSGBDF GPS
XIJDI UIJT MBSHF EFWJBUJPO JT GPVOE )PXFWFS UIF BWFSBHFT PWFS UIF 'FSNJ TVSGBDF GVMĕMM
τ ↑↑ = τ ↓↓ BOE 	$

τ ↑↓ = τ ↓↑ 	$

VQ UP UIF OVNFSJDBM BDDVSBDZ PG BCPVU 10−9
ćSFF JNQVSJUJFT

















ćJT JT WBMJE GPS BSCJUSBSZ QPTJUJPOT PG UIF JNQVSJUJFT XIFO BO BQQSPQSJBUF DFOUFS JT DIPTFO
$ $PODMVTJPO 
k1 k2
τ ↑↑k 0.106798 0.112749
τ ↓↓−k 0.106888 0.1126949
τ ↓↓k 0.106811 0.1126480
τ ↑↑−k 0.106827 0.1126653
τ ↑↓k 8.509927 ⋅ 10−5 7.88453 ⋅ 10−5
τ ↓↑−k 8.496228 ⋅ 10−5 7.82864 ⋅ 10−5
τ ↓↑k 8.453999 ⋅ 10−5 7.882741 ⋅ 10−5
τ ↑↓−k 8.498709 ⋅ 10−5 7.912631 ⋅ 10−5
5BCMF $ -JGFUJNFT BU k1 = (0,1.29,0.83) BOE k2 = (1.19,0.43,0.85) UXP SFQSFTFOUBUJWF
kQPJOUT PO UIF 'FSNJ TVSGBDF XJUI MBSHF EFWJBUJPOT GPS UISFF JNQVSJUJFT
UIF TZTUFN JT OPU JOWBSJBOU VOEFS TQBDF JOWFSTJPO BOZ NPSF BOE XF ĕOE
τσσ
′
k ≠ τσσ′−k 	$

BOE
τ ↑↑k ≠ τ ↓↓k  	$

"OBMPHPVTMZ UP UIF DBTF PG UXP JNQVSJUJFT XF BMTP ĕOE
τσσ
′
k ≠ τσ′σ−k  	$

*O UBCMF $ UIF WBMVFT PG τσσ′k BSF HJWFO BU UXP kQPJOUT ćF BWFSBHF PWFS UIF 'FSNJ TVSGBDF
JT – BT GPS UXP JNQVSJUJFT – HJWFT
τ ↑↑ = τ ↓↓ BOE 	$

τ ↑↓ = τ ↓↑ 	$

VQ UP B OVNFSJDBM BDDVSBDZ PG BCPVU 10−9
" SFĕOFNFOU PG UIFNFTI DIPTFO GPS UIFkJOUFHSBUJPO PWFS UIF 'FSNJ TVSGBDF EJE OPU DIBOHF
UIFTF SFTVMUT TJHOJĕDBOUMZ
$ $PODMVTJPO
ćFNPNFOUVN BOE TQJOSFMBYBUJPO UJNFT DBMDVMBUFE GPS UIF DBTFT PG UXP BOE UISFF JNQV
SJUJFT EFNPOTUSBUF UIBU UIF FYQFDUFE FRVJWBMFODF PG τσσ′k BOE τ−σ−σ
′
−k PO UIF 'FSNJ TVSGBDF EVF
UP UJNFSFWFSTBM TZNNFUSZ JT OPU GVMĕMMFE ćVT XJUIJO UIJT TJNQMF UJHIUCJOEJOHNPEFM UIF
TBNF CFIBWJPS PG τσσ′k BT XJUIJO UIF ,,3 GPSNBMJTN JT GPVOE ćF SFBTPOT PG UIJT TZNNF
USZ CSFBLJOH BSF TUJMM UP CF VOEFSTUPPE )PXFWFS UIF SFTVMUT PCUBJOFE JO UIJT TJNQMF NPEFM
BMMPXT VT UP USVTU JO UIF SFTVMUT PG UIF NVDI NPSF DPNQMJDBUFE ,,3 GPSNBMJTN
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ćFSF JT B MPOH MJTU PG QFPQMF XIP TVQQPSUFE NF EVSJOH UIJT UIFTJT * BN WFSZ UIBOLGVM UP BMM
PG UIFN
'JSTU PG BMM * XBOU UP UIBOL NZ TVQFSWJTPS 1SPG %S 4UFGBO #MV¨HFM GPS HJWJOH NF UIF PQ
QPSUVOJUZ UP XSJUF UIJT UIFTJT JO UIF GSJFOEMZ BUNPTQIFSF PG UIF JOTUJUVUF h2VBOUVN UIFPSZ
PG NBUFSJBMTh * HSBUFGVMMZ BDLOPXMFEHF UIF JOUFSFTUJOH EJTDVTTJPOT HJWJOH NF OFX JEFBT BOE
JOTQJSBUJPOT GPS GVSUIFS XPSL
/FYU * XBOU UP UIBOL 1SPG %S 3JDDBSEP .B[[BSFMMP GPS IJT LJOE BDDFQUBODF UP QSPWJEF
UIF TFDPOE PQJOJPO PG NZ UIFTJT
4QFDJBM UIBOLT HP UP %S 1IJWPT .BWSPQPVMPT XIP XBT UIF CFTU TVQFSWJTPS * DPVME JNBH
JOF * BN TJODFSFMZ HSBUFGVM GPS UIF JOOVNFSBCMF EJTDVTTJPOT DPODFSOJOHNZXPSL ZPVS DMFBS
BOE DPNQFUFOU QIZTJDBM FYQMBOBUJPOT BOE ZPVS QBUJFODF JO BOTXFSJOH NZ RVFTUJPOT "QBSU
GSPN UIBU * UIBOL ZPV GPS NPUJWBUJOH NF XIFO * OFFEFE JU OFWFS MPPTJOH UIF CFMJFG JO UIF
BDDPNQMJTINFOU PG UIJT XPSL
* UIBOL BMTP %S 3VEPMG ;FMMFS GPS IJT IFMQGVM DPNNFOUT BCPVU ,,3 BOE UIF UIPSPVHI
QSPPGSFBEJOH PG NZ UIFTJT :PVS EFUBJMFE LOPXMFEHF PG UIF NFUIPE IBE CFFO WFSZ IFMQGVM
.BOZ UIBOLT HP UP 1SPG %S 1FUFS ) %FEFSJDIT GPS IJT TJODFSF JOUFSFTU JO NZ XPSL
* XBOU UP UIBOL %S (VTUBW #JIMNBZFS GPS IJT IFMQGVM JMMVNJOBUJPOT DPODFSOJOH TQJOPSCJU
JOEVDFE FČFDUT PO TVSGBDFT :PVS FYQFSJFODF JO UIJT ĕFME PG QIZTJDT IFMQFE NF UP DIFDL UIF
DPOTJTUFODZ PG JNQPSUBOU QBSUT PG NZ QSPHSBN




*O PSEFS UP UFTU NZ UJHIUCJOEJOH DPEF * SFMJFE PO UIF FYQFSJFODFT PG 5JNP 4DIFOB ćBOLT
GPS ZPVS IFMQ 5JNP
ćF WJTVBMJ[BUJPO PG NZ SFTVMUT XPVME OPU IBWF CFFO TP OJDF XJUIPVU UIF IFMQ PG %S )FM
NVU 4DIVNBDIFS $ISJTUJBO 'FMEFS BOE +PTFG )FJOFO ćF ĕHVSFT BEEFE TPNF DPMPST UP UIF
OVNFSPVT GPSNVMBF JO UIJT UIFTJT
* BN TJODFSFMZ HSBUFGVM UPNZ DPMMFBHVFT #FSOE;JNNFSNBOO BOE%S)PBOH-POH/HVZFO
GPS UIFJS UFTU DBMDVMBUJPOT BOE UIFJS GFFECBDL DPODFSOJOH NZ QSPHSBN ćF EJTDVTTJPOT XJUI
ZPV IBE CFFO WFSZ GSVJUGVM GPS UIF JNQSPWFNFOU PG NZ DPEF
.BOZ UIBOLT HPFT UP %S "OESFBT %PMGFO %S "OESFBT (JFSMJDI %S %BWJE )FJMNBOO
"MFYBOEFS ćJFTT BOE #FSOE ;JNNFSNBOO GPS B DBSFGVM QPPGSFBEJOH PG UIJT UIFTJT
* BN JOEFCUFE UP.ST6UF8JOLMFS GPS UIF TNPPUI PSHBOJ[BUJPO PG BMM BENJOJTUSBUJWF JTTVFT
BT XFMM BT ZPVS LJOEOFTT *U XBT BMXBZT B QMFBTVSF UP DPNF UP ZPVS PďDF JO UIF NPSOJOH HFU
TPNF DPČFF BOE IBWF B DIBU * BN SFBMMZ HSBUFGVM UIBU ZPV IBE BMXBZT B TZNQBUIFUJD FBS UPNF
'VSUIFSNPSF * XBOU UP UIBOL NZ PďDF NBUF "MFYBOEFS ćJFTT GPS UIF FOKPZBCMF BUNP
TQIFSF JO PVS DPNNPO PďDF BT XFMM BT ZPVS IFMQGVMOFTT –XIFOFWFS * IBE B RVFTUJPO * LOFX
UIBU * DPVME SFMZ PO ZPVS BOTXFS #FTJEFT * XBOU UP NFOUJPO UIF PME hPďDF UFBNh %S "O
ESFBT %PMGFO %S "OESFBT (JFSMJDI BOE %S .BOGSFE /JFTFSU :PV CFDBNF WFSZ JNQPSUBOU
UP NF BOE * LOPX UIBU * XJMM SFBMMZ NJTT ZPV JO GVUVSF
'JOBMMZ * IFBSUJMZ UIBOL NZ GBNJMZ :PVS NFOUBM TVQQPSU EVSJOH UIJT QFSJPE XBT WFSZ
JNQPSUBOU UP NF BMUIPVHI ZPV IBE OP DMVF BCPVU XIBU * BN EPJOH
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